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1. Introduction. Sikorski [5] has given formulae of Fredholm type
for solutions of a Fredholm linear equation (I 4+ T)z = z, in a Banach
space X, and for the adjoint equation &§(I+T) = &, in the case where
T is a quasi-nuclear operator. Later, the author showed how to obtain
the same formulae in a more general case using an algebraic argument
(see [2]-[4]). |

The purpose of this paper is to give a further generalization of Sikorski’s
formulae to a larger class of linear equations (§+T)z = z, in a vector
space X, and for the adjoint equation £(8 +T) = &, in a conjugate space
Z, where S8 is an arbitrary fixed generalized Fredholm operator such
that 8§+ T is also a generalized Fredholm operator.

—
(A

2. Terminology and notation. In what follows =& and X denote two
-fixed vector spaces over the same real or complex field #. The letters
o, &, m,¢and s, x,y, 2z (with indices, if necessary) always denote elements
of 5 and X, respectively. Every mapping into F' will be called a functional.

To make the paper self-contained, we recall here (see [1]) that &
.and X are conjugate in the sense that there is a bilinear functional
éx: Ex X—F such that

(a) &z = 0 for every zeX implies & = 0;

(') &x = 0 for every &eZ implies ¢ = 0.

Let A denote the class of all bilinear functionals A defined in = x X,
£Ax being the value of 4 at (&, ) such that each A ¢ can simultaneously

be interpreted as an endomorphism # = £4 in £ and as an endomorphism
y = Az in X defined by the relationship

(Ax = (§A)z = E(Aw).

Clearly, a bilinear functional A e, interpreted as an endomorphism
'n = £4A in £, is the adjoint of the endomorphism ¥y = Az in X, and the
-elements of A will be called operators. The bilinear functional K defined
by the formula
(Kx = &y &,
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where &, and z, are fixed non-zero elements, will be called a one-dimen-
sional operator denoted by z,-£&,. Every finite sum of one-dimensional
operators will be called a finite-dimensional operator.

Let S¢A be a fixed generalized Fredholm operator [1], and let Ue %A
be a quasi-inverse of S, i.e., SUS =8 and USU = U.

We denote by oy, ..., 0, -and s,, ..., 8, complete systems of solutions
of the equations 48 = 0 and Sz = 0, respectively. There exist points
Wiy ..oy W, and wy, ..., w, such that

n’ m’
(1) US =I— Dspoyy, 88U =I- ) w-o,

i=1 i=1
where w;8; = 8y (¢,§ =1,...,n), oyw; = 05 (4,§ =1,...,m'), and TN
is the identity operator. It is obvious that w,,...,w, and w,,..., w,,-
are complete systems of solutions of the equations éU = 0 and Ux = 0,
respectively.

Next we define the finite-dimensional operator

(2) B =Yoo

where o = min(m’, n’) is the order of 8. It is obvious that SR = RS = 0.
Suppose now that TeU is any operator such that 8+ T is a generalized
Fredholm operator of order r = min(m, %) and index d = n—m. The
operator 8 +7 has a determinant system {D;,} also of order r and index
d [1], ie., D¢, D%,... if d >0, and D4, D' 4, ,,... if d< 0, DD} being
a multilinear functional on =" x X™, whose value at a point (&,, ..., &,,
Dyy ooy @) 18

D;(el, s,.).

wl’ ...,wm

Since r is the order of the determinant system, D% # 0 and Dy, = 0
for n = max(0, d), max(0,d)+1,...,n—1; n—m =d. We recall that
the determinant system {D;,} satisfies [1] the following identities:

Eoyenns &n
(3) D::,tﬂ( e )
(S+T)wyy @1y oevy Ty,

ST Eoy ey Eiits Eivty oeey &0
=Z(_1),E‘%D,:n( 0 y 91i—19 Si+1) ’ ),

‘_80 wl’iot’wm

§o(8+1T), &ay -0y ‘En)

