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1. INTRODUCTION

In many branches of industry (metallurgy, machine construction)
the production process is characterized by a flow of elements in the tech-
Dological sequence. These elements are processed on successive machines.

he Processing times of individual operations are different for different
elements and machines. Therefore, the problem arises to determine such
4 sequence of operations that the total time of performing all operations
13 minimal.

In this paper this problem with parallel machines is presented and
S(.ﬂVed. We assume that the duration of operations may be different for
different machines from the set of parallel machines. Therefore, the prob-
lﬁm considered is more general than those examined in the papers [4],
[0_], [8], and [9]. The problem in which the set of parallel machines con-
taing exactly one machine was presented in the papers [1]-[3], [6], and [7].

The mathematical model of the sequencing problem is formulated

Y Using disjunctive graphs. The notions from [6] are generalized and some
W ones are introduced. A number of properties are proved which allow
s o construct a new, relatively effective algorithm. These problems may

e.modelled and solved by using zero-one linear programming [8]. The
9ﬂ10iency of algorithms which solve the zero-one programming problems
1§ Very low, so one can solve only sequencing problems which are of small
SIZG.- Besides, to construct a zero-one programming model, the considered
Period time must be divided into a certain number of time periods. The
g_Teater the number of these periods, the better the accuracy of the solu-
10n. On the other hand, a greater number of periods gives a greater size
of Problems, so it is difficult to obtain a solution. For the models which
are presented in the papers [4] and [5], in each iteration of the algorithm

© coefficient of internal stability has to be computed, so it increases

© computation time. The mathematical models of sequencing problems
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which are constructed by using disjunctive graphs have not these weak-
nesses.

2. MATHEMATICAL FORMULATION OF THE PROBLEM

Let N = {1, 2, ..., n} be the set of operations (number of operations)
which should be carried out by using the set of various machine types
B={1,2,...,b}, and let Q = {1,2,...,q} be the set of these types.
Further, let B* < B be the set of machines of type k €Q, |B*| = r,, and
let the following relations be satisfied:

UB*=B, BnB =0 (k,1eQ, Lk #1).
keQ

Let N* « N be the set of operations which should be carried out
by using machines B* of type k € @, and let the following relations hold:

UN=N, N'AN'=0 (k,1eQ, k #1).
keQ

Assume that each operation j € N* is carried out by using exactly
one machine p € B¥, k € Q. We assume also that the durations of individ-
ual operations are fixed and different for different machines. Therefore,
the problem arises to determine the allocation of machines to the indi-
vidual operations and to determine such a sequence of operations that
the total time of all operations is minimal.

Let RT = N x N be the set of relations expressing the technological
requirements of the operation order. Thus {i,j> € RT means that the
operation ¢ must be carried out prior to the operation j. Let N, <« N be
the set of operations which have no predecessors,

N,={jeN|VieNa,j ¢RT},
and let N, = N be the set of operations which have no successors,
N,={jeN|VieNAj,i¢RT}.
Let us introduce the following notation:

1 if the operation j is carried out by using the machine p,
i, —
|0  otherwise;
t; — the starting time of the operation j;
t — the finishing time of the operation j;
¢;, — the duration of the operation j which is carried out by using
the machine p (¢;, > 0, p € B*, j € N¥, k €Q);
t, = 0 and ¢, — the starting and the finishing times of all operations,
respectively.
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We formulate the sequencing problem as follows:
Find ¢,, ¢, &Y, x;, (p € B, j € N*, k € Q) satisfying

(1) t, = min,
Tk
(2) t?—tf} Zévfpcjp (j ENk, keQ),
p=1
® F—¥>0 (<,j>eRT),
“ F—1,>0 (jel,),
®) t,—t'>0 (jeN,),
(6) t, %, 2>0 (jeN),
(peBY4,je N i #j, keQ),
Tk
® Z‘Djp:l (j e N*, EeQ),
p=1
© vpe{0,1} (peBF, jeN*, keq).

Conditions (1)-(9) constitute the problem which is called Problem P.
Qonsh‘aint (2) requires that the difference between the starting and finish-
Ing times of a given operation which is carried out by using a given machine
15_’ Dot less than the duration of this operation (see constraint (8)). Condi-
tion (3) gives the required technological order of operations, and (4) and (5)
State the condition that t, and ¢, are the starting and finishing times,
reSPectively, of all operations. Two different operations j,¢ € N* which
are to be carried out by using the same machine cannot be carried out
A the same time, but one of them must be finished before the second
18 started. This is expressed by constraint (7) which is called the implicit
ondition. Constraint (8) ensures that each operation can be carried out

Y using exactly one machine.

