ANNALES
POLONICI MATHEMATICI
XLV (1985)

Multi-valued solutions of a linear functional equation

by WILHELMINA SMmAJDOR (Katowice)

Abstract. If &, is an upper semi-continuous solution of the inequality
H(x, @[ f(x)]) = ®(x) with compact and convex values in a Hausdorff topological vector space
Y, then there exists a minimal solution @ = &, of the equation H(x, ®[f(x)]) = ®(x) with the
same properties. It is assumed that the function H is linear with respect to the second variable.
Moreover, if Y is a uniformly convex Banach space, then this minimal solution is almost
everywhere single-valued in the sense of category.

Let X be a topological space and Y be a real or complex Hausdorff
topological vector space and let

nY)y={AcY. A#Q)],
c(Y)= {Aen(Y): Ais compact},
cc(Y) = {Aec(Y): A is convex}.

DerFiniTioN 1. A multifunction @: X — n(Y) is upper semi-continuous
(us.c) at xq iff for every open set G containing ®(x,) there exists an open
neighbourhood U of x; such that @(x) < G for every xe U. A multifunction
is us.c. iff it is us.c. at every point xe X.

We consider the equation

M @ (x) = H(x, [f(x)]),

where f: X > X, H: X xY - Y are given functions and &: X —n(Y) is an
unknown multifunction.

We will need the following

LEmMMA 1 (cf. [2]). Suppose that for every xe X the function H(x, ) is
continuous in Y. Let F be a family of functions &. X —c(Y) such that the
following two conditions are fulfilled:

(I) if ®€F, then H(:, Pof(-))eF;

(II) if ®;eF for every icl and {®,},, is a chain, then N P;eF.

iel

Let &y F be a multifunction fulfilling the inequality
(2 H(x, [ f(x)]) = &(x).
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Then the formulas
3 Py (¥)=H(x, &,[f(¥)]), n=0,1,2,...,

@ 5= o,
n=0

define a solution ® = @, of equation (1) in F. Moreover, there exists a minimal
solution @ = @, of equation (1) in the family F.

DeriniTiON 2. Equation (1) has property (P) in a family F of functions
®: X —n(Y) iff the assertion of Lemma 1 is fulfilled, i.e., whenever @,eF is
a solution of inequality (2), then formulas (3) and (4) define a solution
& < @, of equation (1) in F and there exists a minimal solution ¢ < @, of (1)
in F.

TueoreM 1. If f: X - X and H: X xY — Y are continuous and H is
linear with respect to the second variable, then equation (1) has property (P) in
the family -of all us.c. functions ®@: X — cc(Y).

Proof. Let @,: X —cc(Y) be a u.s.c. solution of inequality (2) and let
F=®d: oy, . X -cc(Y), Pis usc.).

It is enough to prove that F fulfils conditions (I) =nd (II) of Lemma 1. We
have

H(x, ®[f(x)]) = H(x, @5 [f (x)]) = Po(x)

for every ®eF. The set H(x, @[ f(x)]) is compact and convex for every
xeX and H(-, ®of(-)) is usc. (cf. [2], Lemma 3). The intersection of a
chain of non-empty, compact and convex sets is non-empty, compact and
convex and the intersection of a family of u.s.c. multifunctions with compact
values is u.s.c. Thus the family F fulfils conditions (I) and (II).

DEefINITION 3. We define a multifunction cl @: X — n(Y) by
yecl @(x)<>(x, y)ecl Iy,

where Iy is the graph of a multifunction &: X — n(Y).

DerFInITION 4. A multifunction @: X — n(Y) is closed il for any x,e X,
Yo€ Y with yo¢ @(x,) there exist two open neighbourhoods U and V of the
points x, and y,, respectively, such that &(x)nV = @ for every xeU.

The proof of the following theorem is almost the same as the proof of
Lemma 7 in [2].

