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Introduction. Let f, = f,(®) = f,(®,, ..., ®,) be an n-ary quadratic
form, with real coefficients, such that:

(i) f, is positive-definite, that is, f,(®) >0 at all real points
= (2yy...,2,)7 (0,...,0); and

(ii) the values of f,(x) at integer points (z,, ..., z,) # (0, ..., 0) have
a positive greatest lower bound, which we denote by min f,.

It is easily proved that each of these properties implies the other,
and also implies that the lower bound minf, is attained. By a minimum
point of f, is meant a point & = (2,,...,®,), with integer coordinates,
at which f, takes the value min f,. The minimum points of f, obviously
oceur in pairs + &, and we denote the number of such pairs Dby s( Ia)-

We recall that the form f, is said to be perfect if every f, with the
same minimum points as f, is a constant multiple of f,. Further, denoting
by d(f,), >0, the determinant of f,, f, is said to be absolulely exireme
it d(f,) > d(f,) for every f, with min f, = min f,. It is easily proved, as
we shall see later, that, for given n, s(f,) is maximal only when f, is perfect.
1t is plausible to conjecture that s(f,)is maximal only when f, is absolutely
extreme. So we shall refer to the work of Barnes [1], Blichfeldt [2], Korkine
and Zolotareff [3], and earlier work quoted in these papers, on perfect
and absolutely extreme forms.

From the work of Rankin [4] it follows, a little crudely, that

(1) s(f,) < 20+9  for  £>0 and n > n, (¢).

Scott [5] has constructed numerous perfect formms, from which some
possibilities for the pair {s(f,), n) can be found. Voronoi [6] showed that

(2) s(fi)<2"—1.
The main object of the present paper is to prove that
(3) s(f,) <3,6,12,20, 36,63,120,136 for » =2,3,4,5,6,7,8,9

respectively. For = < 6 this follows easily from [1] and [3], but for
n=178,9 it is new. For » > 10 I have not been able to obtain best
possible results; I shall state just what follows without extra labour
from the arguments needed for n < 9. It would not be possible, by my
nmethod, to prove the case n = 9 of (3) without doing considerably more
for n < 8. We shall see that each of (3) is best possible; and that if the
case of equality (which is essentially unique) is excluded then the bounds
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12,...,136 can be replaced by 10, 16, 30, 46, 75, 135. These in turn are
best possible for » < 8; the 135 is probably not best possible, but could
not be improved below 129.

Excluding more special cases, some of the bounds will be lowered
further. It will also be shown that if, for given positive integers s, n,
8(f,) = & is impossible then 8 > (n—1)*; and a little more is true for
some m.

Barnes’s paper [1] on 6-ary forms is very long and difficult, so in
the hope of contributing to an easier proof of his result I shall here use
only a weakened form of it, and I shall indicate that even this could
be avoided.

Blichfeldt’s paper [2] is also very difficult. I shall show how the
proof could be shortened a little for » = 6, and I hope to do the same
for » = 7 in a later paper. I shall not use [2] at all, except incidentally
to prove for » = 6, 7, 8 that f, is absolutely extreme when equality holds
in (3). .

I could shorten and simplify the very prolix arguments of [3], [6],
but I refrain so as not to make this paper too long. I shall however give
a proof of (2) which shows that the left member could be replaced by
the number of pairs of integer points at which 0 < f, < 2min f,.

1. Definition of certain special forms. 4, is defined forn = 1, 2, ... by

n

(1.1) A,0@) = Y ool 1<i<j<n) =14 d,
1=0

with

(1.2) zy = —(&;+ ... +x,).

From this, minA, = 1 is clear, and the minimum points can be expressed
conveniently, using the redundant coordinate z,, as the permutations of
(1, —1,0,...,0).
B, is defined for » > 3 by
(1.3) B,(®) = ¥yi+yi+ .- +97),
where
,+x+ ... +o,)—x; for 1+ =1,2,3;
(1.4) yi — ( 1 2 n) . 1<y Yy
x; for >3,

whence the z; are all integers if and only if the y, are so, and satisfy

(1.5) Y+ ... +9, =0 (mod2).

Hence minB, = 1 and the minimum points are given by (1.4) and ¥
a permutation of (41, 4+1,0,...,0). We note that 4, = B,.
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We next define E, for n <8 by,

(1~6) Eu---sEﬁ =A1;A21A3)B4)le’

and

(L.7) B, (@) =} ) (4i— 4o, + (1— dn)ad,,
i=1

for » =5,6,7 and y; as in (1.4). Hence minE, =1 for n =6, 7, 8 is
easily verified; and the minimum points can be counted by taking ,_,
=0, 1,2 and choosing y subject to (1.5) so as to minimize the =n-fold
sum. Next,

7
(1.8) Eo(@) =} D) (yi— $3y—3y)'+ } 5+ 423,
i=1
the y; as in (1.4), with » = 7. By putting (z,, z,) = (0, 0), (1, 0), (2, 0),
(£1,1),(£2,1), and minimizing the sevenfold sum subject to (1.5),

we verify min¥, = 1 and count the minimum points. From the defini-
tions we have identically

(1'9) En(a’.) = En+l(w19 et 1’“, 0) fOI‘ n < 87

which may be used to shorten the task of counting the minimum points.
We now define C;, Cg, Dy by

5
(1.10) Cs(@yy ...y wy) = ‘:{2 23
1=0

5

(1.11) Co(®1y «vvy @) = ‘112"(30"‘ %-’Ea)z‘f‘ _11? Z (2, — ‘ng)z‘}" ':‘CU:,

=1

2 5
(1.12)  Dy(wy, . Ba) = 55 D, Zi— e+ 35 D, (it o) + 2%,
i=0 =3

where in each case

x, for ¢ =1;
(1.13) z; = {x,+ 3, for ©=2,...,5;

—-(Zl-l— vee +25) fOl' i=0.
We notice that (1.13) makes the x; all integers if and only if the z; are
so and satisfy
(1.14) 2y =2, = ... = 25 (mod3).
So we verify minC; = minCy = minDy = 1, and count the minimum
points, by minimizing the sixfold sum subject to (1.14) and z,+ ... +2; = 0,
after putting z, = 1.

It is easy to calculate the determinant of E,, for » < 8, from the

foregoing definitions, and to see that it is equal to that of the known
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absolutely extreme form, with minimum 1, see [2]. Hence E,,..., E; are
absolutely extreme; but we shall not use this property in what follows.
We shall show that subject to (1.9), with n = 8, the definition (1.8) makes
the determinant of E, as small as possible, whence it is plausible to con-
jecture that E, is also absolutely extreme.

2, Statement of results. It is easy to verify, as indicated in § 1, that
the forms 4,, ..., E, are all perfect, with minimum 1, and satisfy

(2.1) 8(4,) = in(n+1) for all =,

(2.2) 8$(B,) =n(n—1) for n > 3,

(2.3) s(C,) = 15,27 for n =5, 6,

(2.4) 8(D,) = 22,

(2.5) s(Ey),...,s(Ey) =1,3,6,12, 20, 36, 63, 120, 136.

Now our main result, implying (3), is:

THEOREM 1. Let f, be a positive-definile quadratic form, in n > 2
variables, with real coefficients. Suppose (vacuously if n>10) that f,/min f,
i8 not equivalent to any of the forms E,, A,, Bg, Cy defined in (1.1)-(1.3).
Then the number s(f,) of pairs of minimum points of f, can ( for imperfect
but not for perfect f,) take the values 28, 46 for n = 6, 7 respectively. E.rclu-
ding these possibilities too, we have

(2.6)  8(f,)<2,5,916,25,42,75 for n =2,3,4,5,6,7,8
respectively, each best possible and
136 for n =9;

2.7 $Ju) <
( ) (f ) gn- 2+ 8 fO"' n == 10.

In the opposite direction, we prove:

THEOREM 2. Let n, 8 be positive integers, n > 1. Then a sufficient
condition for the existence of an imperfect positive-definite n-ary quadratic
form f,, with real coefficients, having exactly 8 pairs of minimum points, is

2,5 for =n =2,3;
(2.8) s<{(n—1)?2 for n =i;
' 12, 50 for n =17,8.

We shall prove Theoren 2 by induction on =», using:
THEOREM 3. There exists f, , imperfect and with s(f,) = 8, as in Theorem.
2, if there exists an f, _,, perfect or imperfect, with s(f,_,) =s or s—1,
Proof. Take f, = f, (@1 --ey &,_,)+ 2%, with ¢ > minf,_,. Then
obviously f, is imperfect, minf, = minf, ,, and s(f,)—s(f,_,) =0 or 1
according as ¢ >or = minf,_,.
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Voronoi [6] proves (2) by showing that if ®, y are two minimum
points of f, with @ = y (mod2), then ® = 4-y. (2) follows from this at
once on noting that neither & nor y can be congruent modulo 2 to 0@
= (0, ..., 0). The improvement on (2) mentioned at the end of the Intro-
duction follows at once from:

THEOREM 4. If &,y = (x4, ..., Z,)y, (¥1y ..+, Y,) Satisfy ® =y (mod?2)
but * # +y, then

(2.9) @)+ fo(y) = 4min f,
for every positive-definite n-ary quadratic form f,, and equality holds if
and only if each of tx+ 4y is a minimum point of f,.

Proof. u, v = }x 4 }y are integer points, neither 0. So the result
follows from the well-known identity

(2.10) Jo(u+0)+f, (u—v) = 2f, (u)+ 2f, (v).

It may be observed that Theorems 1, 2 determine completely all
the possibilities for s(f,) with imperfect f, for each » < 7.

3. Proof of Theorem 2. Theorem 2 follows from Theorem 3 and
Lemma 1 below (which is needed. also for Theorem 1), with a little further
notation.

fus foy ¢, will henceforth. denote positive-definite quadratic forms
with real coefficients, in » variables, ¢, being perfect but f,, f. not
necessarily imperfect. g, denotes an »n-ary quadratic form with real

- coefficients, not necessarily positive. The definition of perfection given
above is equivalent to saying that f, is perfect if and only if no g, not
identically 0 can satisfy

(3.1) g,(®) =0 for all integral & with f, (@) = minf,.

We shall use the notation f, 3 f, to mean that minf, = minf, and
every minimum point of f, is also a minimum point of f,, but not con-
versely, whence s(f,) < s(f,). We now state and prove:

LEMMA 1. If f, is imperfect there is at least one perfect ¢, with f, 3 ¢,,
implying s(f,) <s(¢,). For any such ¢,, g, defined as f, — ¢, satisfies (3.1)
and
(3.2) 7.(x) = 0 for all integral ® with ¢,(x) = ming,.

Conversely, if ¢, (perfect) and g, satisfy (3.2), with at least one case of equality
and at least one case of strict inequality, and 6 is positive and sufficiently
small, then f, defined as ¢, + Og, satisfies f, 3 ¢,; and s(¢,)—s(f,) is the
number of cases of strict imequality in (3.2).

Proof. The first assertion is proved in [6] and the rest follows easily.
Instead of assuming that there is at least one case of strict inequality
in (3.2), it would suffice since ¢, is perfect to assume g, not identically 0.
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CoROLLARY TO LEMMA 1. If f, 3 ¢, and the form f, , = f,_,(z, ...,
x,_,) derived from f, by putting x, = 0 is perfect, with minimum = in f,,
then the g, of (3.1), (3.2) is necessarily of the shape z,l(®), I a linear form
such that l(x) > 0 at every minimum point of ¢, with x, > 0. And l(x) >0
for just 8(@,)—s(f,) such minimum points.

Proof. This becomes clear on putting z, = 0 in (3.1), (3.2) and
using the perfection of f,_;.