Problem P is known as a mixed integer programming problem with

the logical condition (7). Let (I, ) be a feasible solution to P, where (%)
18 the vector of variables t, 17,1, (j € N), and (%) is the vector of variables
%in (p € B, k € Q).
. _Let us consider a particular problem for which B* = {1}, r, =1,
JE Nk € Q. Then there exists exactly one machine of each type. Since
" = 1 for each k Q, it follows from (8) that every variable is equal to 1,
and instead of constraint (2) we obtain

(10) >0 =0 (jeN* keqQ).

Notice that the predecessor of the implicit condition (7) for each

5 —
Zastosow. Matem. 16.2
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pair of operations 4, j € N* (i # §, k € Q) is satisfied. Therefore, the suc-
cessor of this condition must also be satisfied, so we have

(11) F—HZ0)Vv(E—1>0) (5,jeNi+#jkeqQ).

Constraints (11) are disjunctions each of which requires that two
operations are not carried out on the same machine at the same time.
Conditions (1), (3)-(6), (10), and (11) constitute the problem which is
called Problem P,. This problem has been formulated in [6] and [7]. In
this formulation we have a disjunctive graph

D = <A, U; V>,

where

(12) D =<4, 0>

is the graph.
The set of nodes equals

A = XY u{0}u{s},
where
X:U{wj}7 Y=U{?/j}1
jeN jeN

and the nodes x;, y;, 0,2 are associated with the variables 5, 8y by, s
respectively.
The set of arcs equals

(13) U="0,00,u0,V0,,
where

Ul = U {<"vj7 /’./j>}7 Uz= U {<yi’ mj>}7
jeN T

{Li)eR

U = U{(O: @)}, U, = U{<z;, 2},
JeN jeN

and the arcs <{x;, ¥;>, <¥;, %;>, <0, #;>, <{¥;,2)> are associated with con-
straints (10), (3), (4), (5), respectively. The set V contains all disjunctive
arcs of the form [{y;, x>, {¥;, #;>] which are associated with constraints (11).
An example of the disjunctive graph for N' = {1, 4, 6}, N* = {2, 5, 7},
N?® = {3, 8} is shown in Fig. 1, where the disjunctive arcs are plotted by
dashed lines.

Us
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The disjunctive graph D has the following properties:

PROPERTY 1. The graph D = (4, U) has the source node 0 and
the sink node 2 and for each # € A — [{0} U {2}] there exists a path from
the node 0 to the node # and from & to 2. The graph D has no circuits.

PRoOPERTY 2. (a) In D there exist two subsets of nodes X <= 4 and
Y < 4 such that :

rxy=y, IYY) =X,
(14)

V 3y =T2)a VY I Nz =Ty,

zeX ye¥ ye¥ xeX

and each are (x,y> (¢ € X,y € Y) has the length ¢(z, y) > 0.

Condition (14) states that each node of the set X has exactly one
Suceessor in D, this successor belonging to Y, and that each node of the
S¢t ¥ hag exactly one predecessor in D, this predecessor belonging to X.

(b) There exists a set of indices @ generating partions of X and Y
Such that

UXk =X, ;,Lequkz Y,

ke@
¥nX' g, TUY =0 (k1cQ,k=l), I'X*=TY" (keq).

It follows from condition (14) that I'"}(Y*) = X* for k € Q.
PROPERTY 3. The set V of disjunctive ares with zero length is
vV = UV,

ke@

WB) vk — ¢y, 2> e T*x X* | [War(y, #) — 0vWar(s, y) = 07},

"f’here War(z, y) is the statement function with arguments x, y € A de-
fineq by

War(m, Y) = (there exists a path from the node z to y in the graph D).

Now we return to Problem P. It follows from (9) that we can replace
*Onstraing (8) by

(16) @ =1)V(@ =1) V... V (3, =1) (jeN*keQ).

. Hence, for each variable %;, which is equal to 1, the variables ;,
=1,2, ., 08 £ p) are equal to 0 and constraint (2) takes the form

1) W—t>¢, (jeN',peBtkeq).