THEOREM 2. Let X be a topological space and Y be a Hausdorff top-
ological space. If a function H: X xY - Y is continuous, f X > X is a
continuous open mapping, ®,: X — c(Y) is a us.c. solution of inequality (2)
and ® = &, is a solution of (1), then cl @ is a us.c. solution of (1) with
compact values.
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LEMMA 2. Let X be a topological space and Y be a Banach space and let
$. X - c(Y) be us.c. Then

conv @(x):=conv[P(x)], xelX,
is a u.s.c. multifunction and has compact values. Here conv [@(x)] denotes the
smallest closed convex set containing ®(x).

Proof. Let xoe X and let conv @(x,) = G, where G is an open set.
There exists a convex open set S such that

conv #(x,) = S < G.

Indeed, let wus define S:= {yeG: dist(y, conv ®(xo)) <3r}, where
r:= dist(conv @(x,), G°). The set S is open. We shall prove that § is convex.
Let y, zeS. It follows by the compactness of the set conv &(x,) that there
exist points u, v belonging to conv ¥(x,) such that

ly—ull <zr, llz—1v|l <3r.
Hence, we have for 0 <A< 1
A=A y+iz—(1=Du—ioll S(L=ADlly—ull + Allz—vl| < 3.

Consequently, the set S is convex and @(x,) = S. There exists an open
neighbourhood W of x, such that @(x)<S for every xe W. The set
S,:= {yeG: dist(y, conv #(xo))< 3r} is convex and closed. Hence
&(x) =S <S§,. Thus conv ¢(x) =S, =G for every xe W. This completes
the proof.

LEmMMA 3. Suppose that X is a non-empty set and Y is a Banach space,
f: X > X, H: X xY - Yis linear with respect to the second variable and for
every xe X the function H(x, *) is continuous. If @: X — c(Y) is a solution of
(1), then conv @: X —cc(Y) is also a solution of (1).

Proof. From the inclusion
@(x) = H(x, ®[f(x)]) < H(x, conv & [f(x)])
it follows that
conv &(x) = H(x, conv [ f(x)]),

since the set H(x, conv ®[f(x)]), xe X, is convex and compact. Now,
we take yeH(x,conv ®[f(x)]). There exists zeconv @[ f(x)] such that
y = H(x, z). Thus there ex1st numbres 4, >0 and points z;e @[ f(x)],

i=1,2...,n for which Zl =1 and z= le Since H(x, z;)
eH(x, P[f(x)]) = P (x), we havc
y=H(x, z) = Z A; H(x, z;)econv &(x).

i=1

The proof is finished.
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DerFiNITION 5. A multifunction @: X - n(Y) is lower semi-continuous
(Lsc) at xoe X iff for every open set G < Y such that G N P(x,) # @ there
exists an open neighbourhood U of x, such that G ®(x) « @ for every
xeU.

DerFinTION 6. A multifunction @ is continuous at x, iff it is lower and
upper semi-continuous at Xxg.

Lemma 4. If &: X > c(R) is continuous at xq, then @(x) = min @(x) is
continuous at x,.

Proof. Let us fix 6 >0. By the definition of ¢ it follows that
®(xo) = (@(x0)—0, +00). Since @ is usc. at x,, there exists a neigh-
bourhood U of xo such that @(x) < (¢ (xe)—98, +00) for every xe U. Thus
@(xp)—0 < @(x) for xe U. We also have (— o0, ¢(xo)+3) NP (xo) # @. By

the lower semi-continuity of ¢ at x, there exists an open neighbourhood of
Xo such that

(=00, @(x0)+) N P(x) = O

for xe V. Then @(x) < ¢(xo)+9d for xe V and the continuity of ¢ at x, is
proved.

THEOREM 3. Assume that X is a topological space, Y is a uniformly convex

Banach space, f: X - X is a continuous open function, H: X xY > Y is
continuous, linear with respect to the second variable and fulfils the condition

) Iyl < llyall = 11H (x, yll < HH (x, y)l.