Proof of Theorem 2. For the case s = 50, n = 8 see [5]. For the
rest we make several applications of the second part of Lemma 1. First,

(3‘3) Pn = An and In = wn(mr+wr+l+ v +2,),

with any » between 1 and n, gives an f, with 8(4,)—s(f,)= in(n+1)—
—38(f,) = r. The ‘lost’ minimum points, at which strict inequality holds
in (3.2), are, see (1.2), the pairs + (z,, ..., z,) withz, = 1, and (z,, ..., 2,_,)
a permutation of (—1,0, ..., 0), with the —1 in one of the first  places.
This proves the sufficiency of 4n(rn—1)< s < }n(n+1). Hence by
induction on n, using Theorem 3, 8 < }n(n+ 1) suffices, proving Theorem
2 for n < 4.

We now take ¢, = B, and ¢, = v,(y,+ ... +¥,), using the notation
of (1.4). (3.2) clearly holds, and the cases of strict inequality are y = (u, 1)
and y = (—u, 1), where u is a permutation of (1,0, ...,0), with the 1
in one of the first r—1 places when y = (—u,1). So we lose n—1+7r—1
pairs of minimum points, whence with 1 <r <= the f, of the theorem
exists if (n—1)(n—2) <8< (n—1)%.

We next take ¢, = B, and

(34)  Gp =YnalWt oo U )H WY+ - FY), IS <.

(3.2) again holds, and the number of pairs of minimum points lost is as
above n—1+n—2+4r—1. So the desired f, exists if (n—2) <s < n*—
—3n+ 3.

Combining these results we have by induction on n the sufficiency
of s < (n—1)% This completes the proof for n # 7, 50 now we take ¢, = H,,
and we may suppose 36 < s < 42. I leave it to the reader to verify that
gr = Ye(¥,+ ... +9¢), 1 <7<6, disposes of the case s = 42—r. For
8 =42, take g; = Yo(—Y1— Y2~ Ys— Ya—Ys+ Yot 47s).

This completes the proof; but it is convenient to notice at this point
that for n = 6, 7,8, ¢, = E, and ¢, = vy, ., %, gives an imperfect f, with
8(f,) = 28, 46, 75. This remark will shorten the proof of Theorem 1.

4. Preliminaries for Theorem 1. Henceforth, A, is the standard
lattice in n-dimensional space, whose points ® = (z,, ..., z,), with the z;
all integers, will be regarded as row vectors, or 1 by n matrices. By
excluding from A, the origin 0 = (0, ..., 0) we define A,; and A; is the
set of x4, whose last non-zero element is positive. The rows e; of the n
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by n identity matrix I, form a basis for 4,,. We note that s(f,) is the
number of minimum points of f, that are in A;.

We notice that the yeA, that satisfy (1.5) constitute a sublattice
of A,, which we denote by AY, and which is put by (1.4) inte 1-1
correspondence with A, .

Latin capitals (except A-E and L, N) will denote rectangular, say
m by n, matrices, with integer elements, I, being an identity matrix as
above, and O null. If Y, Z have the same number of columns then Y 2 Z,
or Z < Y, means the Z is a sub-matrix of some Y, derivable from Y by
trivial row operations (permutations and changes of sign). ¥ o Z, or
Z c Y, means the same thing, except that Z has fewer rows than Y.
If Y is m by n, with min(m,n) = h > 1, then 4(Y) (> 0) is the g.c.d.
of the determinants of all the A by k sub-matrices of Y. So 4(Y) >, =0
for rank Y =, < h. Thus 4(x), xed}, is the g.c.d. of the x;, and is 1
if and only if & is primitive. In case m = n, A(Y) = |det Y.

The positive-definite quadratic form f, will henceforth be assumed
to have minimum 1, without loss of generality sinece f, and f,/min f,
have the same minimum points. For k < =, f, < f,, or f, o f,, means that
min f, = 1 and f, represents f, properly (that is, some f, ~ f,, ~ denoting
equivalence over the integers, reduces to f, on putting z; = 0 for ¢ = k+
+1,...,n). It will be convenient to usei ths notation also for % = n;
if so, < means ~.

By a minimal matrix of f, is meant an s(f,) by » matrix, say X (f,),
among whose rows is one and only one of each pair + @ of minimum
“points of f,. We thus have = X(f,) if and only if & is a minimum point
of f,; and f, 3 f. (with the convention that each form has minimum 1)
may be redefined to mean X(f,) c X(f,). X(f,) may be normalized, if
convenient, by using the trivial row orperations mentioned above to
arrange its rows in some convenient order, and choose them all from A, .
If on the other hand we replace X(f,), using column operations, by
X(fu)T, T nbymn,detT = +1, then we obtain a minimal matrix of a form
f. ~f., by the substitution  — xT.

We now prove three lemmas.

LEMMA 2. Let ¢,, n < 6, be a perfect form, with ming, = 1; and in
case n = 6 assume 8(p,) = 22. Then one and only one of the following
must hold:

" 1,3
A, = B, 6
(41) ¢,=( 4, or B, and s(g,) =( 10 or 12
A5, Cs or By 15,15 or 20
Dg, Cq, Bg or B, 22, 27,30 or 36

for n =1 or 2,3, 4,5, 6 respectively.
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Proof. Each case of (4.1) is possible, with the stated value of s(g,),
by § 1. 4A; and C; are inequivalent, since A, is integer-valued and C;
(= 3/2 at the point (3, —3, 0, 0, 0, 0) with the notation of (1.13)) is not so.
A, C; being the only pair with the same 8 and n, the foregoing remark
enables us to complete the proof by referring to [3] for n < 5, [1] for
n = 6, to see that we have found the right number of possibilities for
each n. C; and D, are clearly equivalent to certain forms defined in [3],
[1] which there seem to have little or no symmetry.

LEMMA 3. Let ¥ < X(f,) have m < n rows. Then

1 for m<3
(4.2) A(Y)<{2 for m =4,5
4,8 for m=6,17
and
(4.3) Bycf, i m=4and A(Y)=2.

Further, if m < 1 and A(Y) = 0, then every row of Y is a linear combi-
nation, with coefficients each 0 or +1, of the rows of some Y, = Y with
4(Y,) =1.

Proof. We notice first that by replacing Y, X(f,) by YT, X(f.)T,
with T n by n, detT = 4+ 1, we may suppose Y = (Z, 0), Z m by m,
A(Y) = |detZ|. This means that it suffices to prove the lemma for m = n.

Now as observed in [7] we have 4(Y) < y!, where y,, is the Hermite
constant; and (4.2) follows from classical results, without using the exact
values of y4, y,. From [7], 172, Lemma 1 we see that m = n = 4 and
A4(Y) = 2 imply s(f,) = 12, giving f, > B, by Lemmas 1, 2; whence (4.3).

For the last assertion, we do not need m < n, so we may assume
n =rank Y < 3 and, by (4.2) with » for m, I, < Y. Then (4.2), again
with n for m, is contradicted if any element of Y is not 0 or 4 1.

We notice that strict inequality in (4.2) is impossible for m = 1, 2;
that is

(14) @< X(f,) =A@ —1 and ("JB

T
c X(f,)=>4 ) =1.
y) (F) (y
The first of these is trivial, so if the second fails, with @, y then linearly

dependent by (4.2), we have & = +y, contradicting the construction
of X(f,). ‘

We shall need to know, for certain f,, that there do not exist vectors
&, ..., &,, in A, such that

(1.53) O #x, #x(mod2) for ¢ =1,...,4 and all & c X(f,),
(4.6) x; #x;(mod2) for 1<4<)<H,
and

(4.7) T, +x,+ x4+ 2, = 0 (mod2).
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For 1<k <n we define

(4.8) s (f) = max {8(f)l fr < fa}-

This implies obviously s,(f,) = s(f,). Further, since any f,_, = f, can
be obtained by transforming some linear form L into a multiple of z,
and then putting »#, — 0, we see that s,_,(f,) can be found by counting
the greatest number of rows of X (f,) at which such an L (not identically 0,
and with integer coefficients) can vanish. That is,

(4.9) 8, 1(f,) = max{m| ¥Ym by n, Y € X(f,), rank ¥ < n}.
It is clear from Lemmas 1, 2 that |

(4.10) 0 <s(f)<1,3,6,12,20,36 for Kk =1,...,6,
and trivial that

(4'11) sk(fn) 2 sk(fm) if m —>’ k a'nd fm = fn'

We now prove two more lemmas.
LeMMA 4. (1) s(fs) =5H  implies 3,(fs) = 3.
(i) 8(fJ) =7  implies s,(f,) = 3.
(iii) 8(f,) = 10 implies f, ~ A, or B,, in which cases
(4.5)—(4.7) are inconsistent.
(iv) 8(f5) = 13 implies s,(f5) > 9.
' (v) s(fs) = 14 implies f, < fs for some f,, with s(f)>9,
for which (4.5)—(4.7) are inconsistent.
(vi) s(fs) > 14 and f; 3 or ~ A; imply 3(f,) > 10.
(vii) 8(fs) = 15 implies one of fy ~ A, fs = C;, B,  f;.

Proof. By Lemmas 1, 2 we may suppose f, 3or =g¢,, ¢, = 4,,
B,,B, or C;, n = 3,4, or 5.

Since A, goes into A,_, when any one of the variables is put equal
to 0, all that is asserted is trivialfor f, = A, , except (iii), for which we
consider the five possibilities modulo 2 for &; satisfying (4.5), (4.6), and
verify that no four of them satisfy (4.7). If f, -3 4,,, we choose ¢ such
that as few as possible of the s(4,)—s(f,) rows of X(4,) that are not
minimum points of f, satisfy x; = 0; certainly at least one of them does
not, for some ¢, and this gives all we need except (ii). For (ii), using the
redundant z, of (1.2), there is a pair ¢, j for which none of the (at most 3)
missing rows of X(A4,) satisfies #;, = 2; = 0.

When » =5 and f; 3 or = C;, with 8(f;) > 13, we may suppose,
with the notation of (1.13), that f; has as minimum points all the permuta-
tions of (1,1,1,1, —2, —2) except at most two, which may be taken
by permuting the subscripts to be included among (1, —2, —2,1,1, 1),
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(—-2,1, —2,1,1,1), (1,1,1,1, —2, —2). Among the others are nine may
be written as (u, v), each of u, v ranging over permutations of (1,1, —2).
This gives (iv), and (v) is easily verified.

So we suppose f, 3 B,, n = 4 or 5, since the case f, = B, is trivial.
We denote by s; (= 0,1 or 2) the number of pairs of points given by
(1.4) and y = + (e;—e;) that are minimum points of f,. And if 8; =1,
we write 4; = +1 according as e;— e; or €;+ e; is a minimum point of f,.

We now permute the subsecripts, as is easily seen to be possible, so
that one of the following holds:

(a) 8, = 83, = 2.

(b) 8,2 = 8,3 = 833 = 2, all other s; < 1.

(e) 8;; = 2 implies min(¢, j) = 1.

In case (a) above, the four points given by (1.4) and y = e, 4 e,,
e;+ e, make up a 4 by » matrix ¥ ¢ X(f,) with 4(Y) =2, so B, c f,
by (4.3), and all we need is clear. In case (b), we have s(f,) <9, 13, for
n = 4, 5. (i1} is now clear, and (iv) is easily proved by putting one of the
y; = 0.

If n =4 in case (c), we have trivially s(f,)<9. This disposes of
(iii). To prove (ii), we permute the subscripts further so as to have s,, = 2,
813>1, 8,3 >1. With 8(f,) > 7 this is easily seen to be possible; and it
gives three minimum points whose sum is 0.

Finally suppose f; 3 B; and (c) holds. This implies s(f;) < 14. If
equality does not hold, all we need is (iv), and we prove it by putting
one of the y, = 0. So suppose s(f;) = 14; then ¢,; =2 for j =2, ..., 5,
8; =1 for 2 <i<j<5.

It is easily seen to be possible, by permuting y,, ..., ¥, and changing
their signs, to suppose that either every 4; (2 <7 < j<5)is 1, or that
Ay = —1 for 2 < i< j< 4. In the first case we obtain f, = f; with s(f,)

= 10 by putting y,+ ... +y; = 0, whence by (iii) we have (v). In the
second case we obtain f, c f, with s(f,) > 9 by putting y; = 0.

