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Discrete maximum principle
in parabolic boundary-value problems*

by ANDRZEJ KARAFIAT (Krakow)

Abstract. The purpose of this paper is to extend the maximum principle for parabolic BVP to
the discrete case and also the discrete maximum principle proved by P. G. Ciarlet to the parabolic
case. Some properties of a discrete Green function are given. A stability condition for the FDM
with irregular grid is obtained.

1. Introduction. We set, for simplicity, (¢, x) = (¢, x*, ..., x"),
ou ou 0tu ou

U,=—, u;, =—, U;=————-, U, =-—,
ot et M Axtax! " on
where n is the outward normal vector.
In the theory of partial differential equations of parabolic type the
following theorems on differential inequalities are known (for detailed for-
mulations of the theorems we refer to the cited monographs):

THEOREM 1.1 ([7], p. 34). Let D = (0, T)x Q, where Q = R is a bounded

domain. Let
N

N
1° Lu=u,—[ Y aylx, du+ Y, bix, hu+eclxs ul,

Lj=1 i=1
and assume that

2° L is parabolic,

3° a, b, ce C°(D),

4° the derivatives of u appearing in 1° are in C°(D),
5 <0,

6° Lu<0 in D.

If u attains a positive maximum in D at PyeD, then u = u(P,) in D.
THEOREM 1.2 ([7], p. 41). Let
0D, ={0}xQ, 0D;={T}xQ, §=aD\(dD,v 0Dy)

* The paper was partially supported by the contract CPBP 02.01 of the Polish Academy of
Sciences.
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be the three parts of the boundary 0D of D. If 1°-5° hold and
6° Lu =0,

then

max [u(x, £)] < max |u(x, t).
(x.t)eD (x,t)e@DousS

Trrorem 1.3 ([15], Th. 63.1). Let x = (x', ..., xV),
Ux = (u.l’ ey u,N)a Uxx = (u.l.l’ U120y u,NN)’

let functions o(t, x) = 0, B(t, x) > O be defined on the boundary 0D and let
>, ={(t, x)edD: aft, x) > 0}. Suppose that
(i) the domain D is regular enough and non degenerate (cf. [15]),
(ii) the function f(t, x, u, U,, Uy,) defined on D is elliptic,
(i) the functions u, v are regular enough,
(iv) u,(t, x) < f(t, x, u, Uy, Uyy), v,(t, x) = f(t, x, v, V,, Vi) in the set
G = {(t, x): u(t, x) = v(t, x)},
(v) u(0, x) <v(0, x),
(vi) B(t, x)[u(t, x)—v(t, x)]—olt, x)@—0),(, x) <0, on X, ult,x)
—v(t, x) <0, on OD\Z,.

Then u(t, x) <v(t, x) in D.

THEOREM 1.4 ([15], Th. 64.1), Under general assumptions similar to those of
Theorem. 1.3 if the strong inequalities are replaced by weak ones then
u(t, x) < v(t, x) in D.

If we approximate the solution u of Lu = f by a finite difference method
(FDM) it is natural to expect that the approximative solution U will have
analogous properties. This idea was used in proofs of convergence and stability
for the classical FDM ([4, 6]). When a FDM with irregular grid was introduced
by R. H. Mac Neal [11] and this idea was followed by many other authors ([9,
10] and references in [13]), a demand for general theorems, valid for any grid,
appeared. Monotonicity of matrices and a sufficient condition for it (L. Collatz
[3]) were a basis for general maximum principles in linear cases (T. Stys [14]).
The theorem of P. G. Ciarlet [2] is an example of a discrete maximum principle
for elliptic BVP. Inequalities for solutions of difference equations at a regular
mesh, analogous to those for the corresponding differential equations, were
proved for both linear and nonlinear boundary-value problems of elliptic and
parabolic types (A. Fitzke [5], Z. Kowalski [8], M. Malec [12], T. Stys [14]).
They were used in proofs of convergence of FDM at a regular mesh.

The purpose of the present paper is an extension of Theorems 1.1-1.4 to
discrete solutions of the given equations obtained by both explicit and implicit
FDM. For the explicit method a stability condition will be obtained too.

