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On the Chaplighin method
for partial differential equations of the first order

by W. Mrax (Krakéw) and E. ScHECHTER (Cluj)

In the present paper we discuss several topics concerning the Chap-
lighin method (see [1] and [2], pp. 145-208) for first order partial differen-
tial equations. The basic tool in our investigations are theorems of
Szarski {6]-[9] and some of their limit forms.

In sections 1 and 2 we describe some general features of the Chaplighin
method in case the unknown function as well the members of the Chap-
lighin sequences are defined in a suitable Haar pyramid. The rest of the
paper deals with more general domains than Haar pyramids but for
hyperbolic systems. There is discussed in details the Chaplighin method
for hyperbolic equations and the results are more complete than in case
of general systems investigated in sections 1 and 3.

1. We write Y= (?/1, Yoy ey yn), = (zly Ryy ooy Zm) and q= (QU veey Qn)-
The function f(z, ¥y, ..., Yny 21y -ry @my Q15 --+5 qn) Can be shortly written
as f(xz, v, 2, q); = stands for a single real variable. If the partial derivatives
dufoy; exist, we write oufoy = (ou/oy,, ..., Ou/oys). We write (Z,, ..., Zm)
=2<2z= (El, ey 2m) if Zp < 7y for k= 1,..,m.

For the sake of simplicity we introduce the following conditions:

Condition (A). The functions fi(x, v, 2, q), i=1, ..., m, are defined
in the set

(1.1) I<er<a, |yul<b—Mxr (t=1,..,n)

(@ < minb;/ M) and z, ¢ arbitrary, and satisfy
i

(1.2) Ifi @, v, 20— (@, 9, 2, D) < M D) |gu— Gl

K1

for i=1,..,m and =z > 0.

Condition (W). For every index #k, i
k - =
then f(z, y, 2, q) ka(my Yy2,9), >0.
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2 W. Mlak and E. Schechter

We are now able to formulate the following lemma (see [6]):

LemMmA 1.1. Let Conditions (A) and (W) be satisfied. Assume that
the vector functions u = (uXz, ), ..., w(z, ¥)) and v = (VNz, y), ...,v™(z,9))
are continuous in (1.1), and ¥ (0, y) << v¥0,y) for ¢t =1,...,m, |y;| <b;
(1=1,..,n).

Suppose that all ut and vt have the total differentials in (1.1) for x > 0
and satisfy there the inequalities .

'“’;: < fi(a)"" ’ “(ma Y), “;(w; 3/)) -"
v > file, y,v(z, 9), v(z, v))

for i =1, .., m. Then ui(z,y) << viz,y) in (1.1) for i =1, ..., m.
Suppose now that the functions g¥(z, ¥, 2, q) have partial derivatives

G2 94, i (L.1).
We will prove the following theorem:

THEOREM 1.1. Let the functions uw'z,y), @ = 1,...,m, be continuous
in (1.1) and suppose that they have total differentials for x > 0.

Assume that

(1.3) U < gi(m, Y, U, uL') n (1.1)'for z>0and i =1,..,m.
Suppose that

1.4) 0502, ¥, 4(2, 9), w(@, y) > 0 for i £k and >0

and

(1.3)  |ggl@, v, w(@,9), wl@, 9)| < M for i=1,..,m,j=1,..,n

in (1.1) for > 0.
Let the functions v{x,y), t =1, ..., m, be continuous in (1.1) and

assume that vt have total differentials in (1.1) for x > 0. We assume that vt
satisfy in (1.1), for x > 0, the system of equations

(1.6)  oi=g'@,y,u,u))+ D, g5(@, ¥, w, up) (v" — uk)+

kN

n
+Z g;,(m7 Y, u, u,',) (17,',].— “1‘/5) .

i

Under the above assumptions, if ui(0,y) < v¥0,y) for i=1,...,m
and |y;| < b; (j =1, ..., n), then ul(x,y) < viz,y) in (1.1) for i =1, ..., m.
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Proof. We define, for = > 0,

m
: i i A’ i
ft(x7 Y2, =9 (%, Y, u, “;)“l“ 21 ; 9%, Y, u, “y)(zk_“k)‘i‘
ki

+2 g;’.($, Yy, u, u;)(q:i_u;,-) .

ih

»

It follows from (1.4) that f° satisfy Condition (W). By (1.5) 1t
satisfy (1.2). On the other hand,