This f,, -3 B,, has minimum points y —e,+e;, e;+e;+¢,—e;,
j =2, 3, 4. All we need is that with it (4.5)-(4.7) are inconsistent. Working
in AP/249, or alternatively using (1.4), this is easily verified.

LEMMA 5. If C; = fq and 8(fs) = 22 then fo ~ Cq or D,.

Proof. By Lemma 2, we may suppose f, 3 OF = ¢,, ¢4 0ne of Cg,
B,, E;. Now however, with C; = f,, Lemma 1 and the Corollary, and
the perfection of C;, give O, = ¢,. Since B, and FE, are integer-valued,
while C; is not, we clearly cannot have ¢, = B¢ or E,. So we have fg 3 C,.

Now the linear form ! of the Corollary to Lemma 1 can be expressed
in the notation of (1.13) as

5
(4.12) 0o(220+ 5Te)+ ) 6;(22,— ) + o5,
i=1
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where the constants ¢;, not all 0 since ! does not vanish identically, may
be supposed because of 2,4+ ... +2; = 0 to satisfy ¢,+ ... +¢; = 0.
The points at which ! must be > 0 are those with x4 = 1 and the

cofactors of ¢;,...,¢; in (4.12) a permutation of +(1,1,1,1,1, —5).
So we must have
(4.13) cg=6¢; and c¢g= —6c¢; for 1 =0,...,5.

If ¢g < 0 this makes all the ¢; = 0; s0 ¢4 > 0. Now strict inequality holds
in one at least of each of the pairs of inequalities (4.13). This gives 8(Cq) —
—8(fs) = 27—s8(fe) = 6, which contradicts s(f,) > 22 and completes the
proof. [Instead to using the case » =6 of Lemma 2, and thereby depend-
ing on [1], we could have proved, as for B, , c f, in the next section,
that C; = ¢, implies g4 ~ C4 or D,].

5. Further preliminaries for Theorem 1. In this section we shall
prove Theorem 1 for » < 5 and investigate thecases B, , < f,,n =5, ..., 9.

Procf of Theorem 1 for » < 5. We may by Lemmas 1, 2 assume
f. 3or = A,, B,, B; or C;. We necessarily have f, = 4, = E, = 2? in
the trivial case » = 1, in which we have nothing to prove. By (1.6), we
see that all the cases f, = 4, = E,, A3 = E,, A,, B, = E,, B; are
among those excluded in Theorem 1.

So we suppose f, 3 ¢, = A,, 45, A,, B,, A;, B; or C;. With this
8(f,) < s(¢,) gives (2.6) except in the cases ¢, = B,, By, see (4.1). f, 3 B,
gives (2.6) by Lemma 4 (iii).

So we suppose n = 5, f; 3 B;. Then by (4.1) and Lemma 4 (vii),
we have (2.6) unless B, = f;. With this, all we need is s(f;)—s(B,;) = 8(fs;)—
—12 < 4. This could be proved easily by using Lemma 1 as in the proof
of Lemma 5; but instead we shall prove something more precise that
will be needed later.

We now consider the possibilities for s(f,), and for the minimum
points of f,, when B, _, < f,. Clearly we may suppose, for some constants
7;y ¢, that

(5.1) fa@) = 3 D) (i — 7@, + o,
i=1

with the y, as in (1.4), with n— 1 (> 3) for »n. That is, we work as in the
definition of E,, E,, E; in the lattice A®  x A,, A, being the integers.
With the usual notation |la| = inf{jx— a| | zeA,}, for real a, it will

be convenient to write f; = ||, § = max(B;y ..., B,_;). It is clearly
possible, with z, = 1 and y; satisfying, see (1.5),
(5.2) Yi+ oo T Y =0 (mod2),

to make the (n—1) fold sum in (5.1) < (n—2)8*+(1—p)’, and this
expression takes its greatest value (n—1)/4, for 0 < g < 1, when 8 = }.
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So we must have (since we assume minf, = 1)
(5.3) c>(9—n)/8.

Conversely, with » << 7, as we shall assume for the present, (5.3) gives
¢> 1%, and so f, > 1 is implied by z, > 2.

We shall now assume without loss of generality that the (n— 1) fold
sum in (5.1) is least, for #, = 1, when y = 0. With this, we shall assume
further that

(5.4) ¢ =1—3%(r+... +75_).

For minf, =1 implies that (5.4) holds with > for =, and with > we
should clearly have the uninteresting case 8(f,) = s(B,_,). As assumed

above we have
n—1

(5.5) D ==+ ..+
i=1 v

whenever the integers y; satisfy (5.2). Let the y for which equality holds

in (5.5) be called the minimal y. Then clearly the number of minimal y

is 8(f,)—s(B,_,)—e¢ where ¢ =1 in case ¢ =}, n = 7,0 otherwise.

Now we consider three cases.

Case 1: 8 = 1. The cases of equality in (5.5) are clearly just those
in which each |ly;— ;|| = f;, which gives 1 or 2 choices for y; according
as f; < or = }, and so, by (5.2), the number of minimal y is 2*~!, where
hy,>1,<m—1, i3 the number of 8, = 1. The set of minimal y is thus
determined; for example, when # = n—1, in which case f, = E, for
n = 6, 7, it may be taken to be the set of y with each y, = 0 or 1, with
evenly many 1's.

Case 2: # = 0; that is, each r; is an integer. Here by (5.5) we may
suppose the r; to be 0,...,0 or 1,0, ..., 0. In the first case we have only
one minimal y; in the second we have f, ~ B, (because the 2y,—r;z,
and z, are integers with even sum) and 2n—2 minimal y (with one y,—
—7;, = +1, the others 0).

Case 3: 0 < f < 4. Here a minimal y clearly has each |y;—7r;| = 8,
or 1— 8;. The latter choice, if unavoidable because of (5.2), must be made
in one case only, and that with g, = 3, since trivially 0 <a<fi<}
implies (1—af*+p* > a*+ (1—f)*. So we have 1 or h minimal y, with 2
as in case 1. And in the latter case a change of origin (with possibly some
changes of sign) would take the minimal y into 2 permutations of (1, 0,
ceey 0).

We now notice that the lattice A® has an automorphism

(5.6) Yy —=> (L, L—y3— Y4, L—ys— Y4, L—Y2—¥s),
2L =y, + Y2+ Ys+ Y
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which takes B, into itself. This automorphism interchanges the two
cases (ry, ..., 7)) =(%, 3,3, %), (1,0,0,0) in which ¢ = 4,» = 5; whence
in each of these cases we have f; ~ B;. '

We can now complete the foregoing proof of Theorem 1 for n =5
by noting that except in these two cases we have at most four minimal y,
giving s(f;) < s(B,)+4 = 16. Later however we shall need to note that
equality holds when and only when either » = 3 in case 1, or # = 4 in
case 3.

We shall return later to the case n = 6 of (5.1), and we now consider
the cases n = 7, 8,9. We notice first that (5.3) is useless for » = 9. But
the argument leading to (5.3) shows that, for » = 9, min f, = 1 implies

(5.7) 1< 3l .. +Hirdf+ 3 +e,
and similarly, taking x, = 2.

(5.8) 1< 32rP+ ... 4 327 P+ 3+ de.
Multiplying (5.7), (5.8) by 4, 3 and adding,

(5.9) 7 <'2max {4a®+ 3|12a|?| 0 < a < }}+16¢.

The maximum is easily seen to be 1, attained only fora = }, }.Soc> 3.
Equality is possible only if, with every || = } or }, we have equality
in each of (5.7), (5.8). This implies that just one of the ||, ¢ = 1, 2, 3, 4,
is }, the rest all 1. Avoiding this ‘case by permuting the subscripts 1-8,

(5.10) e>s it n=09.
Now we can prove:

LEMMA 6. For n = 7, 8,9, Theorem 1 is true if B, , < f,.

Proof. For » =1,2,... denote by s(«) the number of minimum
points of f, with 2, = u. Then s(u) = 0 for » > 4 by (5.3), (5.10), the
former of which gives also s(3) = 0. In case » = 7 we may suppose also
$(2) = 0; for otherwise equality must hold in (5.3), whence each |r;|| = 4,
giving f, ~ E,. Hence, assuming (2.6) or (2.7) false, we have

(5.11)  s(1)>13, s(1)+s(2)>34, s(1)+s(2)+s(3)> 80

for n = 7, 8, 9 respectively.

Now for » = 7, looking at cases 1-3 above, we see that (5.11) implies
8(1) = 2*! = 16 or 32, with just h = 5 or 6 of the |r,l = 3. For h = 6
this is the case excluded above, and for k =5 it gives 8(f,) = s(Bg)+
+16 = 46, which is excluded in Theorem 1.

If for n = 8 or 9 and » = 2 or 3, Case 1 above gives s(u) = 2",
h > 5, then k of the |ur,| are = 4, and so, cf (5.4), s(u) >0 implies
utc+h/8 < 1, implying e<3u*< 2, and contradicting (5.3) or (5.10).
Similarly, if Case 2 leads to s(u#) = 2n— 2, with v = 2 or 3, then u?¢c = }.

2 — Dissertationes Mathematicae LXXXI
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This for n = 8, » = 2 gives equality in (5.3), and f; ~ Fy; and for n = 9,
u = 3 it contradicts (5.10). So we assume s(u) <8 for v = n—6, and
8(2) <16 for n = 9.

Now if n =8 (5.11) gives 8(1)>26, so s(1) =2"', h =6 or 7,
with k of the |rj| = 4. With A = 7 this is the case of equality in (5.3),
and so fq ~ E,; we therefore suppose 2 = 6. Now exactly 6 of the 2r,
are integers and this gives 8(2) < 1, contradicting (5.11).

With » =9, (5.11) gives s(1)>56, =2*"!, h =7 or 8. But h = 8
will not do; for with eight |r,/| = 4 we cannot have f, = 1 when z, = 1.
So h =17, s(1) = 64. With seven of the (37,]] = }, 8(3) > 0 is possible
only if 9¢ <§, contradicting (5.10); so s(3) = 0, and we need ¢(2) = 16
to satisfy (5.11). And with seven of the |27, = 0, this is possible only
if the eighth |27, = 0, making the corresponding |ir;| = 0 because of
the impossibility of h = 8. This is easily seen to give f, ~ E, which
completes the proof.

6. Construction for Theorem 1. In this section we suppose that
1<k<n—2, k<5, and j, = f,, with 8(f;) maximal, that is, = s,(f,).
Without loss of generality we may suppose that f, goes into f, by putting
x; =0 for ¢ = k+1,...,n Then we have an identity of the shape

(6.1)  ful® = filer— Dy ooy Be— D 1 m) + 9 @iy -y 24),

where the r;;, ¢ < k < j, are real constants, the summation is over j = k-
+1,...,n, and y is a positive-definite (»n— k) ary quadratic form, whose
minimum may be < 1. It follows at once, with suitable normalization
of X(f,), that

62) X(f,) = (;: f’Y) with X, = X(f) and 0 & Xy,

We may indeed suppose that every row of X,, is in 4} _,.
It is clear that if f, has not n linearly independent minimum points,

then s(f,) = s(f,_,) for some f, , < f,. Excluding such f,, as we clearly
may, it is clear that s(f,) = s,(f,) implies

(6.3) 4(X,;) #0.
For aed,_,, we define N (a) as the number of rows of X,, that are
= 4+ a; we ought to write N(f,, @, f,), but the simpler notation should

cause no confusion. Clearly, see (4.4), N (a) is the number of possibilities
modulo 2 for a ued, with (u,a) < X(f,); and

(6.4) s(fud—8(fi) = D {N(@) aedi ).
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If we replace (z,,,,...,%,) by z,a, for primitive @&, we obtain a form
Jir1 € Ja; 80

(6.5) 81 (fr)—8(f:) = max {N (a)| @ primitive}.

