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Introduction. The notion of TS-quasigroups is important in the
theory of quasigroups developed by R. H. Bruck, A. Sade, S. K. Stein,
V. D. Belousov and others (see e.g. [1] and [4]). A quasigroup is called
a TS-quasigroup if the equation zy = z implies the equation z'y’ = 2',
where z’, y', 2’ is any permutation of elements x, y, 2. Put another way,
this means that we always have xy = yo and x(2y) = y. An idempotent
TS-quasigroup is called a Steiner quasigroup [1].

The notion of a TS-quasigroup was introduced by Bruck [2] who
also pointed out the analogy between the idempotent TS-quasigroups
and the triple systems of Steiner. Some results about Steiner quasigroups
and their generalizations can be found in [3] and [5]-[7].

In [8], I have considered the notion of an A*-algebra —a generalization
of Steiner quasigroups. Each A*:algebra is determined by a finite system
of equations. The existence of an A*-algebra of n elements implies the
existence of at least one system (2, k, n) of Steiner that is completely
determined by this algebra.

In this paper, I shall generalize the notion of an A*-algebra and hence
also of an idempotent TS-quasigroup, by introducing the notion of a Steiner
(ky, ky, ..., k,)-manifold. ' ’

These manifolds appear to correspond precisely to such (2, k, m)-
systems of Steiner which can be described algebraically as finitely equa-
tionally axiomatizable groupoids.

We get a further generalization by introducing the notion of a Steiner
quasimanifold.

1. Let ky, &y, ..., k, be an increasing sequence of integers and let
ky, >2.

Definition 1. The (k,, k,, ..., ky)-groupoid of Steiner is the group-
oid @ = (A4,0) for which the following conditions hold:

(W,) Each pair of different elements of A generates some subset
of A consisting of k, elements.
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(W;) ¢#=1,2,...,n) Bach system of ¢{4+1 independent (in the
sense of generating) elements of A generates some subset of A consisting
of k; elements.

It is easy to see that in the case when A is a finite set, each
(k,)-groupoid of Steiner is equivalent with some o(2, k, m)-system of
Steiner.

Let G(X,o0) be the groupoid of words ?, = t,(z,, ..., 2,), Where
x;¢ X are free generators. Denote by T™ the set of all words of G(X,0),
and by T a subset of 7™ generated by z,, 2, ..., #;. Let = be a relation
of equivalence in T™ satisfying the following conditions:

(M) | TO%m| = k; (j =1,2,...,n);

(RP,) for each triple of words t,, t,, t;e T™ if ¢, at,, then (t30t,) 7w (t301,)
and (f,0t3)7m(t,015);

(RP) for each system of ¢-+1 words ty,1,,..., t;eT™ and for each
pair of words ., teT? if t,(w,, @1y ..., @)Wl (2o, 1y ..., @), then
ta(to, tl’ ooy ti)ﬂtg(to, tl) ceey ti) for ¢ = 1, 2, ooy Ny

(RJ) for each system of i+2 words iyt ...,%,,¢T® such that
~ (t;mt,) for j # s and j,8 =0,1,...,7 there exists a word teT® for
which t(to, biy eeny ti)nti+1 .

Conditions (M;), (RP,), (RP) and (RJ) are a scheme of a system
of axioms. We get a well defined system (T™, n) of axioms by specifying
T™ and n. By a Steiner (ky, k,, ..., k,)-manifold we shall mean the class
of algebras satisfying a system (7™, x> of axioms.

We call a finite axiom system of a Steiner (%, k., ..., k,)-manifold
a submodel (z, ) of (T™, n) if v = T™ is finite and the relation = in 7™
i3 well defined by its own restriction to z.

2. Let o be a relation of equivalence in 7™ for which

(M) |T®[e| =k
and

(RP,) for each triplet of words #,, t,, t;e T™ if t, ot,, then (t,01,) o (t501,)
and (f,013)pe(t,013).

Definition 2. The mnatural sequence of subsets T7,,T,,...,T;,...
of T™ is the sequence constructed as follows:

1. T, consists of all free generators of T,

2. T; consists of all words of the form #;0f,, where either #;¢T;_,
and %eT), (p <j—1) or t:eT;_; and t;eT,.

Definition 3. A basis of the natural sequence of subsets 7,, T,, ...
of T™ is a sequence of words 7y, ..., v, such that 1° w01, ¢ #j (i,
=1,2,...,k), and 2° if 7;¢T,, then for each ¢{¢7, (s <r) we have
~ 1o7;.
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Having chosen a basis, let 7, be the last among those elements of
the natural sequence which contains some elements of the basis. Put

T= )T,

p=0

In virtue of (RP,) it is easy to prove by induction that the relation o
in T™ is well defined by its own restriction to 7. Therefore:

For each axiom system (T™,n)> there exwists a finite axiom system

{t, 7).