F@, g, u,w)=g'@,y,u,w) (@>0)
and consequently, by (1.3),
Tl-;;<f(£,:l],’l&, '“’;) (t=1,..,m)

in (1.1) for = > 0. Applying Lemma 1.1 we get the desired conclusion.
Let us introduce the following definition:
We say that the functions %! (¢ =1, ..., m) are regular if they are
continuous in (1.1) and have total differentials for x > 0.
Next we introduce the following condition:

Condition (B). The functions ¢z, ¥, 2, q), 2 = 1, ..., m, are defined
in (1.1). The derivatives gjkz,., g;'kqj. and ggkz,. exist in (1.1) and are con-
tinuous in (2, q). For p defined as p = (21, ...y 2m, ¢1, ---5 ¢n) and §¥(z, ¥, P)
= gi(x,y,2,q) the forms gii)= D 'ji,kpilklj are strictly positive, i.e.
2 Goo; Ay = mi X A5 with positive constants me, in all of (1.1).

The next theorem is the following one:

THEOREM 1.2. Let ui,vt (1= 1,...,m) be two systems of regular
Sfunctions. Suppose that

(1.7) «i0,y)<v¥0,y), t=1,...,m, ly;]<b;,j=1,..,n,
(1.8)  wui<gix,y,u,u), i=1,..,m,in (L1) for z>0.
Assume that vt satisfy (1.6) in (1.1) for x > 0. Let g¢ satisfy (B) and
(1.9) lg5] < M in (1.1) for 2 >0,
(1.10) 9, >0 in (1.1) for >0 and i # k.
Under the above assumplions
(1.11) ulz, y) < v{z, y') n (1.1), t=1,..,m,

(1.12) v < gz, ¥, v, 'v,‘;) in (L1) for x>0, i=1,...,m.

1*
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Proof. (1.11) is an immediate consequence of the assumptions and
of Theorem 1.1. It follows now from (B) that

(1.13) gz, y,v,0) —g' (@, y, u, uy)—

m n
_2 g:k(a:, Y, u, 'u’:l) (vk_ uk)_Z gg,'(xa Yy, u, u:,)(v;,’—'u:,,)

kh in
9( ' Y, 0, '”14 —U;;—%ngk% (®,9,2,q)Aed; >0,

where A, = 01— Uy cooy A = V™ — U™, Appy = Vhi— Uiy eey Amon = Vg — Uy
and (z,q) is the suitable intermediate point. Inequalities (1.12) follow
from (1.6) and (1.13).

Suppose we are given a sequence %! (i = 1, ..., m) of systems of regular
functions such that

r—1 v—l v v

(1.14) u' =G @,y u, ul:u,u) (G=1,..,m),

where by definition
Gi(x’ Y: u,q: v, p) "
= g'@, Yy, u, )+, g5(@, Y, u, @) (0" —uF)+

kN

+29§;(w’ Y, %, ) (pi— ;) -

il
An eagy induction shows that the following theorem holds true:
THEOREM 1.3. Suppose that

4 rt+1
(1.15) «}0,y) < %i0,y), t=1,..,m, v=20,1,.. for |y;] <b,
(1=1,..,mn),
0. . 0 0‘ .
(1.16) i< giw,y,u,u;) in (1.1) for x>0

and let gt satisfy (1.9) and (1.10) of Theorem 1.2. We assume that gt satisfy
Condition (B). Then
r+1
(1.17) u‘(:v, y)< ul(x,y) fori=1,..,m,»=20,1,..in (1.1),
(1.18) ui(m,y) < gi(m, Y, %, uy) fori=1,...,m,»=0,1, ..
in (1.1) for £ > 0.

The sequence z; which satisfies (1.14) is called the Chaplighin sequence.
Theorem 1.3 shows that under suitable conditions, assumptions (1.15)
and (1.16) imply that the Chaplighin sequence satisfies (1.17) and (1.18).
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Suppose that there are regular functions v»! such that

(1.19)  4i(0,y) < v(0,y) for i—=1,..,m,»=0,1,.., |y;] <b,
(j=1,..,m),
(1.20) v; > g"(a:, Y, 0, 'v,';) in (1.1) for z > 0.