Next, for bed,_,, we define

(6.6) N'(b) = D {N(a)| aedy,, a =b (mod2)},
which with (6.4) gives q
(6.7) s(f)—s(fi) = D {N'(b)] bmod2},

the summation being over 2** values of beA, ,, pairwise incongruent
modulo 2.

Now supposing for the moment that N(e) = 0 for imprimitive e,
each N(a), by the argument leading to (6.5) is s(f..,})—s(f:), for some
fe+1 2 fi; whence, e.g. from Lemma 5 or § 5, we may be able to determine
the possibilities for N (a). This may enable us to deduce (2.6) or (2.7)
from (6.4), or alternatively, to deduce a good lower bound for s,.,(f,)
from (6.5) and s,(f.,) = s(fi).

This argument will not work unless we know a good upper bound
for the number of positive terms on the right of (6.4). Here Theorem 4
may help. If not, we note that the number of positive terms in (6.7) is
trivially bounded; so we have the alternative of trying to show that the
sum in (6.6) either always has just one positive term, or that if not it
is small.

We now outline what is needed to make the argument work. First,
we wish to show that N(a) = 0 for imprimitive a. If not, we have, for
some ued, and some prime p,

(6.8) (u,a) c X(f,), plA(a) #0.

This is trivially impossiblé if we know that miny > 1. If not, then (6.3),
(6.8) imply the existence of Y with

(6.9) Y<X(f), YEk+1byn, A(Y)=p.

For p > 5 this will always contradict Lemma 3 if k¥ < 5. For p = 3, (6.9)
contradicts Lemma 3 if k¥ <4; also if ¥ =5 and A4(Y,) > 2, for some
5xh Y, € X,,, in which case (6.9) holds with 6 for p on the right. So
the case p > 2 of (6.8) will not present any difficulty for any f, with which
we shall be concerned.

If (6.8) holds with p = 2, we try to contradict Lemma 3 with m > 2,
even, by solving one of the congruences

(6.10) u=0,r,zt+ty,c+y+2(mod2),
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where x, y, # denote rows of X,, = X (f,). If we can solve one of the first
three of these, then we appeal to Lemma 3 with m < 3, the rows of Y
being the first m of (u, a@), (x, 0), (y, 0). By (6.10) we have 2|4(Y), and
with m minimal and @ # 0, 4(Y) # 0, giving the contradiction. Similarly
if we suppose B, ¢ f,, all four of (6.10) must be impossible, with N (a)
choices for wu.

Assuming it ectablished that N(a) = 0 for imprimitive @, the sum
in (6.7) has at most 2" ¥—1 positive terms, and we should like to know
that we cannot have

(6.11) (Z; Z;) < X(f), »l4 (Zz) # 0.
We shall have no difficulty in proving this impossible for odd p; then
any a,, a, with a, # a, (mod2) can be simultaneously transformed into
the first two baze points of A, , by an integral unimodular transforma-
tion of .., ..., 7,.

The sum in (6.6) has two or more non-zero terms when (6.11) is
possible with p = 2, and a, == @, == b (mod2). If so, ¢f (6.10), the first
two of

(6.12) w,+u, =0,x,z+y (mod2),

x, y any rows of X,,, have to be impossible; and the third too if B, ¢ f,.
Now suppose that there exist @;eA, _, satisfying

(6.13) a, #a, a; #¥a,, a,t+a,+a;~=0(mod2),
and that each N (a;) is positive, whence for some u; e/,
(6.14) (u;, &) (X, Xy3) for i=1,2,3.
Further suppose that by choice of the u;, and * we have
(6.15) U, +u+uy, =0 or x(mod2), =xc X,,.

LEMMA 7. Suppose that (6.13), (6.14), and either the first of (6.15),
or B, ¢ f, and the second of (6.15), are satisfied. Then a,4+a,+a; =0
for some choice of the signs.

Proof. In the first case the (u,, @) have sum 0 mod2 and so are
therows of a 3 by » ¥ < X(f,) with A(Y) == 0 (mod2), whence A(Y) = 0
by (4.2). Using the last part of Lemma 3, (u,, @,)+ (u,, @)+ (45, @;) = 0
eagily follows, giving the result.

With B, ¢ f,, in the second case, Lemma 3, with a 4 by n Y having
rows (x, 0) and (u;, @,;), gives A(Y) = 0 and one row of Y is a linear
combination, with coefficients each 0 or 41, of the other three. Looking
at (6.13), (6.15) we see that each coefficients is 41, and the result follows.
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COROLLARY 10 LEMMA 7. If (6.13), (6.14) and the second of (6.15)

hold, but a,+-a,+a; = 0 is false for all choices of the signs, then all the
eight points

(6.16) 3, 00+ i(u,, a,)+ 3 (u,, a,)4- 3 (u;, a,)

are minimum points of f,. Further, if 8' is the number of rows x of X,, for
which the foregoing hypotheses hold, with given a; and suitably chosen wu,,
1 =1, 2,3, the u; possibly depending on &, then for some f,, with m < k+3
we have

(6.17)  fu<=fur  8(fu) = 5(fx)+ 88"+ N(a,)+ N(a;)+ N(a,).

Proof. For the first assertion see [7], p. 172, Lemuma 1.. For the
second, we count the 8s’ points (6.16), the s(f,) rows of X,,, and the
N (a;) points (u;, a;). Evidently, using @, + a,+ a; = 0, and (6.13), which
implies @; + +a; for i # j, these points are all different and no two
differ only in sign. And they clearly span a space of dimension < k- 3.

To make effective use of Lemma 7 we need also:

LEMMA 8. Suppose that (6.13) holds and that a,, ..., a,, each in A, _,
and linearly independent of a,, a,, a; modulo 2, satisfy a, ; = a,+a;
(mod2), ¢ =1,2,3; whence trivially (6.13) remains valid if the triplet
{a,, a,, a,} is replaced by {a,, a;, a;} with {h,1,j} = {h,1,44+h}, b =1,2,
or 3, or one of {1,6,7}, {2,5,7}, {3,5,6}. Then at least one of the seven
triplest so obtained fails to satisfy a,4-a,+a; = 0, for all four choices of
the signs.

Proof. 1f not, we may clearly suppose without loss of generality
that @, +ta,+a; = 0 and e, = a,+ a,+ a,. Now we have to have

a;, = ta,ta, = +t+ata;, = ta,+(a,+a,+a) = +(a,+a,)
and so we may suppose a@; = a,} @,; and similarly a; = a,+a,. Now

however neither of a;+ a, = + a,.

7. The case B, ¢ f,, (s & f, of Theorem 1. We use the construction
of § 6 to prove;

LEMMA 9. If k< min (4, n—2), B, ¢ f,, and s.(f,) = 27" then either
(7'1) sk+l(fn)_3k(fﬂ,) = 2k-~-2_'_ 1
or
(72) s (fn) < 'sk(fll)+2"’_-2—2k—2'

Proof. With f, such that s(f,) = s.(f,), we see that (7.2) follows
from (6.7) if we assume N’ (b) < 2~ 2 for all b, and N'(0) = 0, so we assume

that one of these is false. It is clear from Lemma 3, with m = k+1 < 5,
and (6.3), that N(a) = 0 for imprimitive @ with 4(a) > 3. We consider
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the possibility N(a) >0 with 4(a) = 2, see (6.8), (6.10). It suffices to
show, without at this step using the assumption B, ¢ f,, that one
of the first three of (6.10) is soluble, for some &,y =« X,; and every
ued,.

Now the number of possibilities for u# or u+x, modulo 2, is at least
1 plus the number of rows of X,; = X (f,), and this is s(f,)+1 = 8, (f,)+
+1> 251 by (4.4), and s,(f,) > 2*'. Hence, again using the last ine-
quality, one of these possibilities for u# or u+ & is also a possibility for y.
So one at least of the first three of (6.10) is soluble as asserted, which
completes the proof that N(a) > 0 only for primitive a.

With this we have N’(0) =0 and so assume N’(b)>2%? for

some b # 0 (mod2). Now (7.1) will follow if, for this b, we can find
a = b (mod?2) with N(a) = N’'(b) > 2*"% since for such an @, primitive
as we have proved, we can appeal to (6.5). We have therefore to exclude
the possibility that the sum in (6.7) has two or more positive terms, say
N(a,)N(ay;) >0, a,, a, each congruent to bmod2 and in A ,, and
a, # a,: and trivially e, # —a,.
. With a,,a, primitive this makes them linearly independent, so
we have (6.11) with p = 2. With this, and B, ¢ f,, all three of (6.12)
have to be impossible, for x, y =« X,; and some u,, u,. The argument
used for (6.10) shows that this is not so, giving a contradiction which
completes the proof.

COROLLARY TO LEMMA 9. If A, & f, then s(f,) < 2" *+2.

Proof. We note that trivially A, — f, (for minf, = 1) if and only
if 8,(f,) = 3; also that 4, c B,, so we may assume B, ¢ f, and appeal
to the lemma. We may suppose n > 5 by Lemma 4 (i), (ii) and so take
k=1,2,3.

With ¥ =1 we trivially have s(f,) =1 or s,(f,) > 2, s0o we assume
8,(f,) =2 and take k = 2. Then either (7.1) gives s,(f,) > 4, or (7.1)
gives 8(f,) < 2" *. So we suppose s;(f,) > 4, with equality since other-
wise 8,(f,) = 3 by Lemma 4 (i) and (4.11). Now the lemma, with k¥ = 3,
gives either s,(f,) > 7 or s(f,) < 2" *+2. Bo we assume s,(f,) > 7, giving
8,(f,) = 3 by Lemma 4 (ii) and (4.11), and this contradiction completes
the proof.

We need a slight improvement on Lemma 9 for k = 4.

LEMMA 10. Let the hypotheses of Lemma 8 hold, with k = 4, and suppose
that 85(f,) = 14. Then either

(7'3) ss(fn) > 84(fn)+6
or
(7.4) 8(f,) < 25,40, 742"

for n =6, n =17, n>8 respectively.
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Proof. By (4.11), Lemma 4 (v), and s;(f,) > 14, we have f,cf, -
for an f,, with s(f,) = 8,(f,) > 9, such that (4.5)-(4.7) are inconsistent.
We use the construction of § 6 with an f, satisfying these conditions.
And we notice that s(f,) =9 or 10, and s4(f,)= 14 or 15, since other-
wise either (iii) or (vii) of Lemma 4 would give the contradiction B, c f,.

Just as in Lemma 9 we see that N(a) = 0 for imprimitive a, and
N'(b) is always equal to N(a) for some @ = b (mod2), so we have, see
(6.7)

(7.5) s(f—sa(fy) = D N(a), si(f,) > 10,

with summation over at most 2" *—1 values of @eA, _,, all primitive
and pairwise incongruent modulo 2. Further, see (6.5), we have (7.3)
unless N(a) < 5 for every @, which we therefore assume.

If on the other hand N (@) < 4 always, then (7.5) gives (7.4), so we
choose @, with N(a,) = 5. We next choose @,, a; so that (6.13) holds
and N(a,)+ N(a;) > 9, whence we may suppose N(a,) =5, N(a,) = 4
or 5. If this is impossible, (7.5) again gives (7.4).

With this choice of a,, a@,, a, we already.have (7.4) if n = 6, so we
suppose n > 7. We choose @, ..., @, as in Lemma 7, so that N(a,)+
+ ... + N(a,) > 16. If this is not possible, (7.5) again gives (7.4). Each
of these N (a;) being < 5, all are positive, and at most one is < 2.

Now, appealing to Lemma 8, we can renumber the a; so that a,,

a,, 4, satisfy (6.13), N(a,) >4, N(a,) >3, N(a,) > 1, and @, +-a,t+-a; =0
" is false for all four choices of the signs.

