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ALGORITHM 4
H. WOZNIAKO WSKI (Warszawa)

POLYNOMIAL DECOMPOSITION INTO QUADRATIC FACTORS
WITH CONTROLLED ACCURACY BY BAIRSTOW’S METHOD

1. Procedure declaration.

procedure Bairstow sp(n, a, eps);

value %, eps;

integer n;

real eps;

array a;

comment The procedure Bairstow sp calculates the quadratic factors
of the real polynomial w(x).

Data:
n — degree of the polynomial,
a[0:n] — array of coefficients of the polynomial (a[n] — coef-
ficient of a",...,a[0] — free term),
eps — the relative machine precision.
Results:

al[0:n—1] — table of coefficients of the quadratic factors of the
polynomial w(x). We havea[2 X m] =7,,,a4[2 X m+1]
= Pm(m =0,1,..., entier (n/2) — 1), where &* — p,, @ —7,,
is the m-th factor of w(x). For odd n a[n—1] is a
real zero of w(x);
begin
integer 4, 12, j, n3;
real an, al, eal, a0, ea0, b1, b0, p, pp, dp, r, rr, dr, q, k, 8, v, 2;
Boolean H;
an: = a[n];
n3: =n—3;
for i: = 0 step 2 until n3 do
begin
H : = false;
p:=r:=c¢eal: =eal: = 0;
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al: =af[i+ 1];
al: = ali];
bl: = ali+ 3];
b0: = al[i+ 2];
comment start with factor m(x) = x 1 2;
go to ZE;
tle:q: =pXpt+4xXr,;
v: = sqrt(abs(q));
s:=if ¢g< 0
then sqrt(abs(r))
else .5 x (v+abs(p));
al: = an;
al: =0bl:=0b0: =ecal: =eal: = 0;

for j: =n—1 step —1 until ¢ do

begin
g: =pXbl+rxbl+al;
bl: = b0;
b0: = q;
z:=pXal;
dp: =rXal;
dr: = z+dp;
q: =dr+aljl;
al : = a0,
al: = q;

q: = abs(2)+ abs(dp)+ abs(dr)4 abs(q);
eal : = eal+eal X s;
eal: = q+ealxs

end of the calculation of the coefficients of the remainders

al, a0, b1, b0 and of the quantities necded for error esti-
mation;

if v>.2xs/(n—1)
then begin

z: = 2Xeps[v;
eal: = s X eal X z;
eal: = (eal —q) X 2

end

else begin

2: =-eal X s+eal;
eal : = eal X eps;
eal : = zX eps
end of the calculation of the error estimates eal, eal
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of al, a0;
if H
then begin
q: =alxXal+a0Xxal;
if £ <q V abs(al)> eal Vv abs(al) > eal
then go to L;
k:=q
end of testing for maximum accuracy
else ZE : if abs(a0) < eal A abs(al) < eal
then begin
H : = true;
k:=alxal4+a0X al
end of comparing al, a0 with the error
estimates;
pp = Pp;
rr:=r;
§: =b0Xp+blxr;
2: =b0Xxb0—blxs;
if 2z=20
then begin
if H
then go to L;
p:=(if p>0 then ,,—2 else —,,—2)+px 1.01;
r:=rx1.014,,—2;
go to ite
end small change of the quadratic factor in the case
when the system of equations for determining
the corrections is singular;
dp: = (bIxXal—alxb0)/z;
dr: = (al Xs—al0x b0)/z;
g: = abs(p);
z: = abs(r);
bl: = abs(dp);
b0 : = abs(dr);
if bI<epsxqgnA bO<epsxz
then go to L;

§: =0bl+4b0;
v:=3X(q+2+.1);
if s >0
then begin
v:=0/s;

dp : = dp X v;
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dr: = drxv
end of comparing the corrections with abs(p) and abs(r).
If the corrections are too large they are reduced
to enlarge the chance of determining the factor
with smallest zeros;
p:=p-+dp;
r:=r+tdr;
go to ile;
L:v: = an;
z:=0;
12: =142
for j: =n—1 step — 1 until 72 do
begin
qg: =aljl: =ppXv+rrxXz+aljl;
2: = 0;
v:=gq
end of reducing the degree of the polynomial;
ali]: =rr;
ali+1]: = pp
end i;
aln—1]: = —a[n—1]/an;
if n/2=n-=2
then a[n—2]: = —a[n—2]/an
end Bairstow sp

2. Method used. The used method is described in the author’s paper [1].

3. Certification(!). The procedure Bairstow sp has been verified
on 20 examples. A selection of examples being different in kind (polynoms
with simple real zeros, in particular also near ones, with simple complex
zeros, and with multiple zeros) is given in the table. It includes the exact
zeros of the polynomials, the factors obtained on the Elliott 803 computer
(on the left) and the factors obtained on the Odra 1204 computer (on
the right).

TABLE
Example 1. 1,2, 3,4
x2—3.000000112-2.00000010 x2— 3.0000000002 x4+ 2.0000000001
z2— 6.99999990x + 11.9999995 x?— 6.9999999998 x4+ 12.000000000
Example 2. -3, -2,—-1,0,1,2,3
22— 1.110,,— 152—.999999999 x?+.99999999997 x — 2.0000000000
22— 1.99999999x— 1.480,,— 15 x2- 3.0000000000x —.257285,,— 20
z?— 1.944,,— 082 — 9.00000001 x2— 1.9999999999x — 3.0000000002
x4+ 2.00000001 x— 2.0000000001

(*) This section has been added by the editor of the algorithm.



