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1. Introduction. Let h be a PL involution of a closed 3-manifold X with
fixed point set F # @ and x,€ F. The PL involution h is said to be fiberwise
(see [2]) if there exists a fibering of X over S' such that each fiber is
invariant under h.

It is a consequence of a result of Kim and Tollefson [3] that if F # Q
and h is fiberwise, then each component of F is a simple closed curve, a torus
or a Kleinbottle whose fundamental group is mapped nontrivially into =, (S*)
under the homomorphism induced by the fibering.

The following theorem is proved in [1], [2], [4].

THeOREM 1. Let X be a P? irreducible compact connected 3-manifold and
h a PL involution of X with fixed point set F # @ and xoeF. Then h is
fiberwise if and only if there exists an epimorphism ¢: n,(X, xo) — Z such that
Kere is finitely generated, h,(Kere) =Kere and h, fixes an element of
7, (X, xo) not in Kere. (The fiber M' of the fibering can be chosen so that
n, M’ x Kers.)

The following result is also given in [2] and [4].

COROLLARY. Let M bhe a compact connected orientable surface of genus
greater than 0. Let h be a PL involution of M xS with fixed point set F # Q
and (mq, so)€ F such that moe M, soeS'. Then h is equivalent to B x Lo,
P being an involution of M, if and only if under a suitable product structure
of MxS' and the canonical identification of m,(M xS, (my,so)) with
m, (M, mg) x 7, (S', so) we have h (n, (M, mg)) = n, (M, mo) and h,|n, (S, so)
is the identity.

In [2], it is shown by an example that the conclusion in the corollary is
false if it is merely assumed that h, |n, (S, s,) is the identity. However, it is
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pointed out by H. Kim and J. Kim [1] that the example cited is nevertheless
fiberwise. It is the purpose of this note to show that this conclusion is true in
a complete generality. '

THEOREM 2. Let M be a compact connected (orientable or nonorientable)
surface not homeomorphic to S? or P. Let h be a PL involution of M x S* with
fixed point set F # @ and (mg, so)eF such that moeM and s,eS'. If
hy|m, (S, so) is the identity, then h is fiberwise.

Remark. The fiber M’ of the fibering of the conclusion of Theorem 2
can be chosen such that there exists a covering M’ — M of multiplicity 1
or 2.

2. The proof of Theorem 2.

2.1. Canonically identify =, (M xS', (mq, s;)) with the internal direct
product A x H, where 4 and H are images of the composites

ny (M, mo) = 1y (M x {so}, (mo, So))l‘f'nl (M xS, (mo, 50))
and
7, (SY, so) = 7y (1mo} x M, (my, so))'—f ny (M xS, (mg, o)),

where unlabeled isomorphisms are obvious ones and i, i’ are inclusions.
Consider the diagram

h# LA A
AxH->AxHZ
8 p;‘ H
where p; (i = 1, 2) are projections. Identify H with Z. Let A> A and 4 5H
be defined by

na) =pyhy(a, 0 and {(a)=p,hy(a, 0).

Since h, |H is the identity, hy (a, t) = (n(a), {(a)+1). Since h% is the identity,
it follows that

n*=1, and {(n(@)=—{(a).

2.2. If hy(A) = A, Theorem 1 proves Theorem 2.

23. If h,(A) # A, then h,(A) € A and ( is nontrivial. Let {(A) = kH,
where k is a positive integer. '

Let N={(a,t)eAxH | {(a)= —2t}. It follows from 2.1 that h,(N)
= N.

Define 2: AxH—->H by a(a,t)={_(a)+2t. Then «(H)=2H and
(A xH) =qH, where g =1 or 2.
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Thus N = Kera and there is a short exact sequence
1>N->AxHSqH - 1.

Furthermore, N is isomorphic to N' = A, where N’ = {ae A | {(a) is even}.
Hence N’ is a subgroup of 4 of index 1 or 2 according as k is even or not.
Hence N’, and therefore N, is finitely generated. Since N~ H = 1, Theorem 1
and the above short exact sequence prove Theorem 2.

The remark following Theorem 2 is clear from the proof, since M is
closed.
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