Note that (1.9) and (1.10) imply Condition (A) for g¢. Hence, by
Lemma 1.1, (1.18) (1.19) and (1.20) we get

(2.21)  w!(@,y) < v¥(z,y) in (L1)for i=1,..,m,»=0,1,..

It is thus seen that the following boundedness theorem holds true:
THEOREM 1.4. Let the assumptions of Theorem 1.3 be satisfied and

suppose that (1.19) and (1.20) hold true. Then the Chaplighin sequence u
satisfies (1.21).

2. The investigations of section 1 were based essentially on Lemma 1.1.
We dealed with strict inequalities. The present section concerns ‘‘weak”
inequalities.

To begin with we formulate the following condition:

Condition (C). The non-negative functions oy(2, %, ..., Un),
t=1, ..., m, are continuous for 0 <z < a (¢ > a) and %; > 0. Moreover,
oi(z, ¥y, ..., uy) increases in u; for ¢ -~ j for each i. We suppose also that
the right-hand maximal solution w¢(z) (¢ =1, ..., m) of the system (%)

U= 0%y Uyy eeey Um), T=1,..,m,

such that wi(0)=0 for i=1, ..., m exists in (0,a)> and wiz) =0 in
0,a) for i =1, ..., m.
The key lemma is the following one (?):

LEMMA 2.1. Suppose that f° satisfy Condition (W) and that Condi-
tion (C) holds true. We suppose that

21)  |file, ¥, w(@,9), wiz, ) —f (9@, 9), vz, )|

< aile, |6 (@, ) — 0@, Y], ey 6@, §)— 0@, YY)+ M D, Jug— vh,]

1
where ut, vl are reqular functions which satisfy ’
(2.2) u,'} <fi(w, Yy, u, u,'}) in (1.1) for > 0,

(2.3) v} >f"(w, y,v,v,) n (1.1) for x>0,

(2.4) w'(0,y) < v(0,y) for Iy <b; (G=1,..,m),

(*) For the theory of maximal solutions of ordinary differential equations, see [10].
(?) This lemma belongs to A. Pli§, see also [9].
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for i=1,..,m. Then
ul(z, y) < vz, y)
in (1.1) for i =1, ..., m.
Lemma 2.1 is used in the proof of the following theorem:

THEOREM 2.1. Let the functions gi(x, y, 2, q) satisfy in (1.1) the following
conditions:

(2.5) 9ol S M, di=1,.,m,j=1,..,n,
(2.6) g5, =0 for i £k.

The _f“"wtions iz, y,p) =94z, y,2,9) (p1=2 for i= 1,..,m,
Pi=q for i=m+1,...,m+mn) have continuous derivatives g, and
the forms

(2.7) D Gt =0 (i=1,..,m).

y

Suppose that the Chaplighin sequence ’l? = (uly ..., 42"‘) satisfies

14 y+1
(2.8)  w(0,y) < wi(0,y) for i=1,..,m, |yl <b (j=1,...,m).

Assume that there are constants N, such that

(2.9) gz, ¥, w,up)| <N, in (L1)for 2>0,i=1,..,m,
‘ k=1,..,n,v=0,1,..

-0
We assume that u satisfies

0. . 0 0,
(2.10)  wr<gi(z,y,u,u;) fori=1,..,m in (1.1) for >0.
Under the above assumptions

14 v+1
(2.11) wiz,y) < wi(z,y) i (1.1) t=1,..,m; »=0,1, ...},
2.12)  wui<g'(@,y,u,u) in(L1) for a>0 (i=1,..,m,

»=20,1,..,).
Proof. We have for arbitrary »

v+1 s+1 y 1 v+1 41

94z, y, u, %:;)—G‘(:D, Y, 'u"u;.,: U, “;;)z %Z?j;’km(w;y7§)}'kai>oa

where P is the suitable intermediate point. It follows that (2.12) holds
true. Now we write in Lemma 2.1

y v v r+1
fiz,y,2,q = Gz, y: “)u;}: Z,9), wl= ut, vl = ut
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m
and o; = N, u., and just conclude that the assumptions of the lemma
k|1

are satisfied for every ». Indeed, (2.1) follows from (2.9), (A) follows
from (2.5) and Condition (W) follows from (2.6). On the other hand, (2.8)
implies (2.4) and (2.2) is a consequence of the above part of the proof
in case » > 0 and of (2.10) in case » = 0. Relation (2.3) follows from the
definition of @' and from the definition of the Chaplighin sequence.
Applying Lemma 2.1 we conclude that (2.11) holds true.

