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1. Introduction. Conformally symmetric Riemannian spaces V,
(n>4) defined by C";,; = 0, where O, is the conformal curvature tensor
and the comma denotes covariant differentiation with respect to the
metric of the space, were for the first time studied by Chaki and Gupta [2]
and, subsequently, by other authors (see [1] and [4]). In a recent paper [3]
we have for the first time proved the existence of 4-dimensional conform-
ally symmetric spaces which are neither symmetric nor conformally
flat. In the present paper we prove the existence of n-dimensional (» > 4)
spaces which are neither symmetric nor conformally flat.

2. Existence of a non-symmetric conformally symmetric-space. We
consider the Riemannian n-space (n > 4) with coordinates z; (i =1, 2, ...
..., ) and metric

(1) ds? = gudwi‘l'gzzda)g—'-... -J[-g,mdw:,

where

G =% Gaa = —F1, g =SB 105 15y 2<h<M), gp,= _?7
¢ being given by

(2) ¢? = —[1+, +; 4 ailoge,] 7"

For this space the non-zero components of the Riemann tensor are
the following components together with those related to them:

(3)

@ .
Ry = ?1 ;:1 y Ry =sin’@_ Ry 10y 2 <k <n),
3 2 1 d2
Bim = ——¢ dp + 5 s
o' \do,| ~ ¢° dm;

. 1 .
Rys5 = 238in’a, (1'*‘ ?)7 Roge = 8i* w1 Ryp_ypm12 (3<k<nm),

1

2.2
Ry = —— Riooy B =800 By yny (2<h<k<n).
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Taking covariant derivatives of the Riemann tensor, the Ricci tensor
R,; and the scalar curvature R, we obtain

(4)

z, ¢ 3z, ( dy )2_i do

LT T gt \day ¢ dz,’

R1221,p =0, p#1,
Ry, = sin’ay,_ Ry 111 L1y By =0, »#1(2<k<mn),

1 i) 9 de dp 12 ( dy )3
¢ drd ¢ At | da, dw, |’

Rlnnl,l erml,p =0, p #1,

o, dg

o dml] Ry =0, p #1,

1
Ry, = —2a,8in’z, [(1 + ;{) +—

Ry = Sinzwk-—lek—lk—-n,u Bypap =0, » #1 (3<k<mn),

. 1
Ryppo1 = _-(;;-Rlnl,l? Roppop =0, p #1,

Bypn = Sinzwh—th—lkkh—l,la Ry =0, 2 #1 2<h<k<n);
(6)

1 & de[9 do n—2 dqa
Byy=———= 7| % - - +
¢ dxy dzy Lo da, ne da71
3(n—2)[{dp\* n—2 dop
+ @, 9® (d-'”l * wp dw,’ wp =0 2 AL

2 a 2 do
Ry, = @‘19’)4 [‘Pa’l dwf 3‘”2( ) +(n— 4)‘P"’/‘1d_+(’”' 3)‘?’(1"‘?’2)]

R22.p =0, p #1,

Ry = Si-nz-’l’h—th—lh—l,u RByp,=0, p#1(2<h<n),

1
nn,l — —FRII,U -er.p =07 D 751;
6 R _2[ ldstp d2¢{ do 2(n—2)} lz_(a,p?'
O Fa =577 % T gt day @ \awy) T
6(n—2)[dp\! n2—Tn+10 dp —bBn+6 .
+ N (d‘”l) "72‘? de wl 1+ )]’

R,=0, p#1.
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The conformal curvature tensor Oy, is given by

(7) Onije = Briji + 945 Lk — Jire Lng — 915 Lire + nae L
where
1 R
L;=——|RB,—— 4|.
(8) i3 m [ i 2m—1) g"]

Taking covariant derivatives of L; and using (5) and (6), we get

(9)

I _ 1 [1 do &y {g_3 de 3—%} _]_.E(d«p )3 3(3—n){ dp\’
W1 1]l e da?  dad \o® doey, e ¢* \ dw, x> \da,
2(n—3) do n—3 . ]
- — 1 Ly, =
dfftp dwl w:: ( +(P) b 11,p O’ ]7 #:1!
I ? [ 1 d d2<p{9 do 2} 12(d¢)3
LT @—n)(n-1)9' L ¢ do}  dof \¢? dz,  me) ¢ \da,

6 [dp\} n*—3n—-2 dp n(n—3)

o dx, @
Ly, = Sinzwh—th_—x r-11y  Lmp =0, P #1(2<h<mn),

1 ,
Lnn,l = TPT;‘I‘H,U Lnn,p = 07 P #F 1.

Lastly, taking covariant derivatives of C,;; and using (5), (6) and (9),
we obtain

(10)

_ (n—3)a [1 &y d2¢p(9_d<p 2) 12(@)3
Cun = 5 —1) 7 dw,  mel 9 \day) T

g 8 do?
6 2 4 2
+ ( dtp) + d +— (1+‘P2):|7 Ciap =0, p#1,

wl¢2 dz, m%?’ dz, )
Cinm,n = sin*@y,_, C1p-12-1 L1y Oy =0, 2 #1(2<h<mn),
2—n
Clnnl,l = —5 3 Chan1,15 Ciamip =0, p #1,
e
222 sin®x,

Casge, = (n__g)_;z' Cioa1,1y  Caszep =0, » #1,

Oaika,n = sin’a@;_1Car_15-1217 Coep =0, P #1 (B <k <),

4 1
Connzy = — ? Chaz1,1s Copnzp =0, » #1,

Crikns = SI0° @y _1Ch_1 prn-1,19 CMh? — 0, p #£1 (2<h<k<n).
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It can be verified that, for the value of ¢ given by (2), the expression

1 @ d2<p(9d<p 2)+E(d¢)3+ 6 (d«p)2+

9 d  ad \¢® dz, ' m9) ¢ \dw, »,9° \ dr,
4 dp 2
— ' 4 (1 2
+m§¢ i, +w‘i‘( +¢°)

is equal to zero. Hence it follows from (10) that Ciy,; = 0. Further,
it can be verified from (4) that, for the value of ¢ given by (2), the condi-
tion for a symmetric space is not satisfied. Again from the expression
for Oy, i.e.

3—n [_w% &'y 3m§(d¢)2+2wl o

E—nn—1) ¢ d? " ¢ \da, ¢ dw,

it can be verified that C,;,, 7 0 for the value of ¢ given by (2).

Thus the space with metric (1), where ¢ is given by (2), is conform-
ally symmetric but is neither symmetric nor conformally flat.

Finally, it may be mentioned that this statement remains wvalid
if instead of (2) the value of ¢ is given by

(11) 92 = —[1+a@, +;(b+cloga,)] ™,

where a, b and ¢ are arbitrary constants.

+1 +<p”],
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