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A convergence proof of a difference scheme
for a parabolic system

by A. Firzge (Krakéw)

1. Consider the system of differential equations of second order

L dy: oy Py 32%) :
1 L= e, y, = ,..., 2, =L, = i=1,..,m
(1) o, f( 1'.'/7aml y 1_amn7 Bmf y 13‘/”% ’ y ey M,

where @ = (%g, @1, ..., ) e R**Y, 4y = (¥, ..., Ym) ¢ R™, with boundary
conditions:

yi(x) = @ij(x), @®=0,4=1,...,m,3j=0,1,..,%,

(2)

yi(@) = pylx), wy=71,1=1,..,m,j5j=1,2,..,n.

We shall replace the partial derivatives by suitable difference quo-
tients, and thus get the system of difference equations (cf. (3)).

Z. Kowalgki proved in [2], that, under suitable assumptions, the
solutions of the difference system (3) tend to the solutions of (1) with
b.c. (2). If we make use of a certain difference inequality (cf. [1]), similar
to the differential one, a convergence proof becomes shorter than that
of [2].

2. Notation. We shall consider the nodal points 2™ of R™™,
0< M < P, where M = (my, Myy ..., Mn)y P = (Poy P1y .-y Pn) are given
systems of integers m;, p¢ (¢=0,1,...,7) and 0 < M < P denotes
O<mi<pi (i=0,1,..,n); o=@, s, ..,o0", xo° = mk, z
= m¢h, 1=1,2,...,n, where k = 7/N;, h = /N, are positive numbers.
We shall also use the following multi-indices:

+M = (my+1, my, ..., Ma),

+jM = (mgy My, .oy Mj_1, Mi+1, Myg1y vy Ma)

—JM = (mgy My .oy Moy, Mi—1, Mjysy ooy Ma) ,  j=1,2,.,n.
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To each nodal point x* there corresponds a system of m real num-
bers 21 .

Now we can introduce the difference quotients

';,'HN = %(sz - ziw) ’ Z'Iiw = ;j(zjiM_z;iM) )
L i ¥ i
and the n-dimensional vectors

We shall consider the difference scheme

M~ M M MI MII
(3) 2q :fi(w YRR 427 ),

M M M : oy
where 2% = (', 2, ..., 2 ), with the boundary conditions

z,u = ¢p,-?-(a:M) for m; =0 (j=0,1,...,n, t=1,...,m),
(4)
zi = y;,-,-(m‘") for m;=N (j=1,2,...,n,i=1,..,m).

3. THEOREM. Suppose that

1° functions fuz, s, g, w), i =1, ...y my, x e "™, 8 = (8, ..., $m) € B",
q= (G, ...y qn) € B*y w = (wy, ..., wn) € R, are of the class C" in the domain
D =[0,7]""" x R,

2° the derivatives of the functions f; satisfy the relations:

ngig’L (F=1,.,m, j=1,...,m; 1 #})),

()8;

< hl
oq; o

VAN

_ofi . .
0<g§%;\(¥ (i=1,..,m, Jj=1,..,n),

the numbers b and L being chosen so as to obiain

Al

\%

>l
o~

0,

b2

. 3fi 1.3, —2 (9f1 s .
l+ka_—;—2kh p 5@205 t=1,..,m;
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3° the functions yi(x) are of class C® in the set B = [0, ]""", satisfy
system (1) with boundary conditions (2), and 23" satisfy (3) with conditions (4).
Write u = yﬁ”-—zﬂ".

Under these assumptions

(3) || < 7,(:’) (e™F™_1)y, 0<M<P

(e(h) being defined below (cf. (7))
(6) uy’ >0 as h>0.

4, Proof. It can be verified that y; satisfy at the nodal points z™
the following difference equations

yi'™ = fua™, y™, ¥,y 49t

with the boundary conditions
yi = @i(2™) for m;j=0,j=0,1,..,n,i=1,2,..,m,
yi' = pi(@™) formi=N,j=1,2,..,n,i=1,.,m,
where

(7) e(h) = max [n}'|>0 as h>0.
1

Hence by the mean value theorem, u) satisfy the relations:

'ufliw'” = (‘/i —zz = filz M Ma ?/fua ?/?UI) —fi (a’M7 zM’ zfur z{u”)'i"']{'u
- 3f¢ 3ft 3fi uMi

88, aq, aw, +ai

Write
oft, \_ M ofs pM o M
53—7,(—)—01'7; aq,( )= b3, 3w 7( ) = ¢ij .

Thus we can write

(8) 2 al uj +2 bf}'ufﬁ—l-z enul gt

j=1 f=1

In virtue of assumptions 2° and 3° we have
0o<af<L (i#j), Po<r, o<g<di<a,
n
1+kad—2k07% ) o > 0

j=1
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Let us introduce values o™
e(h
®) ot = S (gmiime_1) o< M <P.

It is easy to verify that
(10) oM~ = ImoM 4 ¢e(h) .
It can be seen also that
(11) Zaqv +2 bijv M’+2 o™i LM < D™ e (h) <
=1 j=1

because of v > 0 and v¥I = 0 and M = (.
We thus obtain

m n
(12) oM~ = Y aloM Y ol M’+2 M p™Mil |
i=1 i=1 i=1
m -n n
M~ M M M M M M
(13) w~ < ) alfuf + D) oMl 4 3 Mt g
i=1 i=1 j=1

because of equality (8), and
(14) wi=0, ui<o™ form;=0(j=0,1,..,n)
or mj=N (j=1,...,n),

since the boundary values for y; and 2; are equal, and »» > 0. From (12),
(13), (14) and Theorem 1 in paper [1] follows

(15) wl<o® foro<M<P.

In a similar way we obtain

m n n
(16) (—o™)~ < D alf(—o™)4 D) bif(— ™)+ D) M(— o™y 44 ¥,
j=1 i=1 j=1
L
(17) > aful + 2 bl w4 2 oif u™ 4},
7=1 i=1

because of (8), and

M

(18) wi' =0, ui>—v" form;=0(j=0,1,..,n)

or mj=N (j=1,..,n).
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From (16), (17), (18) and Theorem 1 ‘in [1] follows

(19) wf=>—v™ foro<M<P.
(16) and (19) imply

M

lud| < (1=1,..,m).

This ends the proof.
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