The next theorem deals with the equiboundedness of the sequence ut
(i=1,..,m,v=0,1,..) which satisfies (2.12). We will prove the
following theorem:

THEOREM 2.2. Suppose that gt satisfy (2.5) and (2.6) of Theorem 2.1.
Let the derivatives g;'k be continuous with regard to all variables and suppose
that Ig';,.l <M fori=1,..;m,j=1,..,n Let wi,vi (i=1,...,m) be of
class C' and suppose that

1

ur < '@, g, u, ), =g, y,0,1)
Jor i=1,..,m in (1.1) and wi0,y) <ov0,y) for i=1,..,m, ||
<b (j=1,..,n). : |
Then ui(x,y) < vi(z,y) tn (1.1) for it =1, ..., m.
Proof. It is sufficient to verify that (2.1) of Lemma 2.1 holds true.
To do this we notice that

9 (2, 4, u(z, 9), wg(z, v) —g'(z, ¥, v(z,9), vz, y))|

m o
< K D i@, y)— @, )| +H D) |uj,—v},]

k|1 : k|1
where K — Slklg ]g:,,l and £ is the compact convex hull of points
T,
(x, 9, u(x,y), uz,v), (z,9, 2, y), vz, y)) with (z, y) varying over (1.1)
and 1 <4 < m. This completes the proof of the theorem.

We can combine Theorem 2.1 and Theorem 2.2 and thus get the
sufficient conditions for equiboundedness of the Chaplighin sequence,
provided the suitable functions in question are in C'. No uniform bounds
for gﬁk are needed in this case. -

3. In what follows we shall consider instead of (1.1) some more
general domains related to the hyperbolic equations and inequalities.
We will appropriately specialize the basic lemmas to our situation.

First of all here is (see [6], Theorem 3):'

Condition (+t). Given the set
(B1) O<z<a(a>0); Buz, ;Y2 -y ¥n) =0 (u=1,..,2n),

the functions B being of class ¢ for 0 < < a and arbitrary y;.
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Suppose that for every set of indices u,, p,, ..., g, ¥ <n, and for
every point simultaneously situated on the surfaces

(3.2) B, (z,y)=0, ea=1,..,r,
the rank of the matrix

is 7.
The functions A (z,y) (¢=1,..,m; j=1,..,n) defined in (3.1)
are such that for each point belonging to (3.2) the inequality '

(3.3) —Zas,w,y)Zl e > 3 LB i1, m,

a=1 a=1

holds for every sequence of numbers 7, > 0.-

Now we state the first of the above-mentioned lemmas.

LeMMA 3.1. Let Conditions (#) and (W) hold and suppose that the functions
f‘(m, Y,2), 1= 1, ..., m, are defined in the domain A of the points (v, y, 2)
such that (x,vy) belongs to (3.1) and z is arbitrary.

Assume that ux,y), v {x,y) (see Lemma 1.1) are continuous in
(3.1) and

u(0,y) <v¥0,y), i=1,..,m

We also suppose that u and v have total differentials in (3.1) for x > 0
and satisfy there the inequalities:

'“':f:‘l‘Z Aii(w’y)“:5<fi(w1y’“)7 t=1,..,m,
i=1
n
i+ D) Aygla, vy, > fl@, y,0), i=1,..,m.
j=1
Then
ux,y) < vx,y) m (3.1) for i=1,..,m

In the sequel we shall make use of the concept of proper set defined
for the plane case in [3].

DeFINITION 3.1. The functions ¢i(z) and @i(x), ¢=1, ..., 7, are con-
tinuous in [0, @) and in the same interval

pi(x) < ‘—?_—’1(37) y t=1,..,n
The set

R(g, )= {(z,9); 0<a< a,p(r) <y <)} .

1s said to be a proper one if:
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1° There exist # couples of sequences g;i(x), @i(x) continuously dif-
ferentiable in [0, a) and

Pi(%) < Gi(e) < pix) < Fu() ,
for ze[0,a) (1 =1,..,n, v=1,2,..).
2° lim g3(x) = (), lim gi(x) = @i(), almost uniformly in [0, a).