Appealing now to Lemma 7, aud using B, ¢ f,, both of (6.15) are
impossible, for every @ ¢ X(f,), and with N(e;) possibilities modulo 2
for each u;. Now using only N(e;) > 3,2,1 for ¢ =1, 2,3, we see that
there exist u, v, w in 4, with 0 # v 2 w # 0 (mod?2) such that with
satisfying (6.14) we can have u,+ u,+ u, congruent modulo 2 to any
one of u, u+ v, u+ w, u+ v+ w. These four vectors, pairwise incongruent,
with sum 0, modulo 2, are such that none them is congruent modulo 2.
to 0 or to any ¢ = X (f,), since (6.15) is impossible. That is, taking them
to be x,,x,, x,, x,, (4.5)-(4.7) are consistent. This contradiction with
our choice of f, completes the proof.

From Lemmas 9, 10 we deduce

LEMMA 11. If n > 6 and (2.6) (for n < 8) or (2.7) (for n = 9) is false
then either B, c f, or C; < f,.

Proof. We assume B, ¢ f,. We notice that (7.2), with s.(f,) = $(f)
<1, 3,6 or 12 by (4.10), implies (2.6) or (2.7). So Lemma 9 may be taken
to assert that if s,(f,) = 2" then s,,,(f,)— sc(f,) = 2**+1. Similarly,
by the corollary to Lemma 9, we may suppose 4, c f,, $,(f,) = 3; and
if we can appeal to Lemma 10, we need only consider the case (7.3).



24 The number of minimum points of a positive quadratic form

Now taking ¥ =2,3,4 in Lemma 9 we find s,,,(f,) > 5, 8, 13 for
k+1 =3,4,5. With this, (4.11) and Lemma 4 (iv) give 8.(f,) > 9; so
Lemma 9 gives s;(f,) > 14. With this, Lemma 10 gives 8;(f,) = 15; and
s0 by Lemma 4 (vii) we have either the desired result or 4, c f,. With
this however Lemma 4 (vi) gives 8,(f,) > 10, and then Lemma 10 gives
85(f,) = 16 >s(A;). Now Lemma 4 (vii) clearly gives B, c f,, so the
lemma is proved.

8. The case B; ¢ f, of Theorem 1. We dispose of this case in two
lemmas.

LEMMA 12. If n > 6, B, ¢ f,, and (2.6) or (2.7) fails, according as

L<8orn=9, then n =6 and fg ~ C,.

Proof. By Lemmas 5, 11 we may suppose » > 7 and C; c f,.

we use the construction of § 6 with. £ =5 and f5 =04, X, = X((‘s)
It is easily that seen there exists Y, 5 by 5, < X;,, with A(Y)>1, =2
by (4.2). To avoid verifying this statement by calculation, we may appeal
to a result proved in [3] that if, for » by n Y, and perfect ¢,, ¥ < X(¢,)
implies A4(Y)< 1 then ¢, ~ 4,.

It follows that (6.8) is impossible for p > 3. To prove it so for p = 2,
it suffices, using B, ¢ f,, to verify that one at least of the congruences
(6.10) is soluble. We thus have N (a) > 0 only for primitive a.

We next verify that if all three of the congruences (6.12) are impos-
sible then u,+ u,, and consequently each of u,, u,, are determined uni-
quely modulo 2. In verifying this statement, we may work with the
notation of (1.13), which can be written as (2, ...,2;) = (£y, ..., &5) M,
2 1 det M. 1t follows that if the sum on the right of (6.6) has more than
one positive term, then N’'(b) = 2.

We thus have at most 2" °—1 positive terms on the right of (6.7),
each of which, if = 2, is equal to N(a) for some @ = b (mod2). And
Lemma 5 gives us N(a)< 7 unless N(a) =12 = §(Cg)—s(C;). Unless
there are at least two 12’s in the sum, (6.7) gives s(f,) < s8(C;)+5+
4+ 7(2"%—1), from which with $(C;) =15 and »>7 (2.6) or (2.7) follows.

With two 12’s in the sum (6.7), we have N (a,) = N{(a,) = 12, for
@, # a,, a,, a, primitive and in A} ;, so linearly independent, and
incongruent modulo 2.

We seek a contradiction.

We consider forms f, of the shape, with z; as in (1.13),

(8.1) 1—22 —1,@e) +exhy,  To+ ... +7r5 =0,

Obviously every fq o C; is equivalent to a form of this shape. 1 assuime
for the moment that if f,, of the shape (8.1), i3 equivalent to Cq then ¢ =
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and r = (ryy ..., 75) salisfies r = u = —}u (modA), where A i3 the lattice
of #z satisfying (1.13) for xed;, and u = (—5,1,1,1,1, 1).

Now we are concerned, see (6.1) with C; for f,, with f,, » > 7, such
that every substitution (zg,...,%,) - 2,6, @A, _;, takes f, into an f,
of the shape (8.1), with ¢ = y(a) and a value of » which we denote by
r(a). And Lemma 5 tells us that this f, has s(f,) = 12 = s(C¢)—(C;)
if and only if it is equivalent to C4, which by the result assumed above
gives y(a) =} and r(a) = }u (modA). With a,, @, as above, this gives
v(a,) = y(a,) =3, and r(e,) =r(a,) = ju(mod2). It follows that
for either sign we have r(e,+ a,) = 0 (modA). So either of the substi-
tutions (24, ..., 2,) > z4(a,+ a,) takes f, into a form of the shape (8.1)
with reA, and ¢ = p(e,+ a@,). Putting x;, = 1 and # = r and so making
the sixfold sum zero, we have minf, =1 < y(a,4@a,) with either
sign. Adding, and using (2.10), we have the contradiction 2 < 2y(a,)+
+2y(a,) = %

It remains only to prove the assertion italicised above. As far as
¢ =, is concerned it follows easily from its trivial converse, see (1.11),
on comparing determinants. As regards 7, we note that since 2Cy is integer-
valued it easily follows that all the r; 1 r; are integers, and then because
_of ¢ =; that each r; is congruent to 3} (modl). Reducing modulo4,
we may suppose each of 2r,,...,2r; = +1; then [2r, < 5, with equality
since (8.1) has to have minimum 1, and now the result is clear.

LEMMA 13. Theorem 1 is true (for minf, = 1) if B; ¢ f,.

Proof. As we have disposed of the case n < 5, we may by Lemma
12 suppose n > 6 and B, c f,. We use the construction of § 6 with k =4

and f, = B,. So (6.7) takes the shape A
(8.2) $(f,) =12+ 3 {N'(b)| bmod2}.
And (6.1) may be replaced by
* 4 n
(8.3) fo =4 D (= X rum)f + v ..y 2,
i=1 i=5

with the y, as in the case » = 1 of (1.4), (1.5). We consider the forms
of the shape (5.1), with 5 for », derivable from (8.3) by (x5, ..., x,) — x;a,
and use the results of § 5.

It is clear, see (5.3), that we must have y(a) > } always, and that
if equality occurs the above-mentioned substitution gives f; < f,, fs ~ Bs,
which is excluded. So we have miny > }. This implies obviously y(a) > 1,
N(a) =0, if @ is imprimitive, whence in particular there are at most
27"~%*_1 non-zero terms in (8.2).

We next notice that N'(b) cannot be the sum of two or more non-
zero terms, see (6.6). For if @, = a, (mod2), then Theorem 4 and miny > }



26 The number of minimum points of a positive quadratic form

give y(a,)+ y(a,) >2, whence one term is > 1, unless @, = {a,. So
each N'(b) = N(a), for some a@ = b (mod2). Further, we see from § 5
‘that with miny > } we have N (a) <4 always.

With the foregoing, (8.2) implies (2.6) in any case, and (2.7) unless
for every b # 0 (mod2) in A4,,_, there is an @ = b (mod 2) with N (ae) = 4.
So we assume this, and n > 9.

Looking at cases 1-3 of § 5, we see that N(a) = 1 is possible only
in cases 1, 3; and then implies qu(a;)gl—g(ﬁ2 in case 1, and y(a)
<1-3—3(1—p), 0 <p < },in case 3. In either case we find y(e) < 3.

We now chose any triplet {a,, @,, a;} satisfying (6.13), and N(a;) = 4,
p(e) <3,7 =1,2,3. By choice of the sign, y(a,+a;) <3. So we must
have a,+1 a,+a, = 0; for otherwise a,+ a, == a; (mod2), by (6.13), and
Theorem 4, with miny > §, would give

2 <vy(a,ta,)+y(a,) <§+§ < 2.

We now vary the choice of the triplet {a,, a,, @,;}, as in Lemma 8§,
and that lemma shows that for some choice of the residue classes of the a;
modulo 2, a,+a,4a; = 0 is false, whence some N(a;) < 4. This gives
the result for » > 9.

COROLLARY T0 LEMMA 13. Theorem 1 is true for n < 6.

Proof. Since we have disposed of the case n <5, we may by the
lemma assumie n = 6 and B; = f,. So we take n = 6 in § 5. 8(fs)— s(B;)
= 8(fs) —20 may be supposed > 6, otherwise we have (2.6), and is the
number of choices of y discussed in cases 1-3 of § 5.

This number can be 16 in case 1, but if so we clearly have f; ~ K.
In case 3 it can be 10, and if so f, ~ By. It may be 8 in case 1, but this
possibility has been dealt with in the proof of Theorem 2. It is <5 in
all other cases. '

9. Further construction for the case B, < f,,» > 7. Yor this case
we replace (6.1) by

n

(9.1) ful®) =4 ) (?/i— 2 "ﬁ"”;)z + (@4 ..., 3,),

i=1 i=6
with the y, as in the case » =5 of (1.1) and so
(9.2) Y1+ ... +y; =0 (mod2).

We correspondingly modify (6.2) by multiplying each of X,, = X (B;)
and X,, by the matrix of (1.4). So X,, is replaced by a matrix with 20
rows +e;4e;,1<i<j<h. And for every aed; ; we have just N(a)
rows (v, @) in the tiansform of X (f,), with the » = v(a) all in A® and
pairwise incongruent modulo 2A4%.
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1t is clear from § 5 that min f, = 1 implies miny > and so if @ is
imprimitive we have y(a) > 1, N(a) = 0. For any primitive a, the sub-
stitution (&, ..., x,) -> zs@ takes f, into a form f, < f,, which is given by

b

(9.3) fe =% (;’/i—riwa)z‘F'P(a)a’%a ry = ZTUG’J”
i=s

I
—

where a = (ag, ..., 8,) and we write for brevity r = (», ..., r;) = r(a).
And we have s(f,) = $(B;)+ N(a) = 20+ N (a).

N’(b) is defined by (6.6), and if it is not equal to one of the ternis
in the sum on the right we know, see (6.12), that

(9.1) N(a,) N(a,) >0, a, -=a,(mod2) and a, # fa,

imply

(9.5) v(a)+v(a) 20 or e +e; (mod2 AY),

for any pair i, j with i # j. Using miny .- ] and Theorem 4, we see that

(9.4) also implies that either

(9.6) y(a,)+y(a,) > :,
or
(9.7) y(ia,+ia,) = y(ja,— ta,) = miny = ;.

If a,, a,,a;, in A, ;, satisfy (6.12) but @,4a,+ a; # 0 for all four
choices of these signs then by Theoren, 4, with one of @, 4 @, for ® and e,
“for y, we have

(9.8) p(a,)+ p(a,) + p(a,) > iminy = 3

2
with equality throughout only when miny = g, s(yp)> 2, and y(ia,+
i da,+ 1a,) =-';‘: for at least two choices of the signs. We have also,
see (6.15),
(9.9) v(a,)+v(a,)+v(a,) £ 0 (mod2 AY).

It will be convenient to define u(xg, ..., 2,) as the minimum valve
of the fivefold sum in (9.1), for integers y; satisfying (9.2). Then min f,
= 1 implies

4
w3

(9.10) p(a)>1—3}u(a) for every ae/d
with equality if and only if N(e) > 0.

The possibilities for N(a). These can be written down at once
by referring to § 5.

(i) If just b, 1 <h<5H, of the |r;(a)| are = }, then N(a) =0
or 2% 1,

(ii) If all the r,(@) are integers then N(a) = 0 or 1 if the sum of
the 7;(a) is even 0, or 10 if the sum is odd.