3. Let (T™, ) be an axiom system of a Steiner (%,)-manifold.
Free generators of T will be denoted by z and y.

THEoREM 1. For the axiom system (T, x> we have (wowx)ms.
Proof. Suppose that

(%) ~ (o x)me.

Moreover, let each coset of = contain an element #;(x, ). Let the
word t(z, y) belong to the coset containing ¢ (z, z). By (RP), t(z, y)nt; (2, )
implies ¢(x, )nt;(z, ). Hence all words that are equishaped with (xz, x)
are in relation = with #(z, ) (words ¢,(«, y) and t¢,(x, y) are equishaped
if t,(x, x) is identical with ¢,(x, #)). Since = and y are equishaped, we
have xzy. But by (RP) we have axxt, where ¢ is an arbitrary word. Hence
xrm(xox) which contradicts (*).

Hence there exists a coset not containing a word which could be
written by means of z only. Denote such a class by K. It follows form
(RJ) that if K contains the word ¢(x, y), then there exists a word £,(x, ¥)
such that ¢(x, y)nt,(x, xzox). But ¢,(r,2xo0x) is written by means of x
a.long — a contradiction. Thus (zoz)mx, which completes the proof.

TuEOREM 2. For the awiomatics {T™, x> we have:
(Q,) for each triplet of words t,,1t,,t;e TV if t,0t,mwt,0ty, then t,mly;
(Q1) for each triplet of words t,1t,,t,eT") if t,0t,mts0t,, then tynty;
"(Q,) for each pair of words t,, t, there exists a word t, such that t,0tymty;
(Qg) for each pair of words t,, t, there exists a word ty such that t,0t,7t,.
Proof. We start with the proof of (Q,). If zny, then, by (RP), znt
for each ¢, which is impossible. If zzxoy, then by (RP) we have ymyoz,
whence k, = 2, a contradiction. In the same way we obtain ~ an(yowx).
Thus
(i) ~zr(zoy), ~an(yox) and ~ xmy.
Let t,0t,7t,0t3. By (i) and (RJ) there exists a ¢ such that y=t(z, xoy).
Hence by (RP) we have first ¢,#t(¢,, t,0t,) and ty#t(t,, t,0t5), which by
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(RP) and the assumption of the theorem implies t3=t(¢,, ¢,0t,), and,
finally, t,7t,.

We prove (Q;) in the same way.

From (Q,), (Q,), (RP) and (M,) we immediately obtain (Q,) and
(Qe).

Theorems 1 and 2 lead to the
CorOLLARY. Fach Steiner (k,,k,, ..., k,)-manifold is an idempotent
quasigroup.

4. Example of a construction. Let ¢(x,, #y,...,2,)e T™ and y,, ¥5, ..., Yn
be coordinates of points of the hyperplane y,+y,+...+y, =1 in the
n-dimensional affine space over the field GI(p). Let . be the mapping
~ (Y1y Yoy ---y Yn) defined as follows:

h: @ — (Y1y Yoy --o3Yn), Where y; =1, y; =0 for j +#1.
IE R (g @y ey ) = (005 95y oo 90) ADA Rty oy ..oy 20) =
= (Y1 yY2 5---3Yn), then
h(t‘(wl’mﬂ"'7m'L)Ot2(ml’mz’---,mu)) = (Y1y Y2y «ovy Yu)y

where y; = q; 4 (1—¢q)y:, ¢ being any element of the field different
from 0 and 1.
Define now relation = as follows:

00y Ty onny X)Wl (21 Xy ...y )

if and only if (y1, Y2y .oy ¥u) = W1 %2 s ooy 9.

The pair (T™, x>, thus defined, is an axiom system of a Steiner
(p, p%, ..., p" ')-manifold. It is easy to verify that each Steiner (p)-mani-
fold obtained in this manner satisfies the condition of elasticity:

ro(yox) = (zoy)ox.

A Steiner (p, p?)-manifold is a distributive quasigroup, i.e. it satisfies
the following conditions:
2o (yo2) = (zoy)o(woz),
(yoz)ox = (yox)o(zowx).

A Steiner (p, p2%, p®)-manifold is a ‘medial quasigroup (according
to Stein); this means that it satisfies the equation

(roy)o(uov) = (xou)o(yow).