3° Suppose that Aij(z,y) (i=1,..,m; j=1,...,n) are continuous
functions in R(, ) and let 1;(z, y) = max d;(z, y); Az, y) = mini;(z, y).
1 1

Then

d%f) > liz, 7'(@)); @é;w) < Az, 7'(@)

for ze[0,a) (v=1,2,..,j=1,..,n).
ExAMPLE. Suppose ;i(z,y) to be bounded in a domain D which
contains the hyperparallelepiped

O x[ay, b]X...X[0n, ba] .
Define

A =supldy(z,y), B= mflyaz,y),
t,7:D 1,7, D

T={z,y): a+tAze<yi< bhy+Br, 0<zr<a}.

Assume that T C D. The functions ¢i(z) = a;+ 1)y + Az, ¢i(x) = bi—
—1/v + Bz, satisfy the above requirements if @i(x) =a;+ Az and @)
= by + Bz.

LEMMA 3.2. Suppose pix) and @i(z) to be of class C* in [0, a) and
(3.4) 7@ = Mz, p@), §F@) <z, o).

Assume that for yp > Yr, k # 1,

L(-’L‘, y) = L(Cﬂ, Y1y vy oy ey Un) sy 2@, G) < M@y Y1y oovy Tty ooey Yn) -
Then a proper set R(p, ¢) satisfies Condition (4) with

B#=y#—¢ﬂ(x)’ Bﬂ+n $(-’E)—y,,, y=l,...,n,
and

(@@ i<n,
""(‘”)_{a,-_,.(w) if i>n.
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Proof. We have

°B .

3_:,,:"—"3;' bty t1=1,..,m,
oB ,
ng qupu(®)y, p=1,..,2n,

where

_{ 1 fpu<n
BT\l it asa,

and d;; is the Kronecker symbol.
The inequality

r r
-
2 lael‘alilla(wI ooy (@) y ooy Q) ) = 2, la£paPria®)
a=1 a=1
holds true. Indeed, if u, < n, then ¢,,= 1 and

}Tﬂa( ¢(z)) = }‘ﬂa(w oy Pur(®)y eory Pu(@), )
A‘iﬂa( oy @)y oony @u (@), ) .

Pua(®) = Pua()

Vv

If uo>n, g,=—1 and

Pra() = Puo(®) < Ayol, @ .’E)) ﬂ'.ua(wa oy Q@) 5 oony Pr() )
< )‘iﬂa(a"" oy @)y vory Puf®) ) .
Remark 3.1. The functions @i(z), gi(x) from the example, satisfy
Condition ().
Take B,= y,—ai— Az, B,in="bi+Brx—y, (u=1,2,..,n). Then
(3.1) coincides with 7.

DEFINITION 3.2. A proper set is called a regular domain if it satisfies
Condition (#).

LeMMA 3.3. Suppose that Conditions (C) and (W) hold for a regular
domain R.

Assume that ui(x,y), v z,¥y), 1=1,...,m, are regular functions
in R (see Definition 4.1) such that:

=m

i —1 — 3 =1 = -1 =1 b
lf'(w,y, Uy oeny 'u’m)‘ft(wv Yy Uy oeey um)l <oz, [ —ul,y .., |8 —u ]) ’

n
u::+2 Aii(‘v’y)“z,‘:fi(a” y,u) in B for x>0, i=1, ey M
i=1

n
vh+ D) Az, y)vy = fl@, y,0)  in B for >0, i=1,..,m,
j=1

(0, y) <040, y), (0,y) e R, i= 1,..,m
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Our assumptions imply that
ui(z, y) < viz,y) in R.

Here A;i(z, y) are, as il is supposed in Definition 3.1, continuous func-
tions in R.

Proof. Let v be an arbitrary (fixed) subscript and put:

@t — pi| ut — pt
w(w,y)=[ H2-( );

eix) = max yi(z, y)
P'<y<g’

(¢ and @’ appear in Definition 3.1).
Notice that ¢(0) = 0. Let us show that if for an index i, and a point z,
0i{7) > 0, then

(3.5) D_ 01() < 04 @9y 02(T0) y -v 5 @mlZo)) -
Let ¥ be such that
Qio(Zo) = Yio&oy ¥) -
In order to prove (3.5) we shall consider the following two cases:

a) §(ae) < ¥ << @*(i,)-
~ Since, in (%y, ¥), i, = ufo—v%, it follows that on this maximum point
Uy, =0, j=1,2,..,n Hence (see Lemma 1.1 from [7])

