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On the asymptotic behaviour of solutions
of difference equations

by J. Popenpa (Poznan)

Abstract. In this paper we examine the asymptotic behaviour of the solutions of certain
classes of m-th order difference equations. The results are obtained under the assumption that
the solutions of the arising first order difference equation are bounded.

In this note we are concerned with the nonlinear difference equation of
the form

(E) A™y, = F(n, y,, 4y,, ..., A" 'y,), m>=1, neN,

where F: NxR™"— R; N:= {ng, no+1, ...}, ny is a given nonnegative inte-
ger. '

In the case of m =2, a number of results have been obtained by
Golovina [1], Hooker and Patula [2], Patula [3], Popenda and Werbowski
[6], Popenda and Schmeidel [5]. The general case of an m-th order differ-
ence equation has been considered in [4]. The impetus to the present
investigation was given by a recent paper by Werbowski [8], in which the
analogous problem was studied for differential equations.

Here y,=y(n), R.:=(0, ), Ro:=[0,00), k, t:={k k+1,..,1},
where k, t are any nonnegative integers, k < t. For a function x: N — R, we
define the forward difference operator 4' as follows:

A%y =X » Axy =44 x) =41 x,. A x, for k>1.
1

We assume that ) x; =0 for t <k.
Jj=k
We first remind a useful lemma.

LEMMA 1. Let a, Ab: N— Ry, b: N—R,, lim b, = o0. If

n—oc
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j=ng
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! < oo,
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then
. 1 n—1
(2) ,}Lr{i b_,, j=zlloaj = 0.

Proof. From (1) it follows that for every & > O there exists n, € N such
that for all n > n; we have

n a;
Y F<e
j=nm Yj
Therefore we obtain for n > n,
1 n—-1 1"1_1 1 - a. 1"1'1
— Y ag<— Y g+~ Y bjl<— Y a+e
bllj=llo ! bﬂ_i:'lo ! b'lj='ll }bj bn j=n0 !

and (2) results.
Now we formulate the main result.
THEOREM. Suppose that there exist functions g: N— R, h: N— R, such

that
1 n—1
3) lim ——— Y g, =c=const,
"_"bA lhll ji=ng !
4 Ah: N—R,, ieO,m—1, A™h: N—R,, lim 4™ 'h,= o0
and
(5) |F(n, gy ..., Xp)—gal S w(n, |xy], ..., |xa) on NxR",

where w: N x R3 — R, is a nondecreasing function in the last m arguments. If
all solutions of the equation

(El) AZ,, w(n, znhm LRER) znAm— ! hn)a neN

_ 1
- Am—Ihn

are bounded, then every solution y: N — R of (E) fulfils the asymptotic relation

Ai
(AR) ,fil’la"i: —c, i€0,m—1
Proof. Let y be any solution of (E). Summing (E) we get
n—1
A"y, =4y + 2 FGo vy, 4" y),  neN.
j=ng

Hence, by (5),
n—1

n—1
Ayl 1Ayl +| 2 g+ X wG, Iyl 1477y, neN.

j=ng j=ng
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We hence infer, by the monotonicity of 4™ ! h, that

m-—1
[am=tyt A" Yl 1t
Am—lh S_Am—lh +Am-lh ‘Z gj’+

n j=ng

(6)

n—1

1
Y WU yds -, 4™ yl),  neN.
j=n0A lhj J J

By virtue of (3) and (4) there exist finite cdnstants do, d, such that

1 n—1 1 n—1

_ m—1

|Am lynol s |£1 ynol _

A" Vh, A" k!
holds for all ne N. Write

=d,,

@)

max_|4'y, |
(8) d=maX{d0+d1, %}
ieO,m—1
Using (8) it is a simple matter to get from (6) the inequality
14" " yal "o
————— <d+
Am—l hn Z

j=ng

1 : _
WWU’ lyil, ..., 1A™ l,Vj|), neN.
J

Consider the solution of (E1) fulfilling the initial condition Zny = 2d. By (8)
we get

IA: Yol c
A hy,

9) =Zp,—d < 2z,,, i€0,m—1.

