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AN ABBREVIATED METHOD OF CALCULATING
THE MAHALANOBIS DISTANCE OR RESIDUAL SUM OF SQUARES
IN A LINEAR REGRESSION MODEL

1. Procedure declaration. Procedure linres calculates, for a given
vector b and a symmetric Grammian matrix C, the value z = y —b’C~'b
involved in residual sum of squares for a linear regression model, multi-
ple or partial correlation coefficients, Hotelling’s 7% statistics or Maha-
lanobis distance D2

The procedure operates only on the one-dimensional simulation
of the lower triangle of the matrix C which is virtually the (pooled) covari-
ance matrix. Procedure linres does not calculate the whole inverse C~7,
but following an abbreviated form of the modified Gauss-Jordan algo-
rithm performs only the operations necessary to obtain just the value
of 2z for the declared variables. Dependent variables cause no perturba-
tions — they are simply omitted.

Procedure linres is stepwise, it can be called several times, but only
for strictly increasing values of last and ¢I, and with ¢2> qI. The
value last and the matrix C must not be destroyed between successive
calls.

Data:

n — order of matrix C (the number of predictor varia-
bles @, ..., #,_; plus one criterion variable y in
the case of regression; the number of variables
under consideration plus one row allowing for
inplantation of the vector b and the value of y
otherwise);

gl < ¢2 — integers indicating row numbers of variables for
which the desired statistics are to be calculated;
the values ¢I and ¢2 must be non-decreasing,
and q1 > last;
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e¢[1:(n+ 1) xn-=-2] — array containing the covariance matrix C and
the vector b in the following row order:

Cu

Ca Oy,

Coo11 Cn_ig Co1,n—1

b, b, b1 Y

if the residual sum of squares is required, put
the value of ¥ equal to the total sum of squares; in
calculations involved with 7% or D* put y equal to 0;

eps — small floating-point constant, depending on the
accuracy of the computer used;

last — when entering the procedure the first time, the
value last must be set equal to zero, else it indi-
cates the last computed variable; subsequent
calls of linres are feasible only in the case where
the entering value of ¢ is greater than the last
calculated value last.

Results:

wmd[1:n—1] — array indicating whether the operations needed for in-
troduction of the declared variables into the calculated
statistics were executable; ind[i] (¢l <1< ¢2) takes
the value 1 if the variable number ¢ could be dealt with
by the algorithm, and 0 otherwise;
last — number of the variable dealt with last in the procedure;
linres — calculated value z = y—b'C™'b.

2. Method used. Procedure linres uses the modified Gauss-Jordan
algorithm performing transformations T, on the covariance matrix C;;
as follows (Cy; denote the elements of C;; after transformation):

O;j =0ij_oz‘qajq/0qq7 ?:=q+1,...,’”/;j =q+1,...,’l:.

The transformations T, are performed for ¢ =gqI,...,q2 under
the condition that C,, > eps. If this is true, the value of ind[q] is set
equal to 1. If 0, < eps, the value of ind[q] is set equal to 0 and the next
admissible value of ¢ is considered.

3. Certification. Linear regression. We apply linres when only the
residual sum of squares and not the coefficients of regression are required.
The results quoted in the sequel have been obtained on the Odra 1204 com-
puter in floating-point arithmetic with 11 decimal places of accuracy.



Algorithm 44 217

real procedure linres(n,ql,q2,c,eps,ind,last);
zalue n,q1,92,eps;
integar n,q1,q92,last;
real eps;
loteger array ind;
arzay c;
if q1>last
then
hegln
array d[1:n];
integer 1,J,k,1,q;
real x,y;
ks=qix(q1-1)+2;
for q:=q? gien 7 unfdl 92 do
kezin
ks=k+q;
xs=c[k];
if abe(x)geps
iben ind[qli=0
sdae
kegln
ind{qls=1;
xi==1,0/x;
l:=k+q3
for i:=q+1 giep 1 until n 4o
hegin
yi=d[1]s=c[1];
KR fo>
fox Js=q+1 gfen 1 unidl 1 do
kegin
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ls=141;
c[lls=c[1]4y>a(]]
end Js
ls=leq
end 1
end abs(x) gt eps
end q;
lasti=q2;
linress=c[nx(n+1)+2]

_end linres

Example 1 (Rao’s example of prediction of cranial capacity ([3],
p. 226-228)). Let us take the covariance matrix of three important meas-
urements @,, @,, #; from which the cranial capacity ¥y may be predicted.
The matrix C is the following:

Ty 0.01875 0.00848 0.00684
T2 0.00848 0.02904 0.00878
3 0.00684 0.00878 0.02886

The covariances of the dependent variable y with the measurements
#1, ¥y, 45 are represented by the vector

o = [eov(y, ), cov(y, #,), cov(y, ®#s)] = [0.03030, 0.04 410, 0.03629].