Therefore, to each variable which is equal to 1 we can assign exactly

. Constraint of form (17), whereas to éach constraint (16) we can assign
Constraint of the disjunctive form

(18)

One

W=G>0)V >0V ... VW ~F>0,) (jeN*, keq).
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Further, to each constraint of tlie disjunctive form (18) we can assign
the set of disjunctive arcs in D,

(19) [<@jy YD1V <;, Y2V .. V <5y, Yidr) (je N, k@),
where {;, y;>, has the length ¢;,, whereas to each constraint (7) we can
assign the implicit condition of disjunctive arcs:

(20) [<=;, Yoo AN Zis Yiopl = (Y DV {Yjy 2,)) (i,jeN", 1#j, ke@).
Let
U =U,uU0,00, =U—-U,

be the set of arcs of form (13) of the graph D = (A, U) without the set
of ares U,, and let

D' =<4, 0%
be the partial graph of D. The set of ares U, is the set of operations in
Problem P,. In Problem P, the set of operations is determined by a certain
subset of disjunctive arcs of form (19). Let V° denote the set of all those
arcs. Then the disjunctive graph in Problem P can be determined by

D" = <A, U V; V.

An example of the disjunctive graph from Fig. 1 for which |B'| = 3,
|B?| = 2, and |B®| = 1 is shown in Fig. 2.

Fig. 2

The graph D° has the following additional property:
PrROPERTY 4. The set V° of disjunctive arcs is

(21) v =U U v,
ke() jeNk
where
(22) Vit — Uk{@;j, Yi>p € Y X Y |y; = I'w; in the graph D}
L€ER

(je N ke@),
and each arc (w;, y;>, has the length ¢, > 0.
It follows from Property 3 and from condition (14) that for each
arc <y, x) € V there exists exactly one arc {(u, v> € V such that

(23) (w = I'e)a(v = ' ty).
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Two disjunctive arcs [{w, >, (u, v>] which satisfy condition (23)
are called a disjunctive pair. Any arc from a disjunctive pair is called the
complement of the other arc of this pair. Replacement of an arc by its
Complement is called complementing.

The subset of the set V containing at most one arc from each disjunc-
tive pair is called a selection. A selection containing exactly one arc from
€ach pair is called complete.

Let R, = {8,, 8,, ..., 8p} be the family of all selections (not necessa-
rily complete). It follows from Property 4 that for each arc (y,z> e V°
there exist exactly 7, = || —1 = r,—1 ares <u, v> € V° such that

(24) (u = 2)A(v = y),

and these arcs may have different lengths. All disjunctive ares (the number
of 7,) which satisfy condition (24) are called a disjunctive sel. Any arc
from a disjunctive set is called a cousin of every other arc of this set.
Replacement of an arc by its cousin is also called complementing.

The subset of V° containing at most one arc from each disjunctive
8¢t is called a selection of sets. A selection of sets containing exactly one
arc from each disjunctive set is called complete.

. Let R) = {82, 83, ..., 83} be the family of all complete selections
Of gsets.

It follows from conditions (15) and (22) that for each arc {y,z) e V
there exist two disjunctive sets v* and 7 (j # ¢) such that for every
are (a, b> e ¥* and for every arc {¢,d) € V" the following condition is
Satistied .

(b =y)rlc =a).

The sets V7* and V** (and the ares from V7* and V**) are called adjacent
S¢ts (and adjacent arcs) to the disjunctive arc <y, z> e V.

We write the arcs from the set V in the form Yjy ®;) (j,% € N) (see
(20)), whereas those from the set V° in the form {w;, Y5> (j € N) (see (19)
a0d (21)). The arcs <@;, y;> and {&;,y;> are adjacent to the disjunctive
ares <Yj, @;).

Each selection S% € R? generates a conjunctive graph

(25) D% = (A, T°USS).
Let
R) = {D, =<4, U°US)>}
De the family of graphs of form (25). It can easily be seen that the struc-

Yure of each graph D) € Ry, is identical with that of the graph of form (12).

) esides, for each selection 8% € R) we have U, — & and each graph of
1}6 family RY has Properties 1 and 2. If we assume [B*| = 1 for each

k€@, then |RY| — 1 and the graph DY, e RS, is of form (12) for Problem P, .



222 J. Grabowski

It can easily be seen that each graph D) € R}, has no circuits. Each
selection §, € B, and each selection of sets S}, € Ry generates a conjunctive
graph
(26) D), =<4, U°UB,US)>.