Example 3. 1, 10, 100, 1000
22— 11.0000000x -+ 9.99999995
x2— 1100.00001 2 99999.9999

Example 4. —1.03, —1.02, —1.01, —1

24 2.0094737x+ 1.00941027
x?+ 2.05059264 -+ 1.05121380
Example 5 (polynomial T'¢(x)).

17 T 5n
—¢08 ——, — €08 —, — CO8 ——,
12 4 12

x*—.0669872983
x?—.499999992
x*—.933012711
Example 6. 1,1,2,2,3, 3,4, 4
z2— 1.99999722x1.999997719
x2— 3.99998669x 1 3.99998314
x2— 5.99999665 x -+ 9.00000969
x?2— 8.00001944x+ 16.0000860
Example 7. 1,1, 1, 1,1 ‘
x2— 2.01028804x 4 1.00935951
x2— 2.00714050 x4 1.00829932
r—.982571470
Example 8. 1,1,4, —1¢
x?— 1.2560,,— 092 4.999999999
z2— 2.00000001 2+ 1.00000000
Example 9. 4,14,4, —2, —4%, —1
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22— 101.000000002 4 99.999999999
22— 1010.0000000x + 10000.000000

x2+ 2.01000315842+ 1.0100031436
24 2.0499968416 x4 1.0505967301

5n g b1
Cc08 ——, CO8 — , COS ——
12 4 12
x?—.066987298108
2 —.49999999998
xr2—.93301270194

x2— 2.00000000352 4 1.0000000030
x2— 4.0000000298 x + 4.0000000298
22— 7.0000665449x - 12.000171184
z%2— 6.9999334219x + 11.999828682

x2— 2.0147783418x+ 1.0148616568
72— 1.9943732214x - .99445681191
r—.99084843679

x2—.136531,,— 112+ 1.0000000000
22— 2.0000000000x4-.99999999999

After more than 100 iterations no results were obtained.

[1] H. Wozniakowski, Some remarks on Bairstow’s method, Zastosow. Matem.,

11 (1969), pp. 213-220.
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ROZKLAD WIELOMIANU NA CZYN:NIKI KWADRATOWE METODA
BAIRSTOWA Z KONTROLOWANA DOKLADNOSCIA

STRESZCZENIE

Procedura Bairstow sp rozklada wielomian w(x) o wspoéleczynnikach rzeczy-

wistych na czynniki kwadratowe.
Dane:
n — stopien wielomianu,
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a[0:n] — tablica wspélezynnikéw wielomianu (a[n] — wspélezynnik przy
Zp, .., a[0] — wyraz wolny),
eps — dokladno§é wzgledna dzialan na liczbach rzeczywistych.
Wyniki:
a[0:n—1] — tablica wspdlczynnikéw czynnikéw kwadratowych wielomianu w (z).
Jest a[2Xxm] = rp, a[2Xxm+4 1] = p,, (m = 0,1, ..., entier (n/2)— 1),

gdzie z?— p,,x— 1, jest m-tym czynnikiem wielomianu w(x). Jesli n
jest nieparzyste, to a[n— 1] jest zerem rzeczywistym w(x).

Uzyta metoda jest opisana w pracy autora [1]. Procedure sprawdzono na 20
przykladach. Niektore wyniki sa podane w tablicy w § 3, zawierajacej dokladne zera
wielomian6w, czynniki otrzymane na maszynie cyfrowej Elliott 803 (po lewej) i czyn-
niki otrzymane na maszynie cyfrowej Odra 1204 (po prawej).

AJITOPUTM 4
X. BO3bHAAKOBCKU (Bapmasa)

PAJIOXKEHUE INOJMHOMA HA KBAJPATUYHBIE MHOXWUTEJIU IIO METOAY
BIOPCTOY C KOHTPOJIMPOBAHHOW TOYHOCTbLIO

PE3IOME

IIpouenypa Bairstow 8p pa3naraeT moJHMHOM w(x) C BelleCTBeHHbIMH KO3dduuueHTaMHA Ha

KBaJpaTHYHblE MHOXHTEJIH.

JaHBsble:

n — cTeneHb TNOMHMHOMA,
al0 : n] — MaccuB xo3dpduumenTon monuHoma (a[n] - koapduument npu x", ..., a[0]-ceo-
OOmHEIN 4YiIEeH),
eps, — OTHOCHTEJbHas MAMIMHHASA TOYHOCTD.

PesynbTaThI:

a0 : n—]} — mMaccuB KOIDPHUMEHTOB KBAaJPATHYHBIX MHOXMTENEH MmoauHoMa w(x) TaKoif, 4TO
al2Xml= ry,al2 X m+1]= p,, (m =0, 1, ..., entier (n/2)—1), Tae X3—ppXx—7rm,
ABIISETCA M-THIM MHOXHTeNneM w(x). Ecnu n — HedyeTHOe umMcio, TO a[n—1] ecth
HeWCTBUTENbHEIA HYyJb w (X).

B npouenype Bairstow sp npuMeHAETCA METON ONHCAHHBIA B pabote aBTopa [1]. IIpouenypa
6ruia npoBepeHa Ha 20 npumepax. HekoTophle pe3ynbTaThl BBIYMCIEHHH NpuBeOeHbI B Tabymue
B § 3, comepxameii TOYHEIC HY/IH IOTHHOMOB, MHOXHTENH MoJydYeHHbIe HA DBM Dmmorr 803
(cieBa) ¥ MHOXMTENH HOJydyeHHble Ha OBM Onpa 1204 (cripaBa).



