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The inverse Meijer transform of the G-function
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1. Introduction. In the present paper we consider the integral
transform
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of a function F e L(0, co0), where Rep > 0 and W denotes Whittaker’s
function. Transform (1) was defined first by Meijer in [4] (formula (5),
p. 730); if & = +m, it reduces to the classical Laplace transform.

The purpose of this paper is to determine the original function whose
transform (1) is G(ap™®), where n and s are natural, and G denotes
Meijer’s function (for the definition, see e.g. [2], p. 207). Next, we obtain
as special cases some earlier results of Ragab ([6], [T]) and Saxena ([8])
Our method is based on the formula
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@) [ eI Wingmpt) @t = p (4 m A5 I(I—m4 1) T(—E+3)
(Rep >0, Re(l+-m-+3%)> 0)

(see e.g. [3], formula (16), p. 216) and on the multiplication formmula
of Gauss and Legendre for the Gamma funection (see e.g. [2], formula (11),
p. 4).

My thanks are due to Dr. R. K. Saxena for his help and interest
in the preparation of this paper.

2. The result. Let us prove the following
THEOREM. Let a, 8, y, 8, n,s be integers such that
(8) 0<a<s, 0<A<y, n>0, s>0, at+p>py+3o+infs.

Further let @y, ..., 0y, by,..,bs, a,p,0,k, m be arbitrary parameters

satisfying the relations

(4) a—brn#y (G=1,.,8h=1,.,0v=1,2,..),

(6) na;—s(0—2k) # vsn—xun-- s
(i=1,.,8,%x=0,..,8—1;A=0,..,n—1;»=1,2,..),
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(6) Rep>0, Re(o—-k:l:m— T—;a,+%)> 0 (G=1,.p8),
and either
(1) largol < (atf—dy—ho—dnfs)m, atf<y+ho+inis
or
(") Re[(k—otm+in—1)(sé—sy—n)+
' +n(s+iy—30—né—sd—n—3)]>0,
larga| = (a4 p—ty—36—4nfs)m, a+f=1y+id+in/s,

1% é
A=Dla— Db—iy+io—1.

i=1 f=1
If A(n; a) denotes the sequence of the parameters afn, (a+1)/n, ..., (a+n—1)/n
then

where
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d(n; a—2k), 4(8;5 by), .y A(8; bs)

= (21;)%—%‘n+(s—l)(a+ﬂ—é7-i&)_na—%s.dpk—u+% G;:g(apn[,g Ayyoeey a,,) '

by, ..., by

Proof. Let us use the definition of the G-function as a contour
integral (see e.g. [2], p. 207), where the path L of integration runs from —¢co
to +1400 so that all the poles of I'(b;—¢) for j = 1, ..., @ are to the right
and all the poles of I'(1—an+¢) for h =1,..., 8 are to the left of L. Then
the @-functions in (8) are defined provided the conditions (3), (4), (5)
and (7) are fulfilled. In view of the asymptotic behaviour of the functions W
and & in the neighbourhood of the points 0 and oo (see [2], §§ 6.9, 6.13.1,
5.4.1 and (5], § 18), the integral on the left-hand side of (8) is convergent
if we assume (6).

Now, we may substitute the value of the G-function on the left-hand
side of (8) in terms of the contour integral mentioned above. Then we
interchange the order of integration applying a well-known theorem
concerning the inversion of a repeated infinite integral (see e.g. [1], p. 504).
Let us use in turn formula (2) with ! = o0—%— n{—$}, which is permissible,
because we may assume that Rel < e+ (1/s)(Reasj—1), where > 0 is
sufficiently small. Now, applying the multiplication formula of Gauss and
Legendre to the Gamma function, mentioned above, we obtain a contour
integral which is equal to the right-hand side of (8), as is easily seen.

Similarly we can obtain formula (8) under conditions (7’) instead
of (7), and then our Theorem is established.
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3. Particular cases, (i) Let a=86=2, f=9y=0, b =1}v,
b, = —4v. If n and s are natural, 2s > n, |arga| < }(1— }n/s)w, Rep > 0,
and F(p) = 2p*—°K,(ap™?), then using (4) from [2], p. 216, one obtains

(9)  f(y = (@m)ETirTepdoopiy

o, ( nra2e lA(fn; o—k+m), 4(n;o— k—m) )
I 25y (85 §9), A(s;—$v), A (n; 0—2k))’

and, in particular, for n =1, 0 =1— }a— 48, k= m, after replacing »
by s(f— a) and applying (14) from [2], p. 210, Ragab’s formula published
in [6] (formula (17), p. 395).

(ii) Let a=d=4, =0, y=2, ay=1+4+1, a,=1—14 b =},
by=1, by=3%4+u, by=4%4—pu. If n and s are natural, 2s > n, |argal
< }(1—3n/s)w, Rep >0, and F(p) = p' "W (ap?)W_,,(ap?"), then
using (38) from [2], p. 218, one obtains

0y  f(t) = 7'r"?‘(21r)'1’+’1’"_"n§“’s‘¥t"‘1 X

w @D ( nra® |A(s; 144), A(n; o—k+m), A(n; o— k— m))
AT (25)2 | A(s; }), A{s; 1), A(s; 3+ ), A(n; 0—2k) [’

and, in particular, for n =2, =1, k= m, A =al, u=nv, after ap-
plying (14) from [2], p. 210, Ragab’s formula published in [7] (formula (14),
. 881).

(iii) Similarly, as in the previous case, one proves that if » and s
are natural, 2s > n, the parameters ¢, =144, by (h=1, 2,3), equnal
to 3,1, 4%+ pu respectively, satisfy (4) and (5), |argal< 3(1—in/s)=,
Rep > 0, Re(oc—k+m—ni/s)> 0 and F(p) =p"“W;,“(ap'}”")III_M(ap‘}”"’),
then

(11) 1) = m EEmd et (r (4o 2u) PB4 - D} x

5 Giatme ( nra? |A(s; 1+ 1), d(n; c—k-+m), 4(n; a—k—m)) .
peranastn \(2s) e | A(n; o—2k), A(s; 3), A(s5 1), A(s; $ 4 p)

(iv) If n and s are natural, 4s > n, the parameters a;, =144, b
(h=1,2,3,4), equal to },1, %+ x respectively, satisfy (4) and (5),
large| < 3(2 — 3n/s)m, Rep >0, Re(c—k+tm—nifs)>0 and F(p)
= p‘""Wl,p(%ap””) W u(— 2iap™®), then

12)  f(t) = n t@m s r 34 p— NP (h— u— D} x
A(s; 1+ 4), d(n; o—k+m), 4(n; o— k—m)
A(s; 3), A(s; 1), A(s; 4= p), 4(n; 0—2k)

(v) If k = m then (8) reduces to a result given by Saxena in [8]
(formula (11), p. 40).
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