If @y: X —cc(Y) is a us.c. solution of inequality (2), then a minimal u.s.c.
solution ®: X —cc(Y) of (1) such that ® = @, is almost everywhere single-
valued in the sense of category.

Proof. It follows by Theorem 1 that there exists a minimal us.c.
solution @: X — cc(Y) with & = P,. Let put S(x)= {|iyl}: ye P(x)). The
multifunction S has compact values and is u.s.c. because it is the composition

of a us.c mapping and a continuous mapping. Define a function s: X - R
by the formula

s(x):=min S(x), xeX.

The multifunction § is a.e. continuous in X in the sense of category (cf. [1]).
In virtue of Lemma 4 the function s is a.e. continuous in X. We shall prove

that the equality cl ¢(x) = ¢(x) holds at points of continuity of s, where ¢
is defined by

o(x):=ye®(x): )l =s(x);.

Since Y is uniformly convex, the function ¢ is single-valued. Let y,ecl @(xq)
and let x, be a point of continuity of s. Suppose that 2£:=]||yo||—
—||(p(x0)||| > 0. There exists an open neighbourhood U of x, such that
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[s{x)—s(xg)] < € holds for xeU. We put V:={y: |iy—yoll <e&!. We can find
xe U and ye V such that y = ¢(x), because (U x V)N T, # Q. Since | (x)||
= s(x), we have [l@(x)|i—llp(xo)ll| <& and ||¢(x)—yoll <&; hence 2& = |||yl
—||<p(x0)||| < 2¢. This contradiction shows that ||y,|l = [[@(xo)ll- The point y,
belongs to ®(x,) because @ is a closed multifunction and yyecl @(x,). It is
the unique element of minimal norm in ®(x,); thus y, = ¢@(x,).

Now we prove that ¢ fulfils equation (1). For every xe X, the points ¢(x)
and H(x, ¢ [f(x)]) belong to ®(x). The norm of ¢(x) is the minimal norm of
points in @(x); hence

le (Nl < ||H (x, @ Lf (9T)])-

On the other hand, ¢(x)e H(x, @[ f(x)]). Thus there exists ze @[ f(x)] such
that @(x) = H(x, z). By @[f(x)]Je @[S (x)] we get [l¢ [/ (x)]l| <|lzll. Using
(5) we obtain

[H(x, o Lf || < IH (x, 2l = ll@ 0l

It has been proved that ¢(x), H(x, ¢ [f(x)]) belong to @(x) and their norms
are equal; thus

p(x) = H(x, ¢ [f(x)])-

From Theorem 2 it follows that cl ¢ is a us.c. solution of (1) with
compact values. By Lemmas 2 and 3. conv ¢l ¢ is a us.c. solution of (1) with
values in cc(Y) and conv cl ¢ = @,. ¢ is a minimal u.s.c. solutions of (1) with
values in cc(Y), contained in @,, and conv cl ¢ < ¢. Therefore conv cl ¢
= ¢ and conv cl ¢ is a.e. single-valued. Thus the theorem is proved.

Condition (5) is fulfilled, for example, by isometric mappings.

An application. Let X be a partially ordered space by “<™ and let L(x)
:={yeX: y< x}. The topology determined by the system of neigh-':
bourhoods {L(x)}, xe X, is called the topology generated by the partial order.

Derinmion 7. A multifunction’ @: X — n(Y) is increasing iff
Xy € X3 B DP(xy) < P(x3).

LEMMA 5. If @: X - n(Y) is closed, then @ is increasing. If & is
increasing, then @ is us.c.

Proof. Suppose that there exist x’, xe X, x’< x, such that &(x')
¢ @(x). Choose ye®(x) and suppose that y¢ P(x). Since & is a closed
multifunction, we have y¢ @ (u) for every ue L(x), which contradicts ye ®(x).
Thus @ is increasing.

Let @ be increasing and let @(x) = G, where G is an open set in Y. If
ue L(x), then @(u) « #(x) = G, which shows that & is us.c. at x.