Consider a bounded domain @ = R" with boundary 0Q and the domain
D=0, T)xQ = R"*! with boundary D = 8D, w 0D, w dD, LU dD,, defined
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as follows:
oD, = {0} xQ, @D, = {T}xQ,

 where 0D,, 0D, will be defined by boundary conditions.
We set

Next we assume that a mesh of nodes x;, iel, is fixed in 2, and moreover

(1)

I = Iin U Iyg.

For a given sequence 0=t,<t; <...<ty =T k=1t;,;—t,=const,
a mesh of nodes in D consists of the points (t,, x;), n€{0, ..., M}, iel. The
(¢,, x)) for ne{l, ..., M—1}, iel,, are internal nodes. Others are boundary
nodes. For each iel let G(i) be the set of indices of nodes belonging to the
difference star with central node x,. Let h(i) be the radius of this star and
h = max,h(i).

We assume that for each (t,, x;)edD,,

Q) (t., X)€D, VjeG(i),j#i.

e Q if iel;, (internal nodes),
““10Q if iel,, (boundary nodes),

2. Difference inequalities for the explicit method. Consider the heat
equation

(3) u.l_'czu.xx =0
in D = R? with the Dirichlet boundary condition
4) u(t, x) = g(t, x),

for (t, x)edDg, and 6D, = d.
The explicit FDM provides the following equations for the approximative
solution U:

(5) U(tn+l’ xi) = ’?'U(tnﬁ x,—h)+(1 _2'1)U(tm xi)+'1U(tm xi+h)

Vne{0,..., M—1}, iel;,, where 1 =c?kh™2
If the stability condition A < 0.5 is satisfied, then

(6) minU(t,, x)) < U(ta+1, x;) < maxU(t,, x;
J i
Yne{0,..., M—1}, i€el,y, and the difference scheme is stable.
If DcR? x,=(x!, x?)eR?, then the heat equation is

u,—c*(u,y +uz,) =0
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and (5) becomes
+U(t,, xi, x}—H)]+(1—-4)U(e,, xi, x}).

Then inequalities (6) hold if 1 < 0.25. Both above results are classical and given
in fundamental monographs (cf. [4], [6]).

In the following we will consider any dimension N and an irregular grid in
Q. Let us replace (3) by

N N
(7 ue—[ Y aylt, Yug+ Y, bilt, xu;] = f(t, x),
iJj=1 i=1

(t, x)e D dD;, and the boundary condition (4) by

) u(t, x) = g,(t, x), (¢, x)e0dDp,
N

9) > di(t, x)u(t, x) = g,(t, x), (t, x)€dD,.
i=1

The boundary condition (9) may have the form

N
_ i —
u,=g, Or Y aynu;=g,,
ij=1

where n = (n!, ..., n%) is the outward normal vector. A discrete form of (7) on
an irregular net is

(10) k7' [U(tns+1, x)=U (1, x))]
— 2 Ao, Dh™2+ By(n, DB 1[U(L,, x) = Ut x)1} = f(t,, X)),

JeG(l)
and of (8), (9)
(11) U(t,, x) = g,(t.s x3)s (L, X)€0Dp,
(12) h_l Z 51'(”: i.)[U(tna xi)_U(rm xj)] = gz(tm xi)

JeG(h

for (t,, x;)edD,, where o;, f, are coefficients of difference schemes. This
boundary condition may describe the Dirichlet, Neumann or mixed BVP.

THEOREM 2.1. Consider the boundary-value problem«(7)—(9) and let U be the

solution of the corresponding difference problem (10)~12). Suppose that for all n, i
the following assumptions hold:

(i) an, 9, 6,n,)>0, ajn, )h™'+p,n, >0, VjeG(i),
(13) (ll) f(rn’ xi)s gz(tm xi) < 0!
(i) O<k<min{ Y [o;n, Dh~2+p,(n, )h ']} *

mE - jeGli)
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and let mel be such that

(14) U(T, x,) = max U(T, x,).

iel
Then there is a node (t,, x,)€ 0Dy such that
(15) U(T, x,) < Ult,, x,).
Proof. For a fixed ne{0, ..., M—1} (t,, = T), let m = m(n) be such that
Ulthe1, X,) = n}:}x Ultns1, X))
Then either
1° (th+ 1, X,)EODy, o1

2° (ty+1, X )ED U OD,, or
3° (ty+1, X,,)€0D,.