0 (uio — pio)

D_oi(x,) <
01,(Zp) < o ) ’

so that
D_ 0i(x,) <fio(mo, Yy u(, y)) ‘fiu("poa Y, v(%, y)) .
Now if write

U; = max {w/(xy, ¥), (2o, ¥)} ,
we are lead to (3.5) by the inequalities
D_ gi(@) < [0, 7, U) =S"(z, 7, v (0, B))
< 0to(Toy Y1(Loy Ty ooy Yl @oy B)) < 04( 0y 01(To) 5 -ovy Om(To)) -
b) ¥ is a boundary point. Take for instance
V= ¢i(x) , Vo= 92(Z) s Fi(@) <Y < @i}, J=3,4,..,n.

Thus
i(Ty) = "Pio(a'm P1(Zo) y F2T) ) Yay ons 3_/71) .
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If h is sufficiently small:

1@+ h) <G < Pjae+h), j=2,3,..,n,
and

'/’io(wo'l" by 91T+ ), p2(To+-R) s Gy ooy 3_/1!) < QioTo + R) .
From this inequality we get for h < 0 (y¢, is derivable in (z,, %)):

D oul) < g [l 7E), 70, Tos - 3]

£=xo
31/"0 =’y oy, ='p a‘/’io |
= =2 4@ (x)—| _+(xp)—"| .
O |(zy, ) 71 (@) Y1 |(zo, ) P (20) Y, |(zo.y)
But
i e
Y1 |(zo,2) ’ e lzo iy~
and

@) = Az, 1) = diale, i(2) ,
(@) < Aoz, Pa(@)) < Aielew, () .

Obviously, then

O (Ut — Vi) —», \\ O (U, — Dy,)
D_oy(x) = —— "%/ Az ) =2t — 7t
oul®) ox (u,5)+ ol( » il )) oy, (Z0,9)
—p 3(%1 — Vg )
Aol T))—2—2 .
il i) % e
Because
o( U, — 1, .
;ayi—ﬂ——‘o, j=3,4,...,'n,

D_ 0145(Zo) <fi.(moa Yy (s Y)y oery Um(To,y ?7))—
— " (@0s T5 04(To, F)5 v 5 V(o5 7))

and we are lead to the same inequality as in a).

Since in both cases (3.5) holds, we conclude by Lemma 1.2 from [7]
that

ez) <0, +1=1,2,...,m.

This implies
. oflz)=0, 1=1,2,..,m,
i.e.

wi(z,y)<v(z,y) in Rfori=1,2,..,m.

4. The corresponding theorem to 1.1 is the following:

THEOREM 4.1. Let the functions ul(x,y), 1=1,...,m, be reqular
in (3.1).
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Assume that, for (x,y) belonging to the same domain and z > 0,

2
u;+2 Ai(@, Y)uy, < gz, ¥, %), i=1,..,m.

j=1

Suppose that
gile,y, u(@,y)>0 ifizkand z>0.

Let vi(x,y), i =1, ..., m, be reqular functions in (3.1) satisfying for
x > 0 the equations

(1) ot D) 2@, 9)oy, = gi@, v, w4 D) gie, v, w)(oF —u).
i=1 k=1

If w(0,y)<o40,y), t=1,..,m, and (0,y) belongs to (3.1), the
above assumptions imply that wi(z,y) < vix,y), t=1,..,m, in (3.1).
~ Further we shall employ for the right-hand side of (4.1) the symbol
G'(z,y, u; v). We shall also need the following
Condition (8). Let ¢g{z,y,2), i=1,..,m, be defined in 4 (see

Lemma 3.1). Suppose that g;k are continuous in 4 with respect to z, non-
decreasing in z; if j # %k and increasing if j = k. We shall now prove

THEOREM 4.2. Suppose we are given two regular systems of functions
u(z,y) and vz, y), 1= 1, ..., m.
Suppose that u(0, y) < vi(0, y) for (0, y) belonging to (3.1), i = 1,...,m,

n
ui+2 )'if(x.a ?l)’w;,< g"(w,y,u) in (3.1) for >0,
i=1
i=1,..,m, and that vi(x,y) satisfy (4.1).