28 The number of minimum points of a positive quadratic form

(i) If = max|r,(a)| satisfies 0 < f < &, and |r;(a)|| = p for just h
values of i, and N(a) # 0, then N(a) = 1 or » according as |y,— r;(a)]
= |lr;(@))| for all ¢ is or is not consistent with (9.2).

We note that N(a) = 16 in case (i) above implies that the f; c f,
of (9.3) is equivalent to Eg, while N(a) =10 in case (ii) gives fs ~ B,.
Using (9.10), we have inequalities for y (a); trivially y(a) < 1 when N (@) > 1
and for N(a) > 2 we have, in the three cases above:

(i) y(a) = 37 <§1_a = 27 <2 for N(a) = 16, 8, 4, 2.

(ii) p(a) = 4 when N(a) = 10.

(iii) p(a) < 1— }(h—1)f*— }(1— ) when N(a) = h > 2, giving y(a)
<3,5,%,5 for N(a) =5,4,3,2.

We now consider N'(b); we need rather more than N'(b) < N (a)+
+2 for some a = b (mod2);

LEMMA 14. Suppose that N'(b) = 5 and that the sum in (6.6) has v = 2
positive terms N(a;), ¢ =1, ..., v, the greatest being N (a,). Then » < 3,
N(a;,) =1 for i >1, and either N(a,)<bH or N(a,) = 10. In the latter
case (9.7) holds.

Proof. We prove all except » < 3 by considering the two possibilities
N(a,) =6, N(a;) >1 and N(a,) > N(a,) == 2. In cither of these cases,
by (i)-(iii) above, the left member of (9.6) is < } and so (9.7) must hold.

Now the |r;(3@,4 1a,)|| are all == }, with either sign, so the r;(a,)
and the r;(a,) are all integers, with sum even for a,, odd for a,, or vice
versa. So one of N (a,), N(a,) is either 0 or 1, the other either 0 or 10.

When » > 4, we shall obtain a contradiction by permuting the a; so
that the second of the congruences (9.5) can be satisfied. The modulus
of this congruence may be replaced by 24;, since e;{ e, and e;,—e;
are congruent modulo 24; but incongruent modulo 24%. So what we
need is v(a;)+ v(a;) congruent modulo 24; to a permutation of (1, 1,0,
0, 0), for some pair %, j with 1 <7 <j < ».

If this is impossible we see easily that »(a;)4 v(a;) does not take
four incongruent values whose sum is congruent to 0, modulo 24;. It
follows easily that v(e;) does not take 3 different values modulo 24;;
and consequently that it does not take 5 different values modulo 24.
So v < 4. But if » = 4, we use N'(b) > 5 and so have two different choices
for »(a,) modulo 24%®, and the argument goes through.

With the foregoing construction,- we shall prove step by step that
if (2.6) or (2.7) is false then miny =, s(y) = 2, s(y) > 2, and that these
imply respectively E,, E,, E; < f,. At the first step the a with N(a) = 10
are troublesome, and we need:

LEMMA 15. Let q be the number of aed, ; with N{(a) = 10. Then
g<n—>5; and q = k—>5 implies for k = 6,7 that B, < f,, and for k =8
that either Eqc f, or By f,. '
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Proof. Suppose first that a,, a, satisfy N(a,) = N(a,) =10 and
are unequal elements of A ; whence &, # +a,. We prove that they
are orthogonal when %' is taken as distance function in (n—5) dimen-
sional space; this will give ¢ < n—>5. Now from (ii) above we see that
p(a,) = y(ay) =3+ and »(a) =r(a) =(1, 1, 1, 1, 1) (mod24%). For
either sign, it follows that r (@, + a,) = 0 (mod24?), giving u(e,+ a,) = 0,
obviously, whence y(a,+ a,) > 1 by (9.10). But by the identity (2.10),
y(a,+ a,)+y(a,—a,) =2y(a,)+2y(a,) =2. So y(a,+a,) = yp(a,—a,)
giving the desired orthogonality.

For the second assertion we suppose without loss of generality that
E =n and ¢ = k—5 < 8. We consider the case k = 8, ¢ = 3, since the
other cases are qimila,l but Qimpler We choose @a,, a,, a;, pairwise ortho-

gonal and with yp(a) =}, N(e;,) =10, r(e;) == (1,1, 1, 1, 1) (mod 24%)
for 1 =1,2,3.

With this, if the a; are the first three base points of A;, we have
By ~f,, since the y,—r;;x; and ‘Xg, T1, Ty are integers with sum even.

If we cannot reduce the general case to this one by transforming z,, «,, z,,
we see that 2y must represent the diagonal form -+ 22+ 427 impro-
perly; let the determinant of the transformation taking 2y into the dia-
gonal form be m > 2. Crudely m = 2; for if m > 3 then the determinant
of 2y, in the usual Gaussian notation, is at most ;, making its minimum
< ()" < ? and contradicting miny > 3.

Now obviously we must have

- (9.11) 2y ~ (12— 31, 2a) + (27— $1,29)" + 3,

each ¢, 0 or 1. (9.11) clearly 1mp11es miny < }; but now equality must
hold, and Eg4 < f, follows. (For k = 6, 7, m = 2 is also impossible).

LEeMMA 16. Suppose that a,,a,,a; satisfy (6.13), N(a,) = 16,
N(a,) N (a;) >0, and that none of the four vectors a,+ a,+ a, is 0. Then
for some f,, with m < 8 we have

(9'12) fm < fn’ S(fm) } 118.
Proof. We appeal to the Corollary to Lemma 7, rewriting (6.15) as
(9.13) €;4- €+ v, + v,+ vy = 0 (mod24Y)).

(9.12) will follow on taking k& = 5, s(f,) = s(B;) = 20, &' > 10, with the
N(a;) > 16,1, 1, in (6.17), if we can prove that for each of the ten pairs
4,7 with 1 <7 <j <5 one at least of the congruences (9.13) is soluble
by choice of the v. To prove that this is so it suffices to deduce from
N(a,) =16 that (v, @,) is a minimum point of f, for 16 different v,
in AY that are pairwise incongruent modulo 24,. This is clear since,
see § 5, Case 1, the possibilities for v, can be taken to be @ and all per-
mutations of (1,1, 0,0, 0) and of (1,1, 1,1, 0).
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10. The case E,; ¢ f,. With the construction of the last section, we
shall in this section show that Theorem 1 follows if we assume K, ¢ f,,
or equivalently miny >3, (For if y(a) =% then (9.10) gives u(a)>3,
which by the argument leading to (5.3) is possible (with equality) only
if every |r;(a@)]| = 3, with which see (i) of § 9.)

We choose @, (in A ;), if possible, so that y(e,) = miny and
N (a,) = 8; if not, we choose a, with y(a,) = miny and N (e,) maximal.
Now we rewrite (6.7), with ¥ = 5 and s(f,) = s(B;) = 20, as

(10.1) $(fa) =20+ N'(a,)+ D {N'(b)+ N'(a,+b)},

where the sum has 2" °—1 terms, none with b = 0 or @, (mod2), no two
with b,4+ b, =0 or a, (mod2). We suppose the range of summation so
chosen that always

(10.2) N'(b) > N'(a,+b).

For each b, we choose a, = a,(b) as the a = b (mod2) with greatest
N (a). Similarly, a; = a,(b) is the ¢ = @, + b (mod2) with maximal N (a).
Now from (i)-(iii) of § 9, using Lemma 14, and miny >}, we have

= N(a,) = 8 or 10 if N(a,) >3,

(10.3) N'(b) .
<max{N(a,)+2,4} if N(a,)<5.

Clearly (10.3) remains valid if b, @, are replaced by a,+ b, as, or by
a,a,.

In order to deduce (2.6) or (2.7) from (10.1)-(10.3), we need to esti-
mate N (a@,)+ N (a;). We note that the triplet {a,, a,, @,} always satisfies
(6.13), and we consider two cases.

Case 1. @+ a,+a, + 0 (for all choices of the signs). Here (9.8)
gives, with our choice of a,, y(a,)+ y(a;) >;. If we suppose N'(b) < 7
then (10.2) gives N'(b)+ N'(a,+ b) < 14; if not, then (i)-(ii) of § 9 and
(10.3) give p(a,) < %, 50 y(a,) > and this gives N (a,) < 3, N'(a, +b) < 5.
So we have
15 if N(a,) =10,

10.4 N (b)+ N'(a,+b) <
( ) N D)+ N (a:+b) 14 otherwise.

Case 2. a,+a,+a; =0; say a, = a,+a;. We investigate the
cases in which (10.4) fails; clearly these are given by N(a,) = 10 with
N(a;) = 10, 8, 5, 4 and N(a,) = 8 with N (a;) = 8, 5. These are obviously
all impossible unless miny < 4. By (9.10) we have
(10.5) p(a,) = p(ay+a;) > 1— $u(a,+ a,),

and with N(ag) >0, also
(10.6) p(a) = 1—pu(ay).
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(i) N(a,), N(a;) = 10,10 is impossible. For it gives r(a;) = r(a,)
= u (modA®), where u = (1,...,1). With this, 7(a,+a,) =0, u(a,+
+ ay) = 0, and (10.5) gives yp(a,) > 1 > miny.

(ii) N(ay), N(ay) = 10,5 is impossible. For it gives, with some
f>0,<4,r(as) = (8,8, b, B, f—1),7(a,) as above, and r(a,+ a,) = fu,
modulo 24P, With this, u(a,) = 482+ (1— B)? > 52 = u(a,+ a,), whence
(10.5), (10.6) give p(@,) > y(a@;) > miny.

(iii) N(a,), N(a;) = 8,8 is impossible. For with 4 of the |r;(a,)|
and 4 of the |r;(a5)ll = 4, 3 of the |r;(a,+ a;)|| are 0. Now obviously
N(a,) # 8; on the other hand u(a@,+ a;) < 1 is fairly obvious, so (10.5)
gives y(@,) = miny > 4. This implies that @, could have been chosen
with N (a,) = 8, since N(a) = 8 implies y(a) < }.

(iv) N(a,), N(ag) = 10,8 is possible only if N(a,) =8, by the
choice of @,, since it makes four of the |r;(a,)| = 3.

(v) N(ay), N(az) = 10,4 is possible only if N(a,) < 4. In this case
we have a contradiction as in (ii) if four of the |jr;(a;)]| have the same
value 8; and if three of them are = %, then so too are the corresponding
three of the |r,(a,+ a,)||, giving N (a,) < 4.

(vi) N(a,), N(a,) = 8,5 i3 possible only if N(a,) < 4. For we have
r(ay) as in (iii), r(a@,) as in (ii); then at most one of the |r;(a,+ a,)| is 3,
and at most four are equal.

. From the foregoing we see that if N(a,) =8 then (10.4) is valid
with 18 in place of 15, whence (10.1) gives

(10.7) s(f,) <28+14(2" °—1)+4q,

with ¢ < 2—5 as in Lemma 15. If N{(a,) <4, then (10.4) is valid with
16, 15 for 15, 14, and so

(10.8) 8(f,) <26+15(2"°—1)+q.

In other cases (10.4) as it stands is valid always, so if N(a,) = 10 we
have

(10.9) $(f,) <304+14(2" *—1)4+q—1,
and if N(a,) # 10, then N(e,) <5, N'(a,) < 7, and
(10.10) s(f,) <274+14(2"°—1)+q.

Now if » > 10 we find that any one of (10.7)-(10.10), with ¢ < n—35,
implies (2.7); so we suppose n < 9. With this,if¢>n—6 wehave B, _, = f,
by Lemma 15, and we may appeal to Lemma 6. So we suppose ¢ <n—7;
and with this, any of (10.7)—(10.10) gives (2.6) or (2.7). This disposes
of the case E; ¢ f,.
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11. Preliminaries for the case E; c f,. We may clearly suppose
n>7 and

(11.1)  fo(®yy oy 29,0, ...,0) = ‘QZ (i— 32— 1:07)2 + w2 (T4, %7),
i=1

(11.2) Y29 = Swi-l- areT; + 7.
Here, and throughout this section, the y; are as in the case n = 5 of (1.4),
y is a8 in (9.1), and the left member of (11.1) means f, if n = 7.