In the latter case, by (12),
U, x,) ). 6,= 3 8&,Ult, x)+hg,(t, x,)< ) 8UL, x)

JjeG(m) JjeG{m) JjeG(m)
because of (2) and (13)(ii), and there is re G(m) c I, such that
(16) Ulths1, x) =maxU(t,,,, X)) = Ult,5 1, X,

i€l

which implies 2°.
In that case (m=r)
U(tn+1, xm) = k Z {[ajh'—2+ﬁjh—1][U(rn, x])— U(tn’ xm)]}

jeG(m)
+U(t,, x,)+kf(t, x,).
Therefore
Ultys1, X)) S kY [ajh_z_*_ﬁjh—l] Ult,, x;)

JjeG(m)
+[1—k Y (h~2+p;h~ U, x,),
JeG(m)
where k fulfils (13)(iii). For pe G(m) such that

ult,, x,) = max U(t,, x)),
JjeG(m)

we have
Ultr1, %) S Uty x){ Y [k(ah™*+Bsh~ ") —k(ah ™2 +B;h7 D] +1}

JjeG(m)
= Uft,, x,).
We have thus proved that
(17) max U(t,;q, X) = Ulty+1, X)) < UL, X)) < n;nsx Ult,, x;).

iel
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Repeating (17) at most M times from ¢,,, = T (to t, = 0) we find (¢,, x,)€D,
and this is the point (¢,, x,) which fulfils (15). =
For a more general equation

N

(18) Lu=u,—[ Y aylt, x)u;+ % b(t, x)u;+c(t, x)u]
=1

ij=1
=f(t,x), (t,x)eD,
with the boundary conditions (8) and

(19) Bu = i d(t, x)u;(t, x)+e(t, x)u(t, x) = g,(t, x),

(t, x)edD,, the discrete equations (10){12) become
(20) LU = k™ [Ultn+1, X)=Ultns x)]1— X {[o;(n, 72+ B;(n, Dh™1]

JeG(i)
x [U(t,, x)—Ult,, x)1} —y(n, YU, x) = f(t,, x)),
(tp, x)eDw 0D, and
(21) B, U=h"' Y 6,n,i)[U(t,, x)—Ult, x)]+e(, HU(t,, x)

JeG(i)
=92(tns xi)s (t,.,, xi)eaDz'

THEOREM 2.2. Consider the boundary-value problem (8), (18), (19) and let
U be the solution of the corresponding difference problem (11), (20), (21). Suppose
that (i), (i) of Theorem 2.1 are satisfied and VY(n, i)

(i) e(m, ) =0, 7y )<,

(iv) 0<k<min{ ¥ [a;n )h72+;n, Dh™'T=y(n, 0}~ .

mE JeGa)

Let m be defined as in Theorem 2.1, with
(23) U(T, x,) = 0.

(22)

Then the conclusion of Theorem 2.1 remains valid.

The proof runs analogously to that of Theorem 2.1. (16) is a consequence
of the inequality

U(tn’ xm)[ Z 5J+h8] = Z 5jU(tm xj)+hg2(tn’ xm)
jeG(m) jeG(m)

< Y 8U(, x)
JjeG(m)
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and (17) follows from

Ultass, Xp) =k Y, {[o;h™2+B,h7 Uy, x) = UL, X1}

JjeG(m)
+ (L +kY) ULy, xpm) + kS (25, X,7)
<k Yy [oh™ 2487 11U,, x)

jeG(m)

+{t+k[y= 3 (@h™*+B8;h" Ut x,)

jeG(m)

< U(tn, xp)(1+k'))) < U(tn’ xp)s

where k fulfils (22). =

CoRrOLLARY 2.1. If one replaces: (13)(ii) by f(t,, x;), 9,(,. x)} =0, Vn, i
and (14), (23) by U(T, x,,) = min,; U(T, x;) < 0, then the conclusion of Theorem
2.2 remains valid with (15) replaced by U(T, x,) = U(t,, X.).