The total variance o,, = 0.12692.
Putting last = 0 and calling linres with the values

¢ = [0.01 875, 0.00 848, 0.02 904, 0.00 684, 0.00 878, 0.02 386, 0.03 030,
0.04 410, 0.03 629, 0.12 6921,
eps = 1071,

we get the following results:

linres = 0.02 783, ind =[1,1,1], last = 3.
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The calculated value linres can be interpreted as the residual sum of
squares for the observed sample of size n, i.e.
n 3

linres = Z (g/,- - Z l;,wh-)3 = 0,,—0¢ C'a
i=i

=1

{see Rao [3], formula 4¢.1.10), where (b, b,, b;) denotes the estimators of
coefficients of regression of y upon x,, z,, 2.

4. Further examples of application.
Example 2. Multiple and partial correlation coefficients.

Using Rao’s data from Example 1 we may easily calculate the multi-
ple correlation coefficient between the variables x,, #, and y. Putting
last = 0 and calling linres with the values n =4, g1 =1, ¢2 =2, and ¢
and eps the same as in Example 1, we obtain linres = 0.04 130, wherefrom
we can easily calculate the square of multiple correlation coefficient

9 . 0.12 692 —0.04 130
Lz — 0.12 692
{see Rao [3], formula 4g.1.11).
To calculate the multiple correlation coefficient Rj, , ,, after having
calculated R}, ,), we have to call linres once more with the values n = 4,

q1 = ¢q2 = 3, and ¢, last and eps as in Example 1. We get as the result
the value linres = 0.02 783, wherefrom we calculate

. 0.12 692 — 0.02 783
va.2,3) = 0.12 692 ’

following the same formula as previously.

The square of the partial multiple correlation coefficient expressing
the reduction of variance by the variable x; after eliminating the associa-
tion by z,, @, is easily calculated by the formula

2 2
R2(3)(1 2) — Ry(l,2,3) —Ry(l»z)
Y » 2
1-— Rv(1,2)

{see Rao [3], formula 4g.2.2).
Example 3. Mahalanobis distance D? calculated on Fisher’s data
on Iris versicolor, quoted by Rao [3], p. 480.

The pooled covariance matrix for two species of Iris versicolor cal-
culated for four characteristics is the following:

0.195340 0.092200 0.099626 0.033055
0.092200 0.121079 0.047175 0.025 251
0.099626 0.047175 0.125488 0.039586 )"
0.033055 0.025251 0.039586 0.025106

C:
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The differences between sample means based on 50 observations
for each of two species are

d = [0.930, —0.658, 2.789, 1.080].
Calling linres with the values
n =5 ql=1, ¢2 =4,

¢ = [0.195 340, 0.092200, 0.121079, 0.099 626, 0.047 175, 0.125 488,
0.033 055, 0.025 251, 0.039 586, 0.025 106, 0.930, —0.658, 2.789, 1.080, 0],

eps =107, ind = [arbitrary], last =0,

we get linres = —102.8428. Hence the Mahalanobis distance D* between
the species under consideration is D* = 102.8428. (The value D? reported
by Rao is D* = 103.2119. We checked the computations by applying the
direct formula D* = bC~'b, and evaluating the inverse C~' with the
aid of cholinversion? [2], and got the same value D2 = 102.8428.)

Example 4. Hotelling’s T? calculated on data on verbal and per-
formance scores, quoted by Morrison [1], p. 122.

The mean values for two scores under investigation based on meas-
urements of 101 men and women are & = [55.24, 34.97]. The sample co-
variance matrix of the scores is

c [210.54 126.99]'

~1126.99 119.68

We wish to test the hypothesis that the observations came from a
population with wmean vector u = [60, 50]. The test statistic is 1%
=n(p—x) C ' (u—=). Oalling linres with

n=3, ¢ql=1, ¢2 =2,
¢ = [210.54, 126.99, 119.68, 4.76, 15.03, 0.0],
eps =107  ind = [arbitrary], last =0,

we get linres = —3.5390. Hence T° = 101 x 3.5390 = 357.4390. (The
value reported by Morrison is T* = 357.43.)