Assume that Condition (B) holds and that ng >0 in A.
Then ui(z,y) < vz,y) n (3.1), i=1, ..., m, and

vit D) Ayla, y)ol, < gw,y,v), >0 (i=1,..,m).
i=1

Proof. The first inequality is a consequence of Theorem 4.1. On
the other hand,

g'(@,y,0) —vi— D Lz, y)o},
i=1

= gi(my Y, 'v)_gi(wy Y, “)_Z g:k(w, Y, 'u)('v"—u")

k=1
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= g'@,y,0)—g'@,y, 4, 0%, .y ") —
—gh(@, y, W) (' —u)+ g, y, 6, 0%, L, 0" —
—gi @, y, w0, 0, o, o) — gh(x, Y, w) (0 — W)+ ..+
+9'(@, 9,05 ., 0" W)~ gY@, Y,y W) — glale, ¥, w) (0" — ™)
> g%, ¥, 0)— ¢z, 9,4, 0%, .., 0™
—gi, gy, w0 gy, u, e, w™T ™)

— i@, Y, 0)— i@, y, w) (" —u™) > 0.

The proofs of the following theorems are the same as in § 1.
THEOREM 4.3. Suppose that in (3.1)

14 »+1
ui(0,y) < (0,y), t=1,..,m;r=0,1,..,
0. ¢ 0, ; 0
uz-i—z Aij(z, y)uy, < g(®,y,u) for x>0.
=1

Assume that gik > 0 and that (B) holds.
Then the Chaplighin sequence ﬁ(w, y) satisfies the following inequalities:

’ y+1
(4.2) wiz,y) < ui(z,y) m (31),i=1,...,m, v=20, ...
i \? i i
(4.3) ul(z, y)+ D dylz, y)uy, < gz, y, w)
j=1 -

m (3.1) for it=1,...,m, v=0,1, .. and = > 0.

THEOREM 4.4. Suppose that the assumptions of Theorem 4.3 hold
true.

Assume that in (3.1)

u¥(0, y) < v¥(0, ¥),

n
vi—l—Z Kilz, y)v,’;,. > gi(a:, y,v), forxz>0and i=1,..,m.
i=1
Then 'c;i(w, y) < vi(z,y) in (3.1) for i=1,..,m and v= 0,1, ...
We now pass to weak inequalities.

THEOREM 4.5. The functions gi(z,y,z) are such that, in the regqular
domain R and arbitrary z, g >0, if © # k and (B) holds.

Suppose that the Chaplighin sequence ’l:(.ib‘, y) 18 noh-decreasfmg for
r+1

z=0, ie. f;(O,y)<u(0,y), for (0,9) e R, and that there exist con-

stants N, so that |g§k(a),y, w)|<N,in R forxc >0,¢=1,..,mk=1,...,n,
v=0,1, ...



Chaplighin method 15

. 0
Assume finally that for w we have

0, N\ 0; i 0 - .
u1+2 ijf(®, Yy, < g (@, Y, %) i (3.1) for >0 (¢ =1,..,m).
i=1

Under these assumptions the following inequalities hold:

14 r+1
wiz,y)<ul{x,y) m R (t=1,...,m;»=20,1,..),

n
uﬁ—,LZ }.i,-(ac,y)u;iggi(w,y,u) in R for x >0
i=1
(i=1,....m, »=20,1,..).

The equiboundedness theorem may be stated as follows:
THEOREM 4.6. Suppose gﬁk to be continuous with regard to all variables
and gz > 0.
Let ui(z,y), vi(z,y) be of class C* in the reqular domain R and such
that in R for i=1, .., m,
n

i \ i i
ua:‘l'z )*ii(ma y)u;;,- <d (xy Y, )
= for x>0,

n
’U;—l—Z Ai(, y)'v;/; = gt(my Y, v)
i=1
%40, y) < v¥(0,y),
wulz,y) <v{z,y), m R,i1=1,...,m.
5. In this paragraph we shall investigate the problem of convergence
of the Chaplighin sequences to the exact solution. We shall also give

estimates of the difference between the exact and the approximate solu-
tions. In what follows R, (a < a) will denote the set

{0 <2< a5 gul2) <y < ol@)}
THEOREM 5.1. Let the assumptions of Theorems 4.5 and 4.6 be fulfilled
14
with wu=u, v=1,2, ..., and v continuous in R,.

