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Introduction. Let ./ be an algebra of subsets of a set X. A subadditive
set function ¢: ./ =[0, oo) is called a submeasure if ¢ is increasing and
(@) = 0. We follow Bandt [1] and define the permeability of a submeasure
@ as

a(p) =sup (u(X): u is a finitely additive measure on .o/, u < ¢].

It is useful to express (@) in terms of multiple coverings of X as follows (see

[5):
1 m m
1) ax(p) = inf{EZ_ Q(A): Y 1y = k"x},

where A4; €./ and 1, denotes the indicator function of A4;.
In this note we consider the permeability on finite algebras. More
precisely, we take into account the numbers «, defined by

a, = inf {2 (¢): ¢ is a normalized submeasure (i€, ¢(X,) =1) on Z(X,)},

where #(X,) is an algebra of all subsets of an n-point set X,. The interest in
these numbers comes from a construction of a pathological submeasure (i.e.,
a non-trivial submeasure ¢ with a(¢) = 0; see [3] and [5]). It is clear that
there do not exist pathological submeasures on finite algebras because for
any normalized submeasure on #(X,) we have ¢(ii!) = 1/n for some i, so
that the measure u such that u(A) = 1/n for A > {i} and u(A4) = 0 otherwise
satisfies u < ¢, u(X,) = 1/n. Let us note that 1/n < a,. On the other hand,
we take into consideration the normalized submeasure ¢(4) =3 for
Ae2(X,)\ 10, X,). Then if we notice that all (n— 1)-point sets from 2(X,)
form an (n—1)-fold exact covering of X,, from (1) we obtain

n

2(n—1)’

o, < a(p) <
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Topspe [5] gave the inverse inequality for any normalized symmetric sub-
measure @ on #(X,) (ie, a submeasure ¢ for which ¢(A4) depends only on
the cardinality of A). However, it can be proved that lima, = 0 (see [3] and
[5]). The reader can find more information about convergence of «,’s in [1].
In that paper the author followed Vasak and asked:

What is the smallest number g with

1 _,
2(g-1)

_Bandt proved 6 < g <11 and suggested that this number is 11. In the
present note we prove g <9 (see Example 3). It is clear that a,,,; <a,. We
suppose that a,,, <a,. If this conjecture is true, then the same example will-
imply a;, < 10/18.

An upper bound of g. At the first sight Bandt’s example (see [1],
Example 2) seems to be incidental. The following method allows us to obtain
Bandt