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Let X be a connected, simply connected, nilpotent Lie group. Knapp
and Stein defined in [2] a generalization of the Euclidean singular integral
of the Mihlin-Calderon-Zygmund type on X. We assume that the reader
is familiar with [2].

Let 2: X — C be a C*-function on X\ {1}, where 1 is the identity
of X. Denote by o, (r > 0) a one-parameter group of dilations of X and
suppose that

(1) Q(o,2) = 2(v) for every r > 0 and every v e X.

A norm function on X is a C*-function |»] from X\ {1} to the positive
real numbers, having the following properties:

(a) o7 = |al,

(b) |o,@| = r%=| for a fixed number ¢ > 0,

(c¢) the measure |»|"'d» is invariant under dilations.

We refer to [1]and [2] for various examples of X, ¢,, and |»|. It was
proved in [2] that, under the condition

Q(x)de =0 for some ¢ and d with 0 <e¢< d,
e<|z|<d
for any f e L*(X) the limit
Tf(a) =lim [ |y Q(y)f(ys)dy

80
Moo <lyl<M

exists in L*(X), and f — Tf is a bounded operator in L*(X). More precisely,
for every integer k the operator

Tf@) = [ I Q@)f(ya)dy

ek —1c)yl <2k
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is defined and
Tf = ) T.f, feI*X).

We denote by L, the operator of multiplication by a bounded con-
tinuous function ¢ on X. If X = R", a(x) is smooth, and lim a(z) = 0,
then it is well known that the commutator |2i=>00

[L,, T] = L,T—TL,

is a compact operator.

In fact, this is true for far more general variable coefficient singular
integral operators (pseudo-differential operators) with compact supports.
Applying the method developed by Knapp and Stein we shall now prove
the same result in the context of the nilpotent Lie group X. First we recall
the definition of the Holder condition. o

" We say that a function h: X — C satisfies the Holder condition
if there exist M > 0 and a (0 < a < 1) such that, for any »,y € X,

|h(z)—h(y)| < M|wy~"|)%,
where ||| denotes the Euclidean norm on X.

Now we are ready to formulate

THEOREM. Let a be a bounded continuous function on X which satisfies
the Holder condition. Assume that

lima(2®) = e,
|z|—>00

where || denotes the norm function. Then the commutator [T, L,] isa compact
operator in L*(X).

Note first that we can assume ¢= 0. Moreover, without loss of gen-
erality we can also take a with compact support. In fact, since ¢ = 0,
we can choose a sequence a, such that

la—a,l, >0 as 8 > c0c and suppae,< K(1,R,), R,>0.

Thus we have
[Lg7 T] = [La—La,1 T]+[Las’ ],

and this equality justifies our assumption.
In the proof of the Theorem we shall use the following

* PROPOSITION: If the function a: X —: C satzsf‘es the Holder co'ndztio'n
and has a compact support, then for

Tf@) = [ WiTe@feady (k=0,+1, -2,..)

2k-1g|y| <2k
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the following inequality holds:

(%) \[Ty, LS5 < C-2*|IfI?, where >0 and fe L*(X).
Proof. Put
Qy) if 21|yl < 2F
Q.(y) = . ’
0 otherwise.

For f e I*(X) we have

NTs, LIAE< [[f191712:(9)1- la(yo) —a (@)l - f (y2) | dy | do.
Now
@ o (y2) — a(2)| < Mlyz-o7'|* = Mly]°.
But
3) Iyl < M, ly1%,

as was proved in [2], p. 498. Thus,'by the Young inequality and (2), (3),
we have

JUJ 97 12)1- la(v0) — a(@)] - | f(ya) g do
< MM5-2% [ [ 191712 ()] - |f (vo)] dy] do
= MM3-2°%|(y| ™" |2, ()] *f|; < MM5-2°% 1y =" | Q. (9)I|[7 171
<sup | QM2 [y dg) IS

lyI<i 2k—1<|”|<2k

By Proposition 2 of [2] the integral

ly|~'dy = N

2k—1gjy| <2k
is independent of %, and so (*) holds with
B =ad and C = sup|Q(y)|MM;N>.
lyl<1

Thus the proof is complete.
Proof of the Theorem. We have

[Lo; TIf(@) = [ [yI7' (y)[a(@) — a(y»))f (y=)dy +
sl

+ [ 17 2(y)[a(2) — a(y2)1f (yo)dy = 8.f(2)+ 8.f(@).

lyi>1
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Note that the kernel K (z, y) of the operator 8, is square integrable.
In fact, putting y» = w, we obtain

K(2, w) = lwa™!|™ 2(wa™")[a(z) —a(w)].

But suppe =« K(1, R) for a certain R > 0 and
J19(@)Ph(el)do= e(Q) [ B(n)dn
0

for any measurable & (see [2], p. 496). Consequently, we have

fflK(a) w)|?dzdw = ff | K (2, w)|* dodw

jwz—11>1

- f|t|~2|g(t)|2dt(f1a(m)|2dw+f|a(w)|2dw)< 0.

1#1>1

Therefore 8, is compact.
Now we show that 8, is also compact. By [2] we obtain

8, =L, 20 T,

kw=—00

(strong convergence). On the other hand, by the Proposition, for any
m<n<O0 we have

e ZT,,]II le[La,Tk]II 0"222”'2

Thus [L,, 2 T,] satisfies the Cauchy condltlon and must be conver-

gent in norm to S,. Since obviously [La, ZTk] are compact operators,
8o i8 8;. Thus the proof is complete. »

From the Theorem we derive the following

COROLLARY. Assume that a satisfies the Holder condition and has com-
pact support. If b is a bounded continuous function such that

suppa Nsuppd =9,

then the operator L,TL, is compact.
This follows immediately from the equality

[L,, T1L, = L,TL,.

Remark 1. The Theorem remains true for Q: X — L(C") with
entries £ such that Q(o,4) = Q,(») and a: X - L(C") of the form
a(xz) = a(x)I, where I is the identity matrix.
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Remark 2. In the case X = R™ we have [T*, T] = 0, but for an
arbitrary X this is not true in general. Moreover, if § = [T*, T] # 0,
then 8 is even not compact (because S is a translation invariant operator).

Remark 3. (P 1272) It seems that the Theorem should be true
for a more general class of functions (or a different class). For example:

is it sufficient to assume that a € C*(X) and supla(yx)—a(x)] >0 as
lvi<1
|#| - oo ¥ This is a sufficient condition in R".
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