Let

0 — o 0 0
Dd — {-Drp - <A3 U USrUSp>}
be the family of graphs of form (26), and let
Ryq = {D?, € R}y | D}, has no circuits}
be the family of graphs without circuits. Further, let
Ry = {D}y € Ry; | DY, satisfies condition (20)}

be the family of graphs for which the implicit condition (20) is satisfied.

The critical path of the graph Dj, € R}, is called a minimaximal
path with the implicit condition (20) in the disjunctive graph D° = <4, U°,
V; V*, and the associated selection S, and the selection of sets 8] are
called optimal if

(27) Ly = min L

0 0/
D ERDdz

where L,, is the length of the critical path in D?,. Since the graph D,
has no circuits, the critical path exists in D},.

THEOREM 1. Problem P is equivalent to the problem of finding the
minimazimal path Ly, (27) with the implicit condition (20) and optimal
selections S, and 8 in the disjunctive graph D° = (A, U° V; V°)>. The
length Ly, of the critical path Cy in Dy, is the optimal value of t,, while the
optimal values of the vector () can be obtained by applying the critical path
method to the graph DY,

Proof. Let (z,) be a certain feasible solution to Problem P. Let us
denote by Z,, the problem (1)-(6), (8), (9) which is obtained if (z) = (z,)
and if to this problem we add at most one constraint from each disjunc-
tive pair of the successor of the implicit condition (7). Let Z = {Z,,, Z,,,

voyZimyy «ooy Loy} be the set of all problems Z,, for every feasible solution
of the vector (), which can be obtained from Problem P. A graph DY, € R},
corresponds to a problem Z,, € Z. The graph D}, having circuits or for
which the implicit condition (20) is not satisfied corresponds to the prob-
lem Z,, €Z with no feasible solution. The conditions set by the theorem
for the graph D}, translate, therefore, the requirement of finding, among
all problems Z,, € Z, a problem Z, having a feasible solution and such
that its optimal solution is minimal over the set of solutions to all problems
Z,, € Z. But this is exactly what solving the Problem P amounts to.

rp?
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Similarly as Theorem 1 in [6], we can prove the following

THEOREM 2. Let C,, be the set of arcs of the critical path in Df, € R},
Then any graph DS, obtamed by complementing any arc <{y,x) € §,NnC,,
$ Mo circuils.

For any DY, e R}; and any node s € A we adopt some notation.
The longest path from the node 0 to any node % € A — {0} is

(28) L(0,2) = max [L,(0,y)+c(y, z)].

yel'—1p
The longest path from any node x € A — {2} to the node 2 is

(28a) L,,(@, 2) = max[L,(y, 2) +o(z, 9)].

yel'z

Let »; and «; be nodes for which the right-hand sides of (28) and (28a)
take their maximal values. For I'~'z— {m,} # @ let

L,(0,s) = max [L,(0,y)+ec(y,)],

yel—lz—{x;}

and for I'w — {w;} # O let

L,(w,2) = max [L,(y,2)+e(@,y)].

velz—{z;}

L, (0, 2) is the longest path from the node 0 to the node »# which
does not contain the are {x;, ), and L,,(x, 2) is the longest path from the

Bode & to the node z which does not contam the arc {w, z;).
Let

(29) (0, @) = L, (0, ®)—L,,(0,4) for xeX,
ﬂ,.p(?/,z) =Lrp(y’z)_‘L1’-p(y7z) for yeY.

Now we write

B0) 4,1y, ), (@, 0)]
= m&x[*arp(oy $), _ﬂrp(yy 0($ ’M/)+0 v y ﬁrp(y7 arp(07w)]‘

Similarly as Theorem 2 in [6] we can prove the following

THEOREM 3. Let DY, € Ry, and lot D, be the graph obtained from DS,
Yy CO?nplementmg one am y,x) el nC,p, where C,, is the longest path
W DY. Then

Ly, (0,2) > L, (0, 2)+ 4,,[(y, ®), (u, v)].
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Therefore, by complementing the arc <y, #) € 0,,NS,, the lower
bound of the longest path C,, in DY, is L,, (0, 2) + 4,,[(y, %), (%, v)].

3. ALGORITHM

The minimaximal path with the implicit condition (20) of the dis-
junctive graph D°is obtained by generating a sequence of circuit graphs
D), € R},4, finding the critical path for each D},, and testing its feasibility.