COROLLARY 2.2. If the assumptions of Theorem 2.2 hold and g,(t,, x;) <0
V(t,, x)€dDy, then U(t,, x) <0 V(t,, x)edDruD.

COROLLARY 2.3. If the assumptions of Corollary 2.1 hold and g,(t,, x;) 2 0,
V(t,, x)€ 0Dy, then Ult,, x;) >0 VY(t,, x)edDr U D.

Remark 2.1. Analogous corollaries are valid for Theorem 2.1.

Remark 2.2. If the coefficients of (7) depend strongly on time, a variable
time step k(n) =t,,,—t, may be considered. Then the stability conditions
(13)(iii) and (22)(iv) should be replaced by

0 <kin<min{ Y [an, k™24, Dh~ 11}

i jeGi)
and

0 <k(m<min{ Y [an, )h~2+B;n, Hh™ T—y(n, )},
t JeG(i)

respectively, and Theorems 2.1, 2.2 remain valid.

Remark 2.3. By inspecting the proof of Theorem 2.1 it may easily be seen
that the assumption «; > 0 ((13) (i)) is not used and can be omitted. However,
the assumption a;h~ "+ ;> 0 depends on the mesh dimension 2 and can be
fulfilled for bounded a;, 8; and h tending to 0% if a; > 0. The same refers to

Theorems 2.2, 3.1, 3.2.
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3. Difference inequalities for the implicit method. In this method equation
(7) is discretized as follows:

(24) k—l [U(tm xi)—U(tn—l’ xi)]
— 3 {lo;(n, ™2+ By(n, DRTIILU(L,, x)— U, x)1} = f(t, X)).

JjeG()
Let the boundary conditions (8), (9) have the same form as before for
(t,, x)€dD,.

THEOREM 3.1. Let us consider the boundary-value problem (7)-(9) and let
U be the solution of the corresponding difference problem (11), (12), (24) of the
implicit method. Suppose that (i), (i) of Theorem 2.1 are satisfied and let m be
defined as in that theorem. Then the conclusion of Theorem 2.1 remains valid.

The proof is similar to that of Theorem 2.1. The difference consists in the
way in which (17) is obtained. In the present case it is proved as follows: Let
Ul(t,, x,,) = max;, U(t,, x;). Then

U(tn~1) xm) = _k Z {[ajh-2+ﬁjh_1][U(rm xj)_U(tm xm)]}

1eG(m)

+U(t,, x,)—kf (¢, x,)
> -k Y [o;h”2+4,h"1]U,, x)

JeG(m)
+1+k Y (h™2+B,h"H] U, x,,)
JeG(m)
2 U(tnn xm)
and
max U(t,, x;) = U(t,, x,,) < U(t,-1, x,,) Smax U(t,—y, x;). w
icl

iel

For equation (18) with boundary conditions (8), (19) the discrete counter-
parts in the implicit method are

(25) L.hU = kql[U(tm xp)_U(tn—ls xp)]
~ X A[on, p)h™2 4+ Byin, A~ 1I[U(2,, x) = U(t,, x,)1}
JeG(p)
=y, YUy, xp) = f(t,, x,), (1, x,)€D WDy,
with boundary conditions (11), (21).
THEOREM 3.2. Let us consider the boundary-value problem (8), (18), (19) and
let U be the solution of the corresponding difference problem (11), (21), (25).
Suppose that (1), (ii) of Theorem 2.1 and (iii) of Theorem 2.2 are satisfied and let

m be defined as in Theorem 2.1 with (23) fulfilled. Then the conclusion of Theorem
2.1 remains valid.
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The proof is a modification of that of Theorem 3.1 to the same extent as
the proof of Theorem 2.2 is a modification of that of Theorem 2.1. We omit the
details.

COROLLARY 3.1. If the assumptions of Theorem 3.2 hold and moreover ¢, is
non-positive, thus U is non-positive too.

Remark 3.1. Corollaries of Theorems 3.1 and 3.2 analogous to Co-
rollaries 2.1 and 2.3 are also valid. The exact formulations are left to the
reader.