Hence, by the monotonicity of w, in view of (9), we obtain

- y < I - (‘IO’ | I’ R ] IA OI)
m—1 m-1 'lo n
A h":+] = A hn[ y y

m-1
$d+Am_—1hn0W(no, z"oh"o’ covs Zny 4 h"o)

=zn0+l_d <2n0+1'

It should be observed that the solution z is a nondecreasing function,
because w is nonnegative. From the equality

A x, =A%, +A %y, i20 nx=1,
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holding for any function on N, we get

|'Aiyn0+l| < |Ai+] yn0| +|Aiynol

A hn0+l Aihnoﬂ
(Zr.0 d) A by + (20 —d) A by
S A g
=(z —d)A.h"O+1 <z —-d<z .
no A;h"oﬂ X Zng+1 R Zng+1

An inductive argument shows that

|A‘V..|
Ah, o

(10) —d<z, ie0,m—1, neN.

As observed, z is nondecreasing and bounded, hence convergent. Let

limz, =M.

n—ax

Clearly, M = 0 if and only if z, = 0 for all ne N, since nonnegative solutions
are only taken into account. Therefore z, = d = 0. This means that g, = 0
for all neN and hence ¢ =0. It can be checked that A'y, =0 (neN,
ie0, m—1), on account of the former relations. Thus the solution y satisfies

(AR) and the theorem holds. Now we consider the case of M > 0. Summing
(E1) we obtain

n—1 1
Z _z"0+ Z m—11 (j,Zjhj,...,ZjAM7lhj), nEN,
iSnp 4 h;
The left-hand side tends to M as n — o0, hence so does the right-hand side:
1 1
M_Zn0+ Z Am- lh W(.}, J J,...,ZjA h_;)

j=ng

This implies that the series below converges,

oo 1 o
Z Am—]hw(.]iz_} _,y---»sz hJ)zM—2d<3C
j=ng

We take any ¢ > 0 and choose n, e N such that

z,2M—-eg>0 for all n>=n,.
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By the monotonicity of w we get

n 1 )
) Am——lhw(.i’ (M—g)hy, ..., (M—g) 4™ ' h))
J

Jj=ny

1
< Z - lhw(j, zihj, ..., z;4" Y h), nz=n,.
j=m
Passing with n to infinity, we conclude that the series

ac

1
Z A™" lh W(.’ )hj,...,(M—g)Am_lhj)

i=ng
is convergent for an arbitrary positive ¢ < M. Thus, by (10), also the series

T ao

1 -
Y gy WU ko 147 )

j=ng

converges. Applying Lemma 1, we obtain

1 n—1 _ -
(11) hm ———=— Y w(j, [y, ..., 4" y) = 0.
newod h, i=ng .
From the equality
n—1 n—1
Am ly, — Z g, = A"'_'y,,o+ Z LF(, y, - A”’_lyj)—gj]
j=ng j=ng

it follows by (4) and (5) that

m-— g;
A 1)5 jg;O !

A" Vh, 4™ 'h,

147yl |
< 7 Th, o, 2wl s - 1471y

n j=ng

and consequently, by (11),

Am—l Z gJ
n__ j=ng =0
"h_{]:) A™ lh A™ lh

Hence, in view of (3), we get

Am™ 1
lim ly
noodA™ "t h,

By virtue of (4) we have lim 4°h, = o0 and A'h, >0, ic0, m—1, n> n,. We

n—a
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obtain by the Stolz theorem

Am72y . A(Am—-Zy)
li "= B
AT IR e Ad™ Ry C

Repeating this reasoning we get finally

Ai
JTLZ‘%ZC’ ic0,m—1. QED.
CoroLLARY 1. Ler (3) and (4) hold and let
F < oIl m
| (n, xl,...,x,,,)—g,,l\a,,w -Zldi;lh on NXR+,

where a: N— R,, w: R, — R,, w is nondecreasing and continuous on R,

o

x a; ds
Z A,,._Jl h, < o, J-r(s) = o for any ¢ > 0.

J=np

£

Then every solution of (E) satisfies the asymptotic equality (AR).
To prove this, note that the respective equation (E1) is of the form

(12) Az, = Am‘i’"l ().

A discrete version of Gronwall's lemma [7] leads to the observation that

every solution of (12) with positive initial data is bounded. Therefore
Corollary 1 follows {from the Theorem.