LEMMA 17, If 8(y) > 1 then f, i8 equivalent to a form satisfying (11.1),
(11.2) and

(11.3) B=2 r=..=r,=% a=—j.
(11.1)(11.3) imply E, < f,, N'(es) = N'(e;) = 16, and, N'(es+e;) > 11,
with equality if s(y) = 2, where eq, e,,... are the base points of A, _5.

Proof. s(y) >1 implies that y(a) = miny = ] for some a # + eg;
plainly we may suppose that y, has the same property. Now if we take
v, to be a reduced form, we must have y,(e,) = = 3. Then minf, =1
implies (§ 5) that each |lr;| is 4; and we may trivially suppose each r; = }.
Now by choice of g in A it is possible to make the fivefold sum in (11.1)
= 4,0 for #;, = 1 and # =1, —1. So minf, = 1 implies }F a+ 4>,
1 respectively, whence a = — }.

Using (11.3), we transform by putting x4+ 2, for x,. It then becomes
clear that the form (11.1) is equivalent to Z,, and so E,c f,. .

By construction, we have N(e;) = 16, whence N'(e;) = 16, by
Lemma 14, for¢ = 6, 7; we also have N (e, +e;) = 10 and N(—es+e;) = 1.
This gives N'(e,+ e,) > 11. If equality does not hold, Lemma 14 shows
that e;+ e, is expressible in another way as a sum of two minimum points
of y, whence s{y) > 2. This completes the proof.

In the case s(y) > 1, using Lemma 17, we change the notation and
replace (11.1), (11.2) by (11.4), (11.5) below, assuming n > 8 since for
n = 7 we have f, ~ F, and so have nothing to prove.

(11.4)  f,(zy,...,74,0,...,0) =f2 (Y — 3 Tg— 37— 7;@4)* + pa( X4, 77, T4),
i1

(11.5) YO Yy = oTe— $TeTr+ g$§+~’”a(a’a’e+ a’ 2,4 fa).

LEMMA 18. If s(y) > 2 then f, is equivalent to a form satisfying (11.4),
(11.5) and

(11.6) ﬁ::’ r1=‘--=7'5=%, a’=a"=—§;.
(11.4)~(11.6) imply E; < f,, 8(y) = 4,

(11.7) N(a) =16 for a = e, e,, e, e;+e,+ e,
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and
(11.8) Ni(a) =12 for a = e,+e,;, e,+eq, e,+e,.

Proof. s(y) > 2 implies that thereisana #* 4+ e,, + e, with y(a) = 3.
If we take this a to be ez, then the argument for (11.6) is like that in
Lemma 17 for (11.3). This assumption is legitimate unless some y; c v
goes into the yg of (11.5), (11.6) by a transformation with determinant
m > 2. If so, the determinant of y,, in the usual Gaussian notation, can
be calculated easily; it is &m? < ; < $(3)*. Using a classical result for
the minimum of a positive ternary form, this gives miny < miny, <3,
which is impossible.

Assuming (11.4)-(11.6), Eg < f, becomes clear on putting x4+ z,+ z,
for #,. For the @ in (11.7) it is easily seen that N (a) = 16, whence N’ (a)
= 16 by Lemma 14; so we have s(y) > 4. For the a in (11.8), N(a) = 10
is easily verified, whence N’ (@) < 12 by Lemma 14. To show that equality
holds, we need only consider @ = e, e, and find two other @, each
= eq4-+ €, modulo 2, with N(a) =1; @ =e,— e,, €1 €,+2e, does what
is wanted.

It remains only to exclude the possibility s(y) > 4. If this holds
there is an a, linearly independent of those in (11.7), with y(a) =3.
So » > 9 and y represents, properly or improperly, the form
(11.9) HaE+ ... + 33— F (@t ...+ @ay).

Now we have a contradiction since the form (11.9) is not positive-definite;
it vanishes at (1, 1,1, 1). This completes the proof.

Using Lemmas 17, 18, we modify (10.1) by choosing an a, with
v(a) =3, N'(a) = N(a,) = 16. We further pick out the summands
N'(b)+ N’(a,+b) that have one term = 16; for s(y) = 1 there is no
such summand, for s(y) =2 Lemma 17 shows that there is just one,
whose value is 27, and in the remaining case Lemma 18 shows that there
are three, each = 28. So we have

36 if EG cfn’ E‘l ¢fn7

(11.10)  s(f)— D {N'(b)+N'(a,+b)} = 63 if B,cf,, Hs¢f,

120 if Eecf,

for any a, with N(a,) = 16. Here b and a,+ b together range over the
residue classes of A, ; modulo 2 that are linearly independent modulo 2
of the minimum points of y. So the number of summands in the sum
on the left of (11.10) is 2" °—1, 2" *—2, 2°7°—4 in the three cases.

Now for b in the range of summation in (11.10) Lemma 14 gives
N'(b) < 10; and similarly N (a;+b) < 10. So from (11.10) we find

if =17,

11.11 <
( ) #fa) S 83 if = =38 and f, ~ E,.
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We investigate N'(b)+ N (a,+b), when neither of its terms is 0, by
choosing @,, @, so that

(11.12) a,,a, =b,a,+b(mod2), N(a;)N(as) #0.

The crude inequalities (11.11) enable us to prove that (11.12) implies,
for some choice of the signs,

(11.13) a,t+a,+a; =0.

To see this, we appeal to Lemma 16, noting that (11.12) implies @, + a,+
+ ay = 0 (mod2). So from (2), (9.12) and (11.11) we have (11.13) or
Eg c f,, leaving nothing to prove unless » > 9. We may assume (11.4)-
(11.6). Now b is restricted in (11.10) to have its last »—8 elements not
all even. Using this we see that Lemma 16 and the negation of (11.13)
imply a representation of E, by f, which-does not coincide with the obvious
one got by taking ¢, = ... = #, = 0. So one of the possibilities for @ with
y(a) =} implied by this non-obvious representation of E, contradicts
Lemma 18 by giving s(y) > 4. This completes the proof that (11.12)
implies (11.13), for the b of (11.10), and for any choice of @, with N (a,)

= 16.

12. Proof of Theorem 1 for E; ¢ f, and for » > 10. We investigate
the posgibility of choosing a@,, @z so that

(12.1) N'(b)+ N' (@, +b) = N(ay)+N(ay), @y, a;=b, a,+b(mod2)

and prove:

LEMMA 19. Let a, satisfy N(a,) = 16, resirict b as in (11.10), and
suppose without loss of generality that N'(b) > N'(a,+b). Then:

(i) (12.1) is impossible only if N (b) = 8 and N (a,+b) = 2; and
conversely :

(ii) N(b) = 8, implying by Lemma 14 that N(a,) = 8 for some @,
= b (mod2), implies that (12.1) is impossible; and

(iii) if N (a,+b)N(as) >0 for some a;=a,+b(mod2), then
N'(b) = 8 and (12.1) is impossible.

Proof. Choosing one of a,, a, to be a,+ a, or 6,+ @, if one of N'(b),
N'(a,+b) = 0, and using (11.13) if not, we see that @, and the a,, a,
= b, a,+ b that we need to consider all lie in a sublattice of A, g of di-
mension 2. So it suffices to prove the lemma for n = 7. Using the nota-
tion of (11.1), (11.2) we may take @, = (1, 0) and suppose y = y, to be
a reduced form, with second minimum = g, # >3 because of the res-
triction on b in (11.10). So we may suppose

(12.2) la| <3 <8,
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and trivially,
(12.3) Il < lill - for  1<¢<j<b.

From (12.2) we see that for ae/A; wecan have N (a) > 1,implying p(e) < 1,
On-ly for a = (19 0), (0, 1), (+1,1), so

(12.4) N'(b)+ N'(a,+b)y = N(0,1)+ N (1, 1)+ N(—1,1).

Hence (12.1) is impossible if and only if ¥(1,1)N¥(—1,1) > 0. We write
for brevity

(12.5) o= (ryy .y ts), w=1(1,...,1),

whence, see (9.10), the three vectors r,r-4 3u have to satisfy certain
inequalities (involving a, ) to make min f;, = 1 and in these inequalities
the sign of equality is needed to make N (0,1) or N(41, 1) positive.

More precisely, the u(a) of (9.10), for @ = (41, 1), is readily seen,
using (12.3), to be

(L2 + E =1l ... + G —lIrsl)?,

with + in one case and — in the other. So adding these two cases of
(9.10) we see that

5
(12.6) 28 > lirall+ ... +lirsll— D Il
i=1

" with equality if and only if N(1,1)N(—1,1)>0. Taking @ = (0, 1),
we similarly find that one of

(12.7) 26 2 2—|IrlP— ... —liralP?—= (e—lirsl)?

¢ = 0 or 1, must hold, with equality if and only if N (0,1) > 0.
To prove (i) we assume equality in (12.6); then, using (12.3) and
the trivial ||| < 4, we find that

(12.8) llrell = wov = llrsll = 4

and that equality holds also in (12.7). With this we see, referring to § 5,
cases 1-3, that N (0, 1) = 8 or 16, according as |r,|| < or = }; the restrie-
tion on b, or equivalently g > 2, excludes the latter case, 80 N (0,1) = 8,
giving N'(b) =8 by Lemma 14. Further, (12.8) clearly implies that
each of N(41,1) is <1, so each, being positive, is 1 and (i) is proved.

To prove (ii), we may assume (12.8), with |r,| < 4, and equality in
(12.7). Then equality holds also in (12.6). For (iii), we have only to note
that equality in (12.6) is inconsistent with striet inequality in (12.7),
as we have seen. This completes the proof. We also need to investigate
the case in which (12.1) can be satisfied.
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LEMMA 20. If N(a,) =16, b is as in (11.10), (12.1) holds, and N'(b)
= N'(a,+ b), then we have one of

(12.9) N'(b)+ N'(a,+b) <6,
(12.10) N'(b) =N(a;) =10 and N'(a,+b) =0,
(12.11) N(a,) = N(a,) = 5.

Proof. As in the proof of Lemma 19, we see that it suffices to sup-
pose » = 7 and use the notation of (11.1), (11.2), N(1,1)N(—1,1) = 0,
whence by choosing the sign of ¢ we may suppose N(—1,1) = 0. We
investigate the possibilities for N(a,), N(a;) by considering, with the
notation (12.5), the vectors »,r+ 4u.

If all the elements of 7 are integers, then all those of »+ 4u are con-
gruent to 3 modulo 1 and we see (§ 5) that ¥N(0,1) = 0,1, or 10 and
N(1,1) = 0 or 16, = 0 because of the restriction on b; so we have (12.9)
or (12.10); and similarly if all the elements of  are = } (mod1).

If exactly four of the |lr;|| are 0, or 3, then Lemma 19 shows that
(12.1) is possible only with N'(b) = N'(e,+b) = 0.

Excluding these cases, let » be the number of maximal ||, and A’
the number of minimal |j;l|; then k" is also the number of maximal
llr,+ 3|l. And, see again § 5, we have N(0,1)<<h if h #3,4 if b = 3,
and N(1,1)<h’ if B" =3,4 if b’ = 3. These inequalities, with (12.1),
give (12.9) if h+ 12" < 5. So we assume h-+h' > 6, implying obviously
h =h" =5.

Now however each of N(0,1), ¥(1,1) is 0, 1 or 5, 50 we have either
(12.9) or (12.11), and the proof is complete.