Let 8) be a complete initial selection of sets such that S € R]. It can
easily be seen that the graph D} = (4, U'uS?> has no circuits. Further,
let 8, be a complete initial selection such that 8, € B, and the graph
DY = (A, U°uBS,u8)) has no circuits. The disjunctive arcs {a,b> eV
and (¢, d> € V° are called normal if {a, b)> € S, and <{¢, d> € §}. The disjunc-
tive arcs {(a, by € V—8; and {¢,d)> € V*—8) are called reverse. Each arc
{y,x) € 8? has r,— 1 reverse arcs in the set V°— 8?. Moreover, we assume
that

(31) V[ieN*Ala;,y:> € {1V, y> e Vk [e(m, y) > e(2;, 4,)]}, ke@Q.

Starting with the graph D}, = (4, U°uS,uS?>, we generate a se-
quence of graphs D}, = (4, U°uS, US> € Ry (S, €R,, 8% e RY).

For the graph D}, the implicit condition (20) must be satisfied.
Hence the selection S, is not necessarily complete. Thus, for each pair
of disjunctive arcs of the selection S, one of the following possibilities
holds:

(a) it is a normal are,

(b) it is a reverse arc,

(e) it is neither a normal nor a reverse arc from a disjunctive pair.

If (c) holds, we have an empty arc which is denoted by <;;T:_v> 01"(%).
Replacement of an arc by an empty arc is called eliminating. The seb
of empty arcs S, such that 8,uS, is a complete selection is called an
eliminated selection.

Each graph Dj, is obtained from a certain graph D{, or Dy, of the
sequence by complementing (or eliminating) one normal arc from the
selection 8, or by complementing one normal arc from the selection of
sets 8. Bach arc from 8], is complemented on 7, —1 cousins. In case where
the graph Dj, is obtained by eliminating arcs from the selection 8,, the
implicit condition (20) must be satisfied for this graph. The process of
generating is presented in the form of a solution tree H. Fach node in H
corresponds to a graph DY,. Each node DY, or D}, is obtained from D}, by
complementing (or eliminating) one disjunctive arc from {(y,z) € 8§, or
<y, > €8y. Then the arc <D,, D3> in H represents the complement

rp?

{(w,v) €8, (or an empty arc <{y,x>el,) of (y,x>el,, and the arc
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{D;,, D%> in H represents the complement (u,v> eS8 of <y, ) eS.
We say that DY, is the predecessor of DYy, or DY, (and Dy, is the successor
of D)) if there is a path in H between D}, and D!, or D% . The initial
8raph D}, = (A4, UulS,us?) is the root in the solution tree H. The genera-
tion of a new branch in H is connected with the choice of a certain normal
are for complementing (or eliminating) from 8, or for complementing
from 87 . This choice is called the operation of choice. For each graph D},
from the sequence we perform:

. (a) an operation of testing to check the critical path and the possi-
bility of generation of a graph Dj, € Rp,; with a critical path smaller than
that already found;

(b) an operation of testing to check the implicit condition (20).

If the result of testing (a) is negative, we abandon the considered
graph DJ, or D), and backtrack the tree H to the predecessor DY, from
Which the graph D2, or DY, was generated. Since the process of generating .
the graph D, is started from the complete selection §,, a negative result
of checking the implicit condition (20) may appear if we perform the
Oberation of eliminating an arc from §,. If a new graph DY, is obtained
from D}, by complementing (or climinating) a normal arc {(y, )€ §,,

We temporarily fix a reverse arc (u, > € §, (or an empty arc <u,v> € S,)
! Dg,. This arc cannot be complemented (or eliminated) in any
Successor D}, in H. However, if we backtrack the first time a reverse arc
(or an empty arc) of a certain normal arc to Dy,, we momentarily fix this
Teverse arc (or an empty arc). If we backtrack the second time, we constant-
ly tix this normal are. The normal arc such that its reverse arc (or an
“Mpty are) is momentarily fixed can be complemented (or eliminated)
ff We need to perform the second operation of eliminating (or complement-
1g) which has not been performed yet for this normal are. So, for each
8raph DY, we temporarily or constantly fix a subset F, < 8, and momen-
t,aJrﬂY fix a set F of disjunctive arcs. The reverse ares in ¥, are tempora-
Mly fixed and represent the path from the root to DY, in H. Each normal
¢ in P, is constantly fixed and represents two arcs (reverse and empty)
Which have been abandoned during the backtracking process. Each
Inomentarily fixed arc in F! is a réverse (or empty) arc which has been
Abandoneq during the backtracking process. The set F. contains all arcs
belonging to the path from the root to D}, in H. No arc from the set F,
%41 be complemented and eliminated in any successors D}, of DY, . If a new
S§taph DY is obtained from the graph D}, by complementing a normal
are Cy, @) € 8), we temporarily fix a reverse arc {u, v) € 8y in D},. This
AT¢ cannot be complemented in any successors of D), in H. However,

