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CONSTRUCTION OF POLYNOMIAL VALUES
ORTHOGONAL ON A GIVEN SET OF A ONE-DIMENSIONAL VARIABLE

1. Procedure declaration. Procedure orthonw is an auxiliary procedure
used in calculations dealing with

a. polynomial approximation of a given set of some response variable y,

b. the trend-decomposition of variance due to between-class-variation.

This procedure should be called repeatedly for k¥ = 0,1, ... and the
values of pa must not be destroyed between successive calls.

Data:

p — actual degree of the polynomial,
n — number of values in array =,
w[l:n] — weights for the values of array « (number of observa-
tions for each value of x),
z[1: n] — array of values of the independent variable z,
pl[1:n] — values of the polynomial of degree p—1, generated
during the preceding call of orthonw (undefined for
p =0),
pal[l: n+ 6] — auxiliary array containing the values of the polynomial
of degree p —2 (undefined for p = 0).
Results:

pl[1: n] — values of the polynomial of degree p evaluated for the
values given in array x,

Pa[l:n+ 6] — values of the polynomial of degree p —1 evaluated for
the values given in array x, and constants necessary
for further calculations of expected values and coef-
ficients of regression,

tfault — error indicator:
0 — no error,
1 — the call of orthonw does not succeede in the ap-
propriate order,
2 — there are at least two identical values in array z,

3 — the normalizing divisor is less than 107%.
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2. Method used. Given the set of values 2,, ,, ..., z, with weights
Wy, Wy, ..., W,, the aim of the procedure is to find, for ¥k =0,1,...,n—1,
sets of values p.(x,), pr(xs), ..., Pr(2,) such that, for ¢ =1,2,...,n,
a. Pi(x;) is the value of a polynomial of degree k evaluated for «;,

b. the following conditions of orthonormality hold:
Z": ()9, (@) 1 for j =k,

W P; (%) Pr(2;) = i
=1 Pl Pa T 0 forj #k.

The p;(x;) are evaluated by the use of recurrent formulas which can
be found in Ralston [4] and, for the case of equal weights, also in
Cooper [3]. The procedure uses the formulas

1 x

— A
pO(xi) - -n——’ pl(x‘f) = '“"’*"—_".{___7::,._———7‘; ]
]/Z“’f ]/Zwi(m,-~A)2

i=1 i=1

1

where A is the weighted average of the z-values,
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for 1<r<n—1land:=1,...,n

with constants A4,,,, B,,, and C,, , satisfying the following relations:

%
2
Crir = Zwipr+l(wi)7
im1

n
Ar+1 =4+ Zwipl(mi)pi(wi)7
i=1

_JS

Br+l = wipl(wi)pr—l(wi)pr(mi)'

=1

The first call of orthonw with p = 0 calculates the sum of weights

S = 2 w;
i=1

and stores it as pa[n + 3]. The values of pl[¢] and pa[i] are set equal to

1 /;/Z for ¢ =1, ..., n. The value of ifault is set equal to 2 if there are at
least two identical values of x. Otherwise, ifault is set equal to 0.
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argcedure orthonw(p,n,w,x,pl,pa,ifault);
xalug p,n;
integer p,n,ifault;
aLxsy w,x,pl,pa;
kegin
dnteger m,1,J;
egl ss,d1,d2,a,z;
m:=p-1;
il p=0
Lben
kegdn
a:=0.0;
for i:=1 giep 1 ugtil n do
as=a+w(i];
paln+3]:=a;
z:=1.0/8qrt(a);
for 1:<1 gtep 1 uatdl n do
pllil:=palils=z;
for 1:=2 gigp 1 unidl n 4o
for j:=1 giep 1 uatdl i-1 dg
if x[11=x[j]
then
Regiy
ifault:=2;
&8 19 konorthon
and x[11=x[31;
ifault:=0;
&9 1g konorthon
£ad p=0
sdag
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24 p=1
hey
kegdn
d2:=d1:=88:=0.0;
Zox 1:=1 gtep 1 ualil n do
sa:=ss+x[1]wli];
as=pa[n+2]:=ss8/paln+3];
83:=0.0;
Lar i:=1 glep 7 uniil n dg
kegdn
plli):=x(1])-a;
sss=es+w[i]xpl(i]t2
end i
£ad p=1
&£lag
Rk8gdn
if ebs(m-pa[n+1])<y-50
ibey

kezin
ifault:=1;

&9 1g konorthon

&nd r>1;

d1:=d2:=0.0;

a:=pa[n+2];

Lor i:=1 gtep 1 unidd n 4o

kegdin
ss:=(x[1])-a)>w[i]=pl[i];
d2:=d2+ssxpalil;
d1:=d1+ssxpl[i]

£nd 1;
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88:=0.0;
Lo i:=1 giep 1 uutdl n 4o
kegln
z:=pl{i];
plli):==d2xpa(i]+(x[i]-a-d1)=pl[i];
palil:=z;
sss=ss+w[i]xpl[i]t2
8nd i;
if s8<x-50
dhen
kegin
ifault:=3;
g9 1@ konorthon
&nd s8<y-50
sad p>1;
raln+4]:=85:=1/8qrt(ss);
for 1:=1 giep 1 uaiil n 4o
plli]:=pl(ilx=ss;
peln+i]:=p;
paln+5]:=(a+d1)=ss;
paln+6]:=d2xss;
konorthon:

&ud orthonw

The second call of orthonw with p = 1 supplies the values of p,(x;)
for i =1,...,n, and sets pa[n-+1], pa[n-+4], pa[n+5] and pa[n-+6]
a8 described below for p > 1.

Further calls of orthonw, for p =2,...,n—1, provide the values
of poi(wy), 1<r<mn—1.

After the entry with p = r+1 the values of pl, representing poly-
nomials of degree r, are removed into the auxiliary array pa, and new
values of orthogonal polynomials of degree r + 1 are calculated. The actual
value p —1 = r is compared with the stored value pl[n- 1]. If both
Values do not agree, the error indicator ifault is set equal to 1 and further
calculations are not executed. Moreover, when C,,, < 107, the error
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indicator ifault is set equal to 3 and further calculations are not executed.
Otherwise, the constants necessary for further calculations are stored as
follows:

pa[n+1] =p, pa[n+4]=1/C,,,,
pa[n+5] =A4,,/C..,, pa[n+6]=B,.,/[C,,.
3. Certification. Let n =3, w, =w, =wy, =1, =, =1, x, =2,
x; = 3. Polynomials of first and second degrees can be constructed. Their
values are the following:
P1(@y) = —0.707, p,(x,) = 0.000, p,(w5) = 0.707,
Ps(x,) = 0.408, p,(x,) = —0.816, p,(x;) = 0.408.

Further examples of an application of procedure orthonw are presented
in [1] and [2].
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GENEROWANIE WIELOMIANOW ORTOGONALNYCH
NA DANYM ZBIORZE WARTOSCI ZMIENNEJ NIEZALEZNE]

STRESZCZENIE
Dany jest zbior (=, ..., z,) zawierajacy n wartosci zmiennej x. Kazdej wartosci
z; jest przypisana waga w; (i = 1, ..., n).
Procedura orthonw generuje dla sukcesywnych wartosei j (j = 0,1,...,n—1)
wartosci p;(x;) ortogonalne na danym zbiorze, tj. takie, ze

1 dlaj =k,

n
' w; pi () Dr (%) =
i% iPj (@) Py (@) {O dla j £k.



Algorithm 32 333

N

Wielomiany te maja zastosowanie przy aproksymacji obserwowanej zmiennej
za pomocy funkeji wielomianowej, w szczegélnosci pozwalaja w prosty sposéb ocenié
statystyczng istotnosé poszczegélnych skladnikéw.

Dane:
p —
n —
w[l:n] —
z[l:n] —
plll:n] —

pal[l:n+6] —
Wyniki:

plf1:n] —
pall:n+6] —

ifault —

Procedura
rekurencyjnych,

stopien wielomianu,

liczba wartoséei w tablicy =,

wagi dla wartodei tablicy » (liczba obserwacji dla kazdej wartosci),
tablica warto§ci zmiennej niezaleznej,

wartoéci wielomianu stopnia p— 1, wygenerowanego przy poprzednim
wywolaniu procedury orthonw (nieokreslone dla p = 0),

tablica pomocnicza, zawierajaca wartosci wielomianu stopnia p—2
(nieokreslona dla p = 0).

wartosei wielomianu stopnia p, obliczonego dla danych tablicy =z,
wartosci wielomianu stopnia p— 1, obliczonego dla danych tablicy
x oraz pewne state, potrzebne do dalszego obliczania wartoéei ocze-
kiwanych i wspélezynnikéw regres;ji,

wskaznik bledu, przyjmujacy nastepujace wartosei:

0 — gdy bledu nie ma,

1 — gdy procedurg orthonw wywolano w niewladciwym porzadku,
2 — gdy tablica x zawiera co najmniej dwie identyczne wartosci,
3 — gdy czynnik normalizujacy jest mniejezy niz 107°°,

orthonw, podobnie jak procedura orthon [1], opiera si¢ na wzorach
co umozliwia oszczedne korzystanie z pamigci operacyjnej maszyny.