5. Additional remarks. Procedure linres was checked by calculating
the residual sum of squares by definition, i.e. calculating the inverse C*
by the use of cholinversion?2 [1], a procedure operating also on the one-
-dimensional simulation of the lower triangle of the matrix C, and then
multiplying b’C~'b. The gain in time of run on the Odra 1204 computer
is the following:
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Time (in sec.) needed by linres and cholinversion?2

number of charac-

teristics p=4 | p=9 |p=19

cholinversion?2 0.226 1.473 10.618

linres 0.118 0.664 4.577
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SKROCONY SPOSOB OBLICZANIA ODLEGLOSCI MAHALANOBISA
LUB ZMIENNOSCI RESZTOWE] W LINIOWYM MODELU REGRESYJNYM

STRESZCZENIE

Procedura linres oblicza dla danego wektora b i symetrycznej nieujemnie okres--
lonej macierzy C wartoéé wyrazenia z = y —b’C—1b, wystepujacego we wzorach na.
zmiennos¢é resztowa w liniowym modelu regresyjnym, w wielokrotnych lub czastkowych
wspoélezynnikach korelacji, w statystyce 72 Hotellinga i odlegltoéci D* Mahalanobisa.

Procedura wykorzystuje dolny trojkat macierzy C, ktéra jest na ogdét macierza.
kowariancji miedzy badanymi zmiennymi. Nie odwraca sie catej macierzy C, ale
wykonuje si¢ tylko te obliczenia, ktére 83 niezbedne do wyznaczenia wartodci 2. Wiersze:
macierzy C, przedstawiajgce cechy (prawie) liniowo zalezne od pozostalych, sg auto-
matycznie opuszezane, o czym informuje tablica ind.

Procedura linres moze byé wywolywana kilkakrotnie, przy czym kazde nastepne.
wywolanie moZe dolaczaé nowe zmienne (wiersze) do obliczanej charakterystyki,.
korzystajgc z obliczeri poprzedniego wywolania. W takim przypadku naleiy zagwa-
rantowadé, zeby wartodci last i ¢ nie ulegly zmianie miedzy kolejnymi wywolywaniami
linres oraz zeby wartosci last i qZ byly &ciéle rosnace.
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Dane:
n —_—

1< q2 —
c¢[l:nx (n+1)=2] —

\\

eps —

last —

Wyniki:

A. Bartkowiak

rozmiar macierzy C (liczba zmiennych objasniajacych
wystepujacych w réwnaniu regresji plus zmienna wyni-
kowa; w przypadku obliczania 72 lub D? — liczba roz-
patrywanych zmiennych plus jeden);

numery zmiennych, dla ktérych ma byé obliczana charak-
terystyka z;

tablica zawierajaca dolny tr6éjkat macierzy C, wektor b oraz
dodatkowsg liczbe vy, wyrazajaca zmiennodé calkowita
przy obliczaniu zmiennodei resztowej lub przyréwnana do
zera w przypadku obliczania T2 lub D?;

mala liczba uzalezniona od maszynowej dokladnosei (zero
maszynowe);

liczba kontrolujaca wlasciwa kolejnoé¢ wywolywania linres;
przy pierwszym wywolaniu last musi mie¢ nadana wartosé 0,
po wykonaniu obliczen otrzymuje wartosé ¢2.

ind — tablica wskazujgca numery zmiennych, na podstawie ktérych zostala
obliczona wielkosé z; ind[i] = 1, jedli zmienna o numerze ¢ zostala wpro-
wadzona do wielkodci 2z; ind[i] = 0, jesli wiersz o numerze ¢ okazal sie
(prawie) liniowo zaleiny od poprzednio wprowadzonych;
last — otrzymuje wartos¢ ¢2 (patrz dane);
dinres — warto§é y—b'C—1b.
Procedura linres, w poréwnaniu z czasem obliczenn wymaganym przy oblicza-
pniu wyrazenia z za pomoca odwracania macierzy C, dziala przecietnie dwa razy
szybciej, umozliwia ponadto otrzymywanie wynikéw posrednich dla mniejsze]

liczby zmiennych.