We backtrack the n-th time (where n < r;, = 7, — 1) a reverse arc of a cer-

31N normal are to DY,, we momentarily fix this reverse arc. If we back-
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track the 7,-th time, we constantly fix this normal are. A normal arc
such that its reverse arc is momentarily fixed can be complemented if we
need to perform another operation of complementing which has not been
performed yet for this normal arc. For each graph Dfp we temporarily
or constantly fix a subset F, < S} and momentarily fix a set F. of dis-
junctive arcs. The comments relative to Fp and F% are analogous to
those relative to F, and F!, respectively.

3.1. Operation of testing the critical path. The basic task of the op-
eration of testing is the computation of the lower bound of the critical
path for every possible successor DY, € R},;; generated from the graph DJ,.
The arcs from the sets F, are fixed in any successors of D),. It follows
from (31) that the arcs from the selection of sets S do not decrease the
length. Let
(32) D(F,u8,) =<4, U0°UF,u8,>
be the graph from the sets F, and 8}, and let L(F,uU82) be the length

of a critical path in this graph. Let L* be the length of the shortest crit-
ical path found so far. Then if

L(F,u8)) > L*,

we can reject the graph and all its successors. The value L* is the upper
bound of the length of the minimaximal path with the implicit condi-
tion (20) in D°.

3.2. Operation of choice. The purpose of the operation of choice is
to point out the normal arc for complementing (or ehmmatmg) and to
generate the successor in H. The arcs

E,=8,—F, and E)=28)—F,

are free. We complement (or eliminate) only arcs of these sets which belong
to the current critical path, i.e.

(33) KT = Ernorp
and
(34) K% = ESnC,,

Let K, be the set of reverse and empty arcs with normal arcs belong-
ing to the set K,. The set K, is called the set of candidates. We want t0
choose a normal arc the complementing of which generates a successor
with the possibly shortest critical path. This is especially important for
the operation of testing. The choice criterion for an arc of K, is the expres-
sion 4,,[(y, ), (v, v)] defined by (30). By Theorem 2, the arc with the
least value of 4,,[(y,®), (u,v)] should be chosen for complementing.

A
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To choose a normal are for eliminating, we introduce the formula
(35) 4,y [y, @), (4, 0)] = max[—a,, (0, u), =B, (v, 2)],

Where q,,(0, ) and B,,(v, 2) are defined by (29).

THEOREM 4. Let D), € R},; and let DJ, be the graph obtained from DY,

g%/ eliminating one arc {y, ) € C,,NS,, where C,, is the longest path in DY,.
hen,

L,, (0, 2) > Ly (0, 2) = Lpy (0, 2) + 4y, [(y, @), (u, 9)].

Proof. Since Dj, is the partial graph of Df,, the first inequality is

true. In order to prove the second inequality, we note that L,,(0,2)+
+4,,[(y, %), (u,v)] is a particular case of the expression on the right-
hand gide of the inequality from Theorem 3. Therefore, by eliminating
the arc <y, ) € C,,NS,, the lower bound of the longest path C,, in D}, is
Lrp(O, )+ 4,,[(y, ®), (4, v)], which completes the proof.

Let KJ be the set of reverse arcs with normal arcs belonging to the
Set K, . The set K5 is also called the set of candidates. We want to choose
% normal arc the complementing of which generates a successor with the

Possibly shortest critical path. To choose a normal are for complementing,
We introduce the formula

(36)

Agp[(m’ Z/), (%, 'v)] = c(uy 'v)"o(xy ?/)-

THEOREM 5. Let DY, € R}y and let D), be the graph obtained from Dy,

b?IhGOmplementing one are {w,y) € C,,NSy, where C,, is the longest path in Dy, .
en

L,(0,2) = L,,(0, 2) + 45, [(®, 9), (, 0)].
Proof. Note that for each (y, ) € 0,,NS) we have
L., (0, 2)+ 47, [(, ¥), (4, v)] = L,(0, 2) +6(u, v) — 6(x, y)
= L,,(0, ») +o0(w, y) + Ly (y, 2) + ¢ (u, v) — (2, y)
= L,,(0, ®)+e(u, v)+ L, (¥, 2).