Loy veey Ly

= 2(—1)‘50@1):.( 17020 &4 )
T

im0 09 9 Ti19Tipy1y ey Ty

(@) D::.t‘l(
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Let 7,y ..., 77 and y,, ..., Y7z be points such that

6 =D*

m

5 ("hy "'77:) 0.
Yiy -y Ym

Then a complete system ¢, ..., ¢ of solutions of £(8+7T) =0 is
given [1] by the formulae

1 _ - R
(5) i = —D;‘( My eeer ] ) for every zeX,
d Yiy oo s Yy Ty Yiqp1y o9y Ym

where {;y; = 8; (i,j =1, ..., m). Similarly, a complete system z,, ..., 2;
of solutions of (S84 T)x = 0 is given by

1 —("711"-’771—-17 5:"79'+1’-~-7"7§) _
= — for every £efS,

(6) §y; = — D~

6 ™ Yiys ey Ym
where 7,2, = 8, (i,j =1, ..., »). The operator B defined by the formula
(57 L/ UREEY) 77;)

TyYiy ooy Ynm

1. 2h
{Bz = S'Dﬂﬁ-:-l
is a quasi-inverse of S+ T.
Next, using (3), (4) and properties of the determinant system {Dj}}
for 8+ 1T, it can be shown [1] that

0 (S+D)B —=I—Nyobi, BE+T) =I— Yzon,.
i=1 i=1
Let
8 M —(U+R)(S+D)—I, N —(S+I)(U+R)—LI.

Multiplying M (N) on the right (left) by B and using (7), we obtain

(9) MB— Y o-n(U+R) =BN—Z(U+R)yi-C‘.

i=1

Since any determinant system for 8 + T' differs from {D}} by a non-
-vanishing coefficient, we can assume that the system {DJ} for 4T
is of the form (cf. [1])

1y £
(10) DI,'.( v ) =0 for n = max(0,d),...,n—1; n—m =d,
@iy ooy Tpy
€y, £ 12, &12, $12, (S
(11) 1)%( ren ")___ ........ IR ,
ml’iﬂl’w’—’;

&r2y ... &2y (e oo Ch2m
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and

- 1y oovy Enrne
(12) D{ﬁc( )

TyyeeoyTmyk

GuBry e by |
= ngnpsgnq ........... XD%( Pr+1? °° ") pk+n)
P EPkaql Epkaqk qu+1’ vesy qu+ﬁ

for ¥ =1,2,...,

where ) is extended over all permutations p = (p,,..., Pr,7) and
9,q
q = (¢1y .-y 9x+m) Of the integers 1,...,k+7% and 1,..., k+m, respec-

tively, such that
Pr<Pe<: - <Py Prt1<DPik+3<::+<Pisns
<eL<---<hG DDGn<hi2<-<%tm-

3. Formulae of Fredholm type. To prove these formulae we shall
need the following theorem:

THEOREM 1. If {D,} is a determinant system for S+T of order
r = min(m, %) and index d = n—m, then

EM, ..., EM

Ly evvy T

(13)

)=(_1)dD::,n( 51""7 Eﬂ- )

(14) o3,
Nz, ..., Nz,

(» = max(0, d), max(0,d)+1,...; n—m = d) and

(15) D%(élM’ f"M) — (—1)”1);';(5” E"),
D1y ooy Ty S PRERER
where the, operators M and N are defined by (8).
Proof. Since Mz; = —z; (i =1,...,%) and { N = —¢ (1 =1,...
..., m), by virtue of (8), formulae (15) and (14) (for m = M, n = =)
follow from (11).
The proof of (14) is based on the well-known formula

@,1 @, k+n ‘
(16) ............
’ @) n,1 Ay nk+n |
= SgOP |+ ¢ s v e e e e M le oo o o v o v oo ,
p apk'l o0 apk’k apk+;'l s e apk_'_;';.