Write w(0, y) = gi(y), y € I; T = [¢(0), $(0)] and suppose that w(y) =
= wi(y) for y eI,
Suppose that the system

n

'ui+2 Aij(z, y)u,;',. =fiz,y,u), i=1,..,m,

i=1

has a unique solution in R, which satisfies the initial conditions

ui(0,y)=owly), yel,i=1,..,m.
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Assume finally that A:;(z,y) are such that through each point of R,
it passes a unique characteristic intersecting x = 0 in I.
Under the above assumptions

uz,y) = ul(r,y) in R,.
Proof. Denote the characteristic which passes through (z,y), i.e.
the solution of the system

dyﬁ""_l £, oD (%) i1 C 5
dw_ ii( ’ylﬁ“’y’") (.7_' 7""%’/"_17'")”)7
by y&; @, y).
By Theorem 4.6 the sequences ui(x, y) are equibounded in R,. It is
clear from

r+1 z

w (@, ) = 0y (0; @, I+ [ F(E, 9(& @, y), u)de+

0

uNg

< r ril

2L Fales uis a0, ) (uk — by

10

that they are equicontinuous. Since the sequences ui are monotonic,
they are uniformly convergent.

Remark 5.1. Under certain conditions the Chaplighin sequences
are all defined in a domain R,, a > 0, independent of ». Take for instance
the case n = 1. Suppose f* and f; to be of class (" for (z,y) e R and 2
arbitrary and w:(y) of the same class in I. Since the existence conditions
in [5] are fulfilled, the solutions #(z, ) are all defined in the same do-
main E,.

In order to give estimates of the errors we first formulate:

LemMMA 5.1. Suppose o(z, z) to be a continuous function of two variables
for 2 €[0,a) and z > 0.

Denote by y = w(x, &) the right-hand mazimum solution of dy/dx
= g(x,y) passing through (0, £). Let it exist in [0, a).

Assume ul(x,y), where 8=1,2 and i =1, ..., m, to be regular solu-
tions of the systems

ou ,
’+2 hae, 9) —,~fs(w,y,us), s=1,2i=1,..,2,
in the regular domain R, for x> 0.

Suppose also that in the same domain for 1 =1,2, .., m:

fil@, uly .., wi) — fil@, Uz, ..., u3)| < of, maxiul(w,y)—ua(w,y)l)
A
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Then we have lul(:v,y)—uz(w,y)] w(z, &) for & = max &g, where
max [4i(0,y)— ux(0, ¥)| < &
The proof of the lemma is similar to that of Lemma 3.3, for

f=maxf and &> max|ui(0,y)—u(0, ).

THEOREM 5.2. Let the conditions of Theorem 5.1 be fulfilled. Suppose
that lf;:k(a;, Y, %) —~fz(2,y,2) <oz, max |z; —z;|), where ¢, k=1, ..., m for
7
U<z z2<v; (z,y)eR and t=1,...,m

Write 1,(x) > max ('oi—';i) for z €[0, a)
R

0 t
D={z,9)eRulz,y)<z<o(@,¥)}, K= Ig‘a'g Ifzk(wi Y,2)| .

Assume thal max (uf(O, Y) — 'e'ﬁ(O, y)) < &, and pul
4 Rq

T,41(®) = &,416™K% - m f emEE— 8 (Ey '5'(5))7-(5) d¢ .

Then u(w,y)—u( yY) < 7T(x) for v=0,1, ... and (z,9y) e R,.
Proof. For v = 0 the assertion is evident. Let us show that if
( ,y) z'oi(x,y) 7,(x), then 7,..(x) yields an estimate for ui(z,y)—

— ui(m y). Following the technique used in [4] we are lead to the re-
lation

i i ’ il i r v+l 4
lf(wy y,u)—f(z,y, “)_Zfzk("‘v, Y, u)(“k—“k)‘
k=1
< mo (2, 7,(2))7,(2) + mK7, 1(%) .
Now if y = 7(=, ¢,+;) is the solution of the problem
y' = mEy+mo(r, 7,(2)tx), (0, &41) = &1

our inequality follows from Lemma 5.1.

Remark 5.2. Put H = max |f,.(2,y,u), A= mHek* and take

D
o(z,y) = Hy. Then for ¢,=0, »=0,1, ...,
» x
z,a(@) < A [ (6)dE
0

if 7o(x) = 1/24a.
’.[‘he cons1dered Cha.pllghm sequences have the same rate of conver-

O being a constant independent of x.
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