Since the are (u, v) is a cousin of the arc <z, ¥, it follows from (24)
9% % = y and v = y. Thus we have

Ly (0, @) +e(u, v) + Ly (y, 2) = Lyp(0, w) +0(u, v) + Ly (0, 2).

It can easily be observed that L,,(0,u)+c¢(w, v)+ L, (v,2) is the
0gth of g path in D], . Since the longest path in D], cannot be shorter
4l any other path, we have

L4(0,2) = Ly (0, 2) + 47, [(#, 9), (u, v)].
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Therefore, by complementing the are (w,y) e C,,NS,, the lower
bound of the longest path C,, in D}, is L,,(0, 2) + 47, (%, y), (u, v)], which
completes the proof.

3.3. Operation of testing the implicit condition. The implicit condition
cannot be satisfied when we perform the operation of eliminating an arc
from K,. Each arc (y;, #;) € K, has two adjacent arcs <{w;, y;> and {z;, y;>
which belong to the set S;. In the process of generating the sequence of
graphs DY, the adjacent arcs may be complemented, so the logical result
of the implicit condition may be changed. Therefore, we can check this
condition and eliminate the arc <(y;, ;> € K, the adjacent arcs of which

are temporarily or constantly fixed. Let

R, = {<y;, ®) € K, | {y;, ®;> is an empty arc}

and
R, =K, — R

r

be the sets of empty and reverse arcs, respectively, on which we can replace
arcs from the set K,. Further, let

R,, = {<y;, 7> € R, | ({&;, 4;> € FO) A (i, ¥:> € FL)}

be the set of empty candidates the adjacent arcs of which are temporarily
or constantly fixed. The normal arc from K, can be eliminated if its empty
arc belongs to the set E,,.

3.4. Algorithm. We start with .
D(1)1 =<A,U°USIUS‘;>, F, =0, Fcl’ =0, F{ :@,l
FY =@, L' = .

The graph D,, represents the root of the solution tree H.

Let DY, = <4, U'US,US)> be the current graph and let F,, Fy,
F., F) be the current sets of temporarily, constantly and momentarily
fixed disjunetive arcs in the (r + p)-th iteration of the algorithm.

Step 1 (test step). Compute the lower bound L(F,U8)) of the graph
defined by (32). If L(F,uS8))> L, then go to Step 4. Otherwise, go t0
Step 2.

Step 2 (evaluation step). Compute L,,(0,2) defined by (28). Jis
L,,(0,2) < L% then set L* = L,,(0, 2).

Identify a critical path C,, and the sets K, and K, defined by (33)
and (34), respectively. If K, = @ and K = 0, then go to Step 4. Other-
wise, identify the sets of candidates K, and K} . Nex perform

K,=K,—F. and KY —=K,—Fv,
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If K, =0 and K) =@, then go to Step 4. Otherwise, for any arcs
Cu, v € K; and (u, o) e K, compute 4,,((y, ), (4,)] and 4,,[(y, =),
(u, v)] defined by (30) and (35), respectively. For each are {(z,y)> eK;’,'
compute A4;,[(#, y), (4, v)] defined by (36). Then go to Step 3.

Step 3 (forward step). If K, =@ and K} = @, then go to Step 4.
Otherwise, identify the sets R,, R,,, and R;. Next choose <u, v) € R,UR,,
or (u,v) e K° (perhaps an empty arc) such that

0,,[(y, @), (u,v)]
= min { ‘min Arp[(ay b), (¢, d)], min Agp (@, ), (¢, d)]}.

(e,d€R Ry (e,dyeKD

If an empty arc <{u, ,,,> is chosen and (u, 'v) € R,,, then check the
implicit condition (20) as follows. Let {y,x) = <¥y;, & be the normal
arc of the arc <{u, v) and let {y;, ;> have adjacent arcs of the forms {x;, y;>,
and <w;, y,>,, (i,j € N*, p, w e B¥, k € Q). If p = w, do not eliminate these
Dormal ares, perform

K, = K, —{{u, v},

and go to the beginning of Step 3. If p # w, then generate a new graph Dj,
by eliminating the normal arc {y, #) and perform

ng = ng_{<y, a">}

If the reverse arc {u, v) is chosen and {u, v)» € R,, then generate a new
8raph D), by complementing the normal arc <y, «) and perform

Usp = [Ur, —{<y, 2>} 10 [{<u, v)}1,
F, = F,u{u, >}, F;=TF,.