4. Strong discrete maximum principle. The following two sections will use
some ideas and notations of {2].

DEeFINITION 4.1 ([4], [16]). A square nx n matrix 4 = (a;)) is irreducible it
there is no permutation (i,, ..., i,) of the sequence (1, ..., n) and me{1, ..., n)
such that g;; =0, Vi,<m, i; 2 m.

Let the nodes X, = (t,, x;) be numbered from 1 to L and let

D\éD, ifj<Ly,<L,
X.e o s
/7 0Dy if j> L.

The matrix of the implicit method (11), (21), (25) has then the form
Lo Ly
Lo
I

— A | A°
29 A_[T‘ ;
where L, = L—L,. Next we set
f(X), X;eDuédDy,
f(Xj) = {gl(Xj)a X;€0Dy,
g,(X ), XjeaDz.

Let U be the solution of the equation
(27) AU =T
replacing the system (11), (21), (25).

LEMMA 4.1. Suppose that the matrix A of (26) is irreducible, the assumptions
(i), (i) of Theorem 2.1 and (iii) of Theorem 2.2 are fulfilled and

(28) Vj> Ly i< L, a;<0,
in other words, the matrix A° has no column containing only zeros. Then

(29) f<0 inD, [f(X)<0
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imply
(30) U0 inD, U<O0 on D\dD,.

If X,e D\@Dy, condition (28) is not necessary.

Proof. Corollary 3.1 implies
(31) U<O.

Let f(X,) <O. Then ) ja,,U(X)) = f(X,,) implies that U(X ) < 0 for some p.
Assume, contrary to (30), that there is an X, eD\dD,y with U(X,) = 0. Two
cases are possible:

1° X,eDudDyudD,, ie. p< Ly,

2° X,edDy, ie. p> L,.

If 1° holds, there is a sequence k =r, *{, ..., F,, = p contained in {1, ..., L,}
such that
(32) a,. ., <0, i=1,..,m,

because A is irreducible [16]. In case 2°, there is a p, < L, for which a,,, <0
(Assumption (28)). Then there is a sequence k =1g, Fys ..oy -1 = Pos Fm =P
and satisfying (32). Let i be an element of this sequence for which

(33) UX)=0, UXi+1)<O.

The ith equation of the system (27) has the form

J(X) =k [UX)=UX )]+ ) (™2 + Bh "YU X)-UX )] —yU(X)) > 0

when X,eD v dDy, and
J(X)=h"138,[UX)—UX)]+eU(X) >0
i

when X,e€0D,, because of (13), (22) (iii), (31){33). This contradicts (29). =

THEOREM 4.1 (strong discrete maximum principle). Suppose that

— assumptions (i), (i) of Theorem 2.1, (iii) of Theorem 2.2 and (28) are
Sulfilled,

— A is irreducible,

— U is the solution of (27),

~ there is an X, e D\ODy such that
(34) U(X,)=maxU(X)>0.

X;eD
Then U(X,) = U(X,) VjeD\dD,,.
Proof. Suppose, on the contrary, that there is an X,eD\dD, with

UX) < U(X,) Let V(X)=UX)-U(X,), ijelj_
V fulfils
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(35) LhV(X)=LUX)+yU(X,) = f(X)+yU(X,) <0 in DudDy,
(36) B,V(X)=B,U(X)—sU(X,) = g,(X)—eU(X,) <O on dD,,

37 VX)=UX)-UX,)=g(X)-U(X,)<0 on oD,
and
(38) VX, <0.

(35)~(38) imply (29). V is then negative in the whole set D\dD,, thus at X,,,
contrary to (34). =

Remark 4.1. If, in Theorem 4.1, U is assumed to be the solution of the
system of equations (11), (12), (24), ie. if y =& =0, then the assertion of
Theorem 4.1 remains valid even if

U(X,)=maxU(X) <0.
XD

The proof is similar.