Proof of Theorem 1 for f, $ E,. By the first case of (11.10), with
N'(b)+ N'(a,+b) always < 10 by Lemmas 19, 20, we have for n > 9
8(f,) <36+10(2" °—1) =2645-2"°% < 272,
giving (2.7) with a good deal to spare. For n = 8 we have s(f;) < 66,
giving (2.6). For » = 7, with just one summand N’ (b)+4 N'(a,+b),
either = 10 or < 6, we have either s(f,) <42 or s(f,) = 46, which is
just what we need. Since f, ~ E, is excluded in Theorem 1, we suppose

henceforth = > 8.

Proof of Theorem 1 for f, > E,, » Ey, n > 9. By the second case
of (11.10), with 2"~ ¢ _2 summands each < 10 as above, we have

$(f,) < 63+10(2"°—2) = 43+ 5-2"5 < 2""2,
again giving (2.7) with much to spare.

Proof of Theorem 1 for f, o Eg, » > 10. By the third case of
(11.10) we find as above that

8(f,) <120410(2"°—4) = 80+5-2""5 < 2™ 2,
again giving (2.7) with much to spare.
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Proof of Theorem 1 for n = 8, fz  E,. Since f; ~ Fj is excluded,
we are concerned with the second case of (11.10), with just two summands
in the sum on the left. Using the notation of (11.4), (11.5), with n = 8,
and noting that N(e;) = N(e;) =16, we may rewrite (11.10) more
explicitly as

(12.12) s(fs)—63 = N'(€g)+ N'(es+ €5)+ N'(e;+ €5) + N’ (et e;+ e,).

The right member of (12.12) can be broken up into two sums N’ (b)4
+ N'(a,+b) in two different ways, with @, = e,, ;. We first show that
(12.1) holds in either case, for each of the two sums of two terms.

Assuming the contrary, Lemma 19 shows that N(ae) = 8 for some
a = (aq, a;, ag) With gz > 1, odd. The possibility ag > 3 is easily excluded
by the argument used at the beginning of the proof of Lemma 18. So
we may suppose N(e;) = 8. Now by Lemma 19, with @, = e,, e,, we
must have N'(e,+e;) = N'(e,+e;) =2, with each of N (4 ezt e),
N(+e,+e) =1. Now (12.12) gives the desired result- s(fy) < 75 (with
equality), unless the fourth term on the right is positive, and if so we
see from (11.4) and § 5, with four of the |r;| = } because of N(e;) = 8,
that this fourth term = 8. So we have a = e;} e,+ e; (mod2), with
N(a) = 8.

By the argument leading to N(es) = 8, we may take this @ to be
A¢€s+ A,e,+ eg, with 242, odd. There are just four values of @ in A
with N (a) = 1. These have been found above, and by the same argument
. they must also be (144-1)e,+ 1,€,+ e; and A,e,+ (4,4 1) e,+ e;. However
we choose A4, 4, this gives a contradiction.

Now with ¢12.1) always applicable, we may rewrite (12.12) as

(12.13) 8(fs) —63 = N(bo)+ N (b;)+ N (b.)+ N (b,),

with by, ..., b, = e€,, ..., €+ €,+ € (mod2). Again pairing the terms
in two different ways, but now using Lemma 20, we see that one term
in each pair must have sum 10, since otherwise s(fy) <63+646 = 75
would follow. If one of the four terms on the right of (12.13) is 10, then
using also N (e,+e,) = 10, see (11.4), we see that ¢ > 2 in the notation
of Lemma 15, whence by that lemma we have B, = f;, and we appeal
to Lemma 6. Lemma 20 shows, excluding this case, that if Theorem 1
fails three of the terms on the right of (12.13) must be equal to 5. We
may clearly suppose N(e;) = N(eg+e;) = N(eg+e,) = 5.

We now see that all the |, in (11.4) are equal. With this, we can
have (11.4), (11.5) with each r, = y, for some y with 0 <y < 1. (For
this, we make suitable changes of sign of the variables ¥;, z;, and then
replace y by Y+ zeus+ z,u,+ xu,, With suita.ble w,eAP.) N(eg) =5
now requires 4 <y <1 and f =1—2(1—y)*— }»®. With this, N(eg—
—e;) =25, i =6 or 7, is impossible, and N (e;+ e;) = N(eg+e€;) =5H
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gives a’ = o'’ and determines the value of 3 4 o'+ . With a little calcu-
lation we find ¢’ = a’’ = }y.

Now we have a contradiction, for we find that at the point (y, 1, 1, 1)
with y = (2,...,2) fs takes the value 2—2y < 1,

13. Completion of proof of Theorem 1. It seems hopelessly difficult
to sharpen the arguments of the last section sufficiently to prove the
one remaining case n = 9, E, c f,. Instead, we write

(13.1) fo = fo(®, 33) = Bg(®—xor)+c25, T = (0y,...,&),

with a constant ¢ and an r = (r,,...,7) to be determined. We may
suppose without loss of generality that

(13.2) Ej(®—r) = Eg(r) for all ® =« X (Hy).

We shall deduce from (13.2) that

(13.3) Hy(r)< 4, whence c¢= i,

since minf, = 1 clearly implies Eq(r)+¢ > 1. We shall also show that
(13.4) ®edg and Eg(x) =2 imply x=y+2, y,2 c X(Ey).
From (13.2) and (13.3) we shall deduce that

(13.5) Ey(k—1) = Eg(r) for all xed,.

We notice that if @ « X(F,) then we may reflect 44 in the hyperplane
through iz perpendicular to . We thereby obtain an automorph of E,
which is easily to be an integral one, i.e. to take A, into itself, since E;
is integer-valued ; and to interchange y, 2 if y, 2 in 4, satisfy E (y) = FE4(z)
and y—2 = +a. This will shorten the arguments.

We shall also show that without loss of generality we may assume
that

(13.6) r is determined uniquely by the cases of equality in (13.2)
and
(13.7) ¢ =1—E4(r).

Assumptions (13.6), (13.7) are justified if (13.3) holds.

For if so, we obviously have f,(x, z,) > 1 if 2, > 1, and fe(z,1) > 1
unless (13.5) fails, or holds with equality; here we use the obvious ¢ > 1—
— By(r). Now using the triangle inequality we have fy(x, 1) > 1 unless

Bi" (x) < BA?* (x—r)+ E3* (r) < 2EL° (r) < 2'7,

giving Eg(x) < 2. Thus we see that (13.3) implies that min f; = 1, and
that s(fy)— s(Eg) = 8(fy)— 120 is equal to the number of cases of equality
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in (13.5) if (13.7) holds, but is 0 if ¢ > 1— E4(r). As we have nothing to
prove in the latter case, we may assume (13.7).

We may moreover, by Lemma 1, assume that f, is perfect, since
we are only interested in the maximum value of s(fy). ‘By the definition
of perfection, and the perfection of Ey, f, can be perfect only if the (x, x,)
with z¢ >- 0 and fo(x, ) = 1 determine the coefficients of f, uniquely;
and these x are as we have seen just those for which equality holds in
(13.5) with Eg(x) = 1 or 2. So assumption (13.6) would be justified if
in it we read (13.5) for (13.2). To justify (13.6) as it stands, we note that
the cases of equality in (13.5) with Eg(x) = 2 are trivial consequences,
by (13.4), of cases of equality in (13.2).

Assumptions (13.6), (13.7) are justified if they tmply (13.3).

This is trivial as far as (13.7) is concerned. To prove it for (13.6),
note that (13.2) is a system of linear inequalities in 7, ..., rs, satisfied
if and only if » lies in a certain convex polytope; and the points of this
polytope that are farthest from the origin are its vertices. So (13.3) is
true if it is implied by (13.6).

It now suffices to assume (13.1), (13.2), (13.6), aud (13.7) and prove
(13.3), (13.4) and either f, ~ E, or s(f,) < 136. To do this it is best to
change the notation. We write, cf (1.8),

8
(13.8) fo =5 Y (w;— t;my)*+ ca},
i=1

where w;, = x4—2y; for ¢« = 1,...,7 and wgs = 2, whence w ranges
over the sub-lattice of A4 defined by

Il

(13.9) w, = =wy(mod2), w,+ ... +ws =0 (mod4).

The minimum points of E,, in the w-notation, are the permuvtations of
(13.10) (+2, +2,0,...,0) and (+1,..., +1),

with evenly many + signs in the latter case; and so the inequalities
(13.2) become

(13.11) ThEL <2, 1<1<j<8,
(13.12) bt . < 4.

It is easy to write down the points where Ey = 2, in terms of w, and
verify (13.4). It is easily seen, using the reflections mentioned above,
that the group of auntomorphisms of IJ; is tiansitive on the 119 4 128
points (13.10). Now to determine the ¢, we need at least 8 cases of equality
in (13.11), (13.12); for brevity we call these cases equations (13.11), or
(13.12). And we may clearly suppose that we have at least 4 irredundant
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equations (13.11). Further, we note that the lattice (13.9) is unaltered
by permuting the w;, or changing the signs of any two of them, so we
may suppose

(13.13) B>t >t (.

If among the four, or more, equations (13.11) there are two with
the same i, j, we may clearly, by (13.13), suppose these two to be
t, +1t, =2, giving t, =2,1¢, =... =13 = 0. Changing the origin of ¢
and looking at (1.8), this is easily seen to give fy, ~ Ky, and ¢ = Eg4(1)
=326 =1

If ¢t, =1t,, then the equations (13.11) will give ¢, = ... =1t, =1,
whence (13.12) is easily seen to imply that the other ¢, all vanish. Since
the point (2, 2, 2, 2, 0, ..., 0) is easily seen to go into (3,1,1,1,1,1,1,—1)
and this into (4,0, ..., 0), by reflections, we see from the preceding para-
graph that in this case we again have ¢ = }, f, ~ E,.

There remains only the case in which the equations (13.11) are equi-
valent to ¢, =2—-0,1{, =... =t =0,0<0<1,h>5. Then the first
five 4 signs in any equation (13.12) must all be 4. So if we subtract
one of these equations from each of the others, we obtain a system of
equations #;4+¢ = 0, h <14 < j, which must clearly suffice to determine
all the ¢; with ¢ > k. It follows easily that all these ¢; are ze~o. Then any
one equation (13.12) gives 24+ (h—2)6 =4, 0 = 2/(h—2).

The case b = 6 may be excluded since in it the equations (13.12)
give t,+1t, = 0 but not t,—t; = 0; also h = 7, since it gives only one
equation (13.12), from which ¢; = 0 does not follow. With h =5 of 8
we find ¢ > }. This excludes any possibility of equality in (13.5) except
with Eg(®) = 1; and we find s(f,) = 129 by verifying that there are just
8 cases of equality in (13.11) and (13.12), hence in (13.2), and noting
the trivial case @ = 0 of (13.5). This completes the proof of Theorem 1.

14. Conclusion. I note that (2.7) can be considerably improved for
n > 10 if Ey c f, is assumed; and this can be done very easily, because
with f, = E, in (6.1) we must by (13.3) have miny > }. In particular,
E, < f,, implies s(f,,) < 168, and equality is possible. But at earlier stages
of the argument, that is, without the assumption E; < f,,, it seems very
difficult to do much better than (2.7), that is, s(f;) < 264.

‘T note also that, by the Corollary to Lemma 9, if minf, =1 and
A, ¢ f,, then for n < 6 we have s(f,) < 4 n(n+ 1) and so f, is not perfect,
a fortiori not extreme, nor absolutely extreme. Consequently, for » < 6,
in investigating the minimum of the determinant of f, for minf, =1,
one may assume A, c f,. This would simplify the argument of Blichfeldt
(2] by getting rid of two parameters; it is equivalent to assuming the
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intuitively obvious, but probably false, result that in a densest possible
lattice packing of equal spheres, each sphere must touch two others that
touch each other.

This simplification of [2] is possible also for » = 7. More preocisely,
suppose min f, = 1 and 4, ¢ f,; then in a paper under preparation I have
proved that s(f,) < 28, and if equality holds, as it must if f, is perfect,
then there is just one possibility for f, up to equivalence. For this possi-
bility see [8]; it is perfect, and extreme, but not absolutely extreme.
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