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We adopt the terminology of [2] and [3]. In particular, if % = (4; F)
is an abstract algebra, then by S(U) we denote the set of all integers
n for which there exists an m-ary non-trivial algebraic operation in A
depending on every variable.

The notion of the set S(A) has been introduced by E. Marczewski.
In [5] and [6] K. Urbanik solved Marczewski’s problems concerning
description of all possible sets S(UA) in the class of all abstract algebras
and also in the class of all symmetrical algebras.

The aim of this note is to solve analogous Marczewski’s problem
concerning binary algebras ([3], P 528).

Moreover, we give a description of the sets S() for semigroups
and algebras with one binary fundamental operation.

Theorem 1 gives some necessary conditions for the sets S() in n-ary
algebras but the full description of such sets is so far unknown (P 677).

0. Let A(A) denote the set of all algebraic operations of an algebra A.
Then it is easy to prove

THEOREM 0. The family A(W) is the smallest set B such that if an
operation g(%y, ..., %n) belongs to B and if f is a trivial or fundamental
operation of the algebra U, then the operation g(wl, coey i1y f(Ypy ovey Yr),s
Tii1y ..., ¥y) also belongs fo B.

1. Let 2 be an additive family of non-empty subsets of a set X such
that X<¢2. Let us denote by 8,(2, ..., %) (»n =1,2,...) the operation on
the set # defined as follows: 8,(2y,...,%s) = 2, V..., if 2,..., 2, are
pairwige disjoint and $8,(z;,...,2,) = X in the other case.

Moreover, let s, be the constant operation equal to X.

(i) The operations s satisfy equations

sk(snl (xu, ceey wnnl), 81”2 (wzl’ sy wz'ni), beey Snk (mkl, . .‘., wknk))

= Snytngt .. +mg (Br1y ooy Bingy Bary ooy Bangy ooy Bhay <o oy Timy,) -

For any set K < o let us denote by Zx an algebra (2; (su)ng);
if K = {n}, we write g = 2,.
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From proposition (i) it follows easily that

(ii) every algebraic operation in the algebra Pg depending on every
variable is of the form sx(®y, ..., ax), k =0,1,...

Denoting by ¢(#) the least upper bound of the numbers of disjoint
sets belonging to &, we have the proposition

(iii) ¢f «(?x) = n+1, then 8(%k) < {0,2,3,...,n} for every K.

In the case of K = {n} we have

(iv) 8(Zp) = {m<e:m =n+k(n—1)}.

Let us denote by S, an algebra ({0,1}""'—{@};s,). Then &, is
a semigroup (such semigroups were used in [1]). In view of (iii) we have

(v) for every m =2 there exists a semigroup S such that S(S)
={0,2,...,n}.

Let s(QI) = sup{n: neS(A)}. Then for the Cartesian product of
algebras of the same type we have

(vi) s(AXxB) < s(A)+s(B).

In [4] J. Plonka proved the inclusion §(D,) < {2,3,...,n} for
n-dimensional diagonal algebras D,, i.e. for algebras with one =n-ary
fundamental operation f satisfying equations f(x,,...,2) =2 and

f(f(m-n’ cory Zpn)y oeey f(@n1y ooy “’nn)) = f(@11y + -y Tun).
Two-dimensional diagonal algebra is a semigroup.
It is easy to show by means of (vi) that

(vii) if 2e8(D,), then S(D.XG,) = {1,2,...,n+1}
Of course, there exists a semigroup P for which S(P) = {1, 2}, e.g.

the free semigroup in the class of semigroups satisfying equations (zy)z
= x(yz) = xz. Hence from (vii) it follows that

(viii) For every n > 2 there exists a semigroup S(n) such that 8(S(n))
={1,2,...,n}.

The fact that

(ix) For every natural number n > 2 there exists a semigroup ©, such
that 8(C,) = {0,1,...,n}

follows from (v) and from the following proposition:

(x) Let Pn = (P; *) be a semigroup satisfying equations x® = x,, ... T,
= 0. Then the algebra G, = (P vu {a, b}; o), where

oy i {x,9} < P,
zoy=({(b forv=y=a,
¢  otherwise,

is a semigroup satisfying equations x® = x,%,...%, =0 and 18(C,).
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2. THEOREM 1. Let W = (A; F) be an n-ary algebra, n > 2. If for
a natural number p >0 there is {p+1,...,p+n—1} ~ 8(A) = G, then
SA) < {0,1,...,p}

Proof. In view of Theorem 0 it suffices to show that for every algebraic
operation g(z,, ..., s) depending on at most p variables and every funda-
mental or trivial operation f the operation

h($1’ ...’wi_l’ yl, .-.,yk’ -’171;+1, ...,mp)

= g(wn ooy Zicyy F(Y1y °'°9?/_Ic)’wi+17 -°"wp)

depends on at most p variables (then our theorem follows by induction).
If g does not depend on the variable ;, this is obvious. If g does,
then h depends on at most p-4n—1 variables (since f depends on at
most n variables as being a fundamental or trivial operation).
In view of the assumptions of the theorem, we have p- k¢S(),
for 1 <k < »n and thus h depends on at most p variables, q.e.d.

3. THEOREM 2. Let 2¢8 < w. Then a binary algebra W with the prop-
erty S(A) = 8 ewxists if and only if the following condition holds

(b) if 2 < m¢8S, then n+1¢8.

Proof. The necessity tollows immediately from Theorem 1.

As to sufficiency Urbanik has shown that diagonal algebras can be
treated as binary algebras ([5], p. 150). Hence, if § is of the form {2, 3, ...
..., n}, there exists a binary algebra U such that S(A) =8. And
if S is not of that form but stil does satisfy (b), then the required algebra
is constructed in section 1 (see propositions (iv), (v), (viii) and (iv)).

Thus Theorem 2 is proved.

THEOREM 3. Let 2¢8 < w. Then an algebra W with the property
S () = 8 and possesing one fundamental binary operation only does exist
if and only if S satisfies (b) and S #+ {2,3,...,n}, n =3,4,...

Proof. By virtue of section 1 and Theorem 2 all we have to show
is that there exists no binary algebra U with one fundamental operation
and such that S(A) = {2,3,...,n}, n =3,4,...

"Urbanik has shown that if S(A) = {2, 3, ..., n}, then A is a diagonal
algebra ([5], p. 133, Theorem 3). J. Plonka proved that if g is an algebraic
operation in the diagonal algebra (D;f), then (D;g) is also a diagonal
algebra ([4], p. 309).

Thus, in the class of all diagonal algebras only two-dimensional
ones can be treated as algebras with the only binary operation.

The description of the sets S (W) for semigroups follows from examples
of section 1 and from Theorem 3. Namely

THEOREM 4. If A is an algebra with one binary fundamental opera-
tion only then there exists a semigroup S such that S(S) = S(N).
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