5. Discrete Green functions. For the fixed boundary-value problem (8), (18),
(19) and its discrete counterparts (11), (20), (21) in the explicit method and (11),
(21), (25) in the implicit method discrete Green functions G5(X,; Y), Gi(X,; Y)
(s =1, 2, 3) may be defined as the solutions of the following systems:

L, G (X, Y,) =L, il(Xk; Yj) =0, X,eDuiDy,

1, X,=Y,
0, X,#7Y,

B,G$(X,; Y) = B,G'(X,; Y)=0, X,edD,, VY,edD;

(X, Y) = Gi(X,; Y) = { X, €D,

L,G5(X,; Y) = LiGy(X,; Y) =0, X,eDuaDy,
2 X Y_.,) = G5(X,; Y)=0, X €0Dp,

B, G5(X,; Y}) = BhGiz(Xk; Y,

J

1, X,=Y,
)={’ k=) x edD,, VYedD,;
0, sté}'}’ k 2 J 2

L5G5(X,; Y) = Ly G5(X,; Y,

J

1, X, =Y,
_ DuaD..,
) {0, X, #7Y, Xy eD v by

X V)= 3(X,; ¥)=0, X,edDy,
B,G5(X,; Y) = B,G4(X,; ¥) =0, X,€dD,, VY,eDuaDy,

where Y, are parameters of the families Gy, G..
The operators L, L}, B, are linear, which implies
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ProprosITION 5.1. Each solution U of (11), (20), (21) has the form

UXy= Y GilXu Vg (Y)+ ) G5(Xy V)g,(Y)
Y0Dn YjeeDa

+ ) Gi(X D) f(Y).

Y;eDuiDy

PrROPOSITION 5.2. Each solution U of (11), (21), (25) has the form
UX)= Y GiX,; Vg (Y)+ ) GiX; Y)g,(Y)

Y;céDp Y edD;

+ )Y Gi(X,; Y)f(Y).

YJEDLJ@DT

Theorems 2.2 & 3.2 imply the following

THEOREM 5.1. If the assumptions (13)(i), (22) hold, then
Gi(X,; Y), G5(X,; ¥), G5(X,; V) 20, VX, YeD,
Y Gi(XuY)<l1, VX,eD.

YoDp
THEOREM 5.2. If the assumptions (13)(i), (22)(iii) hold, then
Gi(X,; ¥), Gy(X,; ), Gh(X,; ¥) 20, VX, Y,eD,
Y, Gi(X; Y)<1l, VX,eD.

Y;0Dp

6. Concluding remarks. An extension of Theorems 1.2-1.4 to discrete
equations, declared in the Introduction, has been made, yielding Theorems
2.1-3.2. Theorems 2.2, 3.2 are generalizations of the discrete maximum
principle of P. G. Ciarlet ([2], Th. 3) to parabolic equations of second order.
Theorems 2.1, 3.1 are somewhat stronger (maximum can be negative as well)
but the zero-order components of the differential operators L%, L), and the
boundary operator B, have to disappear. In Theorems 2.1-3.2 the irreducibility
of the coefficient matrix is not assumed. This is due to the discretization
method used in which the difference quotient with respect to time is uniquely
defined. Theorem 4.1, which is a counterpart of Theorem 1.1, has no equivalent
in [2]. Tt is valid for the implicit method but not for the explicit one. Theorems
5.1, 5.2 extend the corresponding theorem of [2] (Th. 4) to a parabolic
boundary-value problem. Generally, Theorems 2.1, 3.1, 4.1 can also be
considered as. detailed and extended [ormulations of the general discrete
maximum principles of T. Stys [14]. We have also obtained a stability
condition for the explicit method on irregular grids ((22)(iv)). It may be
strengthened in particular cases (cf. [97], [10]) but there is no general formula
for a better value of the time step length.

The above theorems may be applied to the proof of convergence of the
solution of a parabolic BVP obtained by the finite difference method on regular
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and irregular grids. As far as the author knows, this is not done yet. The results
of [2] were also applied in a similar way.

The regularity of the domain D, of the coefficients of (18) and of its
solution are not considered nor is the parabolicity of the operator L. This is not
needed in fact; an exact solution of (8), (18), (19) is not taken into account,
a discrete solution U defined on the nodes X is discussed only. The assumption
on the form of the domain D = (0, T)x Q can be easily replaced by a weaker
one (a non-cylindrical domain).
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