where the permutation p is the same as in (13). Therefore, using (11),
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(12), (9), (15), (16), well-known properties of classical determinants, and.
introducing the notation

n m
L = MB— D'2'n(U+R), K =BN— > (U+R)y:
=1 fm]
we obtain
,DE'H‘ (EIMi °° n+kM)
mtk D1y ooy Py
&p M Bz, &p M By, £ £
= (—l)"ngnp.sgnq ............... _D:'_n wpk+l Pk+n
».a &, MBg, &, MBz,, e+1 e+ m
_ fleql §1quk 612 125
= ( _-]_)” ngnq .......................... X
e Exn L, nin Ly, Srnint Ek+n?n
:1qu+1 clmﬂk+m
N AR
P41 6%
&p, Ky, Elequ
= ( —l)nzsgnp -sgnq ............. 1 X _D% (Epk-"l, ! Epk"'")
e &y Ky, £, Ky, Papr1? 01 Vagym
&p, Ky §p, K%y m
.............. : " :
- & Ko Kz Pr1a Pr+17n
=(-1)" ngnp pk( ml i”; e
’ .. .1 .1 ..... l.k.“? .. Sogin Eopsnn
cﬁwl cf-ﬁwk+m
_ ) EplBqul &p, BNz, [ ey E,.
(_1) ngnp.sgnq ............... X Dﬁ N N
pa &, BNz, £y, BNw,, 19y = %m

=(~1)"D§i’2( e S )
Nzyy ..., Nog,,

This completes the proof.
With the above-given assumptions we have the following theorem:



112 A. BURACZEWSKI

THEOREM 2. Let

) (B ) g (e

Dyyeory P Dyyeeey @y

(n» = max(0, d), max(0,d)+1,...; n—m = d) and let us fiw the points
N1y eeey N ANA Yyy oooy Y Such that

5=1—)§.(?71,~--,’77.) 0.
"Y1y Ym

Let & (j =1, ...,m), % (i =1, ..., %) and let the operator B be defined

‘( L UREETR/M
Yiy -

for every veX
"7yj—l’w’yj+17"°7y;t) ’

1 - veey Mo
(19) £r, = — ,._("717 s Mi—1y &y ﬂt+17 ’ "In) for every £e5,
g ™ Yiy ooy Ym
5 1 (M- m
20 EBx =——D1+1( .
(20) 0 ™z, Yy .oy Yn

Then the equation
(*) S+T)x ==,

has a solution x iff {;xy =0 for j =1,...,7, and the equation
{**) §(84+T) =&

has a solution & iff £y2; = O fori = 1, ..., T. The general form of the solution
of (%) is
# =(U+R—B)xg+a,2,+...+ 0525,

and the gemeral form of the solution of (%x) s
& = Eo(U+R“‘E)+b1C1+---+bECE)

where a,y...,a; and b,,...,b; are arbilrary constants.

Proof. The formulae for {,,...,{; and 2,,...,2; can be obtained
immediately, by virtue of (15), from (5) and (6), constituting complete
systems of solutions of &(8+7) =0 and (S+T)x = 0, respectively.
Substituting (8§ + I')o for # and £(S + T') for &, and then using identities
(3) and (4), by virtue of the skew symmetry of D~ and Theorem 1, we
obtain

DM

EB(S+T)e = EMa— D by Ma, §(8+T)Bo = éNo—

i=1

Ny

-,
-
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or, equivalently, in view of (8),

(U+RB=B)(8+T) = I+ D'anM,
f=1

m
(8+T)(U+R~B) = I+ Y Ny;&.
1=
Multiplying the first equation by &, on the left, and the second
equation by x, on the right and assuming that £,2;, =0 (¢ =1,...,7%)
and {zy =0 (¢ =1,...,m), we obtain

£(U+R—B)(8+T) = &, (8+T)(U+R—B)a, = a,.
This completes the proof.
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