Simultaneously, add to the solution tree H a new node Dg, and a new

are (D7,, DY, associated with an empty are (u, v)> or a reverse arc {u, v)
of the disjunctive graph D°. Go to Step 1.

If the reverse arc {u,v) is chosen and <{u,v) € K, , then generate
3 new graph D}, by complementing the normal arc and perform

qu = [U?-p_{@/y )} JV[{{w, v>}1,
FO = FOU{<u )}, .Fto = Fto.

Slmultaneously, add to the solution tree H a new node Dj, and a new
are <Dy, D),> associated with the reverse arc <u, v). Then go to Step 1.

Step 4 (backtracking step). Backtrack to the predecessor D}, or D,
of D;, in H. It D}, has no predecessor, then the algorithm termma,tes,
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the selection S, and the selection of sets 82 associated with @e current L*
are optimal, and the longest path in D, is minimaximal in D° Otherwise,
drop the data for D), and update the data for Dy, or D), as follows.

If D), is generated by an empty arc <u 'v> € K ©» then perform
-Kk = K;—{(u, 'D>}7b, F, = chUKu, ”>}

If D}, is generated by a reverse arc (u, v) € K, , then perform
K = K —{Cuy 0D}, Fi = Fi—{{u, )},

Besides, if the backtracking is performed the second time while con-
sidering the normal are {y, ), then perform

F, = Fu{, o}, F,=F—[{{u,vd>}u{u, o)}].

If the graph D, is generated by the reverse arc <(u,v) € K}, then
perform

K; =K,l_{<u7'”>}7 Fio =F{°u{<u,'v>}.

If the backtracking is performed the r,-th time while considering the
normal are <{y, 2>, then perform

"k
F =Fu{{y,=}, F = Fﬁ"-[u,L:Jl{(u, >}l

where {u, v),, is the reverse arc of {y, ). Go to Step 3.

THEOREM 6. The algorithm consisting of Steps 1, 2, 3, and 4 above
finds a minimaximal path with the implicit condition (20) in D° in a finite
number of steps. '

Proof. It follows from Theorem 3 that each graph D), generated
by the algorithm has no circuits and has a critical path. Slnce the family
RY;; is finite, we have to prove that

(a) each graph of the family R}, is explicitly or implicitly exam-
ined,

(b) no graph is examined twice (i.e., the algorithm cannot be cyclic).

(a) The process of generating the graphs of the family R%,;, is present-
ed in the form of a solution tree H. The node D}, in H is abandoned
(with all of its successors) when the result of testing in Step 1 is negative
or when all successors of D;, are examined. In the first case, no successors
of D}, in H can have critical paths shorter than the lower bound L(F,uU 8}),
since arcs from the set F, of the graph D{, are fixed in all of its successors,
and arcs from the set S) do not decrease the length. Besides, we generate
only graphs for which the implicit condition is satisfied (see Step 3).
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(b) For each node DY, in H we have fixed sets F, and F3 . The back-
tracking may be performed from D}, to the predecessor Df, or D}, in H.
In the first case, if we backtrack the second time while cons1dermg the
Dormal are, then this arc belongs to the set F,. In the second case, the
Same holds when we backtrack the r,-th time. Hence, after backtracking
from D7, neither this node in H nor any of its successors in H may be
generated the second time. If we backtrack the first time from D),
the first case (or the n-th time (n < 7,) in the second case), then the set

F, (FY) contains longer arcs than those on which backtracking has been
Performed. Since the sets of candidates of all successors D}, and D), are
Teduced by the sets Fi (F¥) (see Step 2), the node D{, in H cannot be
generated the second time and neither can any of its successors in H.
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J. GRABO WSKI (Wroclaw)

SFORMULOWANIE I ROZWIAZANIE
ZAGADNIENIA KOLEJNOSCIOWEGO Z ROWNOLEGLYMI MASZYNAMI

STRESZCZENIE

Praca podwiecona jest zagadnieniom wyznaczenia optymalnej kolejnosei wyko-
nywania operacji w procesie produkcyjnym z maszynami réwnoleglymi. Przedsta-
wiono zagadnienie tego typu, prowadzace do nowej konstrukeji grafu dysjunktywnego.
Algorytm rozwigzania tego zagadnicnia oparty jest na metodzie podziatu i ograniczen.