Let X be a space of all bounded sequences in R*, where k is a positive
integer. Let us define an order in X:

x < y<>x is a subsequence of a sequence y.
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We shall treat X as a topological space with the topology generated by
the order just defined. We define a function f in X putting

f(x):=(x3, X3, ...) for x=(xq,x,;,..)eX.

We observe that the function f is continuous and open. It is enough to
prove that

SILX] = LIS ()]

If yef[L(x)], then y =f(u) for ue L(x). Hence u < x and f(u) < f(x); thus
yeL[f(x)]. If ye L[f(x)], then y <f(x) and y =(y,, ¥3, ...). The sequence
y is a subsequence of x and y, = x,, for some k;eN, k, > 2. Let us put
u:=(xy, y1, ¥z, .-). Then u is a subsequence of x and f(u) = y; hence
yef[L(x)]

Let us define ®,(x):=cl{x;, x5, ...}. Since x;, x3,...] < {x;, x5, ...},
we have @, [f(x)] = Po(x). Let us notice that &,: X — c(R¥) and &, is us.c.
because it is increasing.

From Theorem 1.3. in [2] it follows that the equation

(6) SLf(x)]=P(x)

has property (P) in the family of all us.c. functions @: X — ¢(Y). Thus the
formulas

M W= () B G =B n=0.1,2..

define a u.s.c. solution of (6). By Lemmas 2 and 3, conv & is a u.s.c. solution
of (6) with compact values.

Now we prove that &(x) is the set of cluster points of x. Let us take
ye®(x). Then yedy(x) =cl{x,, x,,...;. We can find n,eN such that
|xp, =¥l < 1. But ye®, (x)=Po[f"(x)] =cl [X, +1,...]. Consequently,
there exists ne N, n, > ny such that |y—x, | < 3. By induction we can find
an increasing sequence (x, ) such that

y—xnl <1k, k=1,2,...

Thus y is a cluster point of x. Conversely, if y is a cluster point of x, then
yecl {x,pq, ... =d,(x), n=0,1, 2, ..., whence ye ®(x).

THEOREM 4. The set of all divergent bounded sequences in R* is of the first
category in the set X in the topology generated by the partial order in X.

Proof. Let & be given by (7). By Lemmas 2 and 3, conv $: X — cc(Y)
is a u.s.c. solution of (6). It follows from Theorem 2 that equation (6) has a
minimal solution @: X — cc(R") which is usc. and ae. single-valued and
@ < conv @. It is sufficient to show that @ = conv &. Suppose the contrary,
i.e,, that there exists

(8) yeconv & (x)
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such that y¢ @(x). We can find an open neighbourhood V of y with

9) Vad(x) = 0.

By (8) we have Vn ds(x) # @, where d:>(x) is the convex hull of &(x). There
exist neN, 4, =0, y,ed(x) (i=1, 2,..., n) such that _2":1 A =1, ‘zn:' iy eV.

Suppose that y,e @(x) for i=1, 2, ..., n; then Y 4 y,e®(x), which is im-
i=1

possible by (9). Thus there exists an index i€ {l, ..., n] for which
(10) yi¢ $(x).

But y, is a cluster point of x, i.e., there exists a subsequence x’ =(x,,) of x
such that y; = lim x, . Consequently,

k—awo
& (x') = conv &(x) = {y;}.
This implies the equality
i = 0(x).
Since, by Lemma 5, @ is increasing, we obtain
yie 2(x) = @(x),

which contradicts (10).
The set X defined above is not of the first category. Indeed, let Y be the

set of all constant sequences. Suppose that Y is a first category set, ie, Y
0
= (J F,, where Intcl F,=@. Take an xeY; then xeF, for some neN.

n=1
Since the set {x} is open, xe{x} =Int{x} < Int cl F, = Q. This contradic-
tion shows that Y is not a first category set.
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