For the next corollary we need a lemma.
LemMMA 2. Let a;eR,, b;eR,, ¢c[0, 1], icl, m. Then

m

S a(b)" < [.-i o] [m+ é b

i=1

Proof. The proof follows immediately from the inequality
Y b)* <m+ ¥ b
i=1 i=1

COROLLARY 2. Sui)pose, in addition to (3), (4), that

IF(n, Xq, s Xm) =gl < ¥ a@(Ix)"  on NxRT,

i=1

where a': N— R, ¢;c[0, 1] (¢; = const), ie 1, m, and

(13) Y [Y i hy)7]

j=ng i=1 A"t hy

< 00.
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Then every solution of (E) fulfils the asymptotic relation (AR).

Proof. Observe that (E1) now becomes
l m

LR i; ah (4" h) (2,).

Consequently, if z,, > 0 then z, > 0 for all ne N. Hence by Lemma 2 we get
the inequality

Az, < {mZm——]W pI AV h,,)e‘}(l +2z,), HeN.

ni=1

(14) A4z,

By (13), applying again Gronwall's lemma, we get that all solutions of the
above inequality, hence also the solutions of equation (14) with positive
initial data, are bounded.

Remark. If u and v are any two solutions of (El) satisfying 0 < u,,

<vr,., then by the monotonicity of w we get

‘Mo“
Un0+ 1 ‘_-u"0+ 1
1

=0 n +__—_
o A" Th,

u [W (105 Ong Mags -+ -» Ung 4™ Bpg) —

ng

—w(ng, Uy h oy Ung A" 1 hy )] > 0.

no? -
Repeating the argument we obtain v, > u, for all ne N. By the boundedness
of v, the behaviour of u must be the same. Examining the proof of the
Theorem, we deduce the existence of a solution of (E) with the asymptotic
behaviour (AR) when any solution of (E1) (with the initial condition z,
=b >d, d being defined by (8)) is bounded, even if (E1) has other un-
bounded solutions. Suppose that the solution z of (El) (with z, =b) is
bounded. Let d, <b hold for d, defined by (7). Then every solution of

(E) with the initial data 4'y, , i€0, m—1, such that
Ay, | <b min Ah,, i€l m—1,

no*
ieOom—1

IAM"_ ! ynO' < (b —-'dO)Am_ ! hnow

satisfies the asymptotic equality (AR).
As a special example we consider the equation

(15) Amyn = anlyn|a+gm ne Ns

where a: N— Ry, 2 > 1, g: N — R, and (3), (4) hold. The respective equation
(E1) is of the form

(16) 4z, a,(z,h), neN.

=T,
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Applying for instance Gronwall’s inequality we get the boundedness of all
solutions of (16) satisfying the initial condition

» z e D
zo=b<[(a—1)z (hy) a} < ac.

E VLAY

Therefore, if

v (h )a - 1/ta— 1)
|:a_1) Z Am—th :I

i=ng

and if (3) holds, then there exists a solution of (15) fulfilling the asymptotic
relation (AR).

We remark that the result presented here generalizes some of the results

of [2], [4]., [6]: however, our approach to the problem is different.
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References

V. G. Golovina, On the preservation of asymptotic behaviour of solutions of difference
equations with perturbations, Issled. Int. Diff. Uravn. (1984), 318-323 (in Russian).

J. W. Hooker, W. T. Patula, A second-order nonlinear difference equation: oscillation and
asymptotic behavior, J. Math. Anal. Appl. 91 (1983), 9--29.

W. T. Patula, Growth, oscillation and comparison theorems for second order lincar
difference equations, SIAM J. Math. Anal. 10,6 (1979), 1272-1279.

J. Popenda, On the asymptotic behaviour of the solutions of an n-th order difference
equation, Ann. Polon. Math. 44 (1984), 95-111.

—, E. Schmeidel, On the asymptotic behaviour of nonoscillutory solutions of difference
equations, Fasc. Math. 12 (1980), 43-53.

—, J. Werbowski, On the asymptotic behaviour of the solutions of difference equations of
second order, Comment. Math. 22 (1980), 135-142.

—, —, On the discrete analogy of Gronwall lemma, Fasc. Math. 11 (1979), 143-154.

J. Werbowski, On the asymptotic behaviour of solutions of differential equations with delay,
Diff. Uravn. 17,5 (1981), 917-920 (in Russian).

TECHNICAL UNIVERSITY, INSTITUTE OF MATHEMATICS, POZNAN

Regu par la Rédaction le 1985.07.15