5. Examples of axiom systems.
I. 2o = .

II. zoy = youx.

III. wo(zoy) = y.
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This is an axiom system of Steiner (3)-manifold. From II the elasticity
follows.

IV. zo(yoz) = yo(zo(xoy)).
I-IV are axioms of Steiner (3,9)-manifold. It is easy to prove that
they imply the distributivity conditions.
V. zo(yo(zou)) = zo(yo(wou)).
I-V are axioms of Steiner (3, 9, 27)-manifold. They imply the con-
dition of mediality.

6. The review of Steiner (k,)-manifolds for %k, << 7. There exists
one and only one Steiner (3)-manifold:

[A%] roxr =2, a0y =yowx, zo(xoy)=wy.
There exists one and only one Steiner (4)-manifold:
[A*] wox =z, oy =yo(yowx), wolwo(zoy)) =y.
There exist three Steiner (5)-manifolds:
[A®] ror =z, oy =yox, xo(xoy) = yo(yo(yow)),
wo(wo(mo(woy))) =y.
[A¥] wox =@, a0y =yo(yow), xo(zo(zoy)) = yo (yo(yox)),
xo (cco (me(moy))) =y.
[A%"] dual to [A¥]-with the operation # Xy = yo=.
There exist five Steiner (7)-manifolds:
[A"] rox =x, LOY = yo(yo(yo(yo(yow)})),
xo(woy) = yo(yowx), wo(ro(woy)) = yo (yo(yo(yow))),

wo(wo (mo(mo (wo (woy))))) =y.
[A7] dual to [A].
[B'] w@oz =42, axoy=yoz. (zo(woy))o(yo(yox)) = zoy,
(zoy)o(yo(yox)) = yo(wvo(woy)), wo(wo(xoy)) = y.
[C"] zox =z, wxo(xoy) =y, (yox)ox = (xoy)oy,
((yow)ow)ow =19, (roy)o(yox) =yo(zxoy).
[C"] dual to [C"].

Colloquium Mathematicum XX.1 q
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7. Steiner quasimanifolds. Let G(X,0) be a groupoid of words,
where X is the set of three free generators: X = {z, y, z}. Denote by T®
the set of all words of this groupoid. T denotes the subset of words of
this groupoid generated by z and y.

‘Let = be an equivalence relation in 7® satisfying the conditions

(M) |TO[n| = ky;

(RP,) for each triplet of words t,,t,, t;¢T® if t,nt,, then t,0t,nt01,
and t,0%y7t,014;

(RP,) for each pair*of words iy, t;,eT® and for each pair of words
la) tﬁeT(l)y if ta(2, y)mtp(e, o )s then ta(tm tl)ntﬂ(tm t1)§

(RJ,) for each triplet of words #,,¢,,#,eT™ such that ~ (t;nt,) for
j #s and j,s = 0,1, 2, there exists a word teT™ such that t(t,, t,)7t,.

Definition. The words t,,t,,t,eT® are linearly dependent which
we denote by L(ty,1,,1,), if ~ (int) for t s and ¢t,8 =0,1,2, and
if there exists a word teT such that #(¢,, ¢,)=t,.

Let o be an equivalence relation in the set 7® such that

(W) t,nt, implies t, ot,;

(My) [T®]g] = ky;

(RP,) for each triplet of words ¢,,t,, t,eT® such that ~ L(t,, t,, t,)
and for each pair of words t,, {;¢ T, if 1,015, then t,(ty, ., t,) ots(to, t1, ts);

(RJ,) for each quadruple of words #y, ¢, t,, t;¢T® such that ~ ¢ of,
for j #s and j,s =0,1,2,3, and ~ L(¢,,?,,1,), there exists a word
teT® guch that t(ty, t,, t,) ols.

A model (T®, o> is called axiomatics of a (K1, k;)-quasimanifold of
Steiner.

Each Steiner (k,, k,)-manifold is a Steiner (k,, k,)-quasimanifold.
In fact, conditions (RP,) and (RJ;) are a weakened form of conditions
(RP) and (RJ) for the relation = of section 1.

We give now an example of an axiom system of a Steiner quasimanifold
which is not an axiom system of a Steiner manifold.

(3,7)-quasimanifold of Steiner:

I. zozx =z,
I1. zoy = you,

III. zo(zoy) =y,

IV. ~ L(z,y,2) »>2o(yoz) = (zoy)oz, where ~ L(z, y, z) denotes
the independence in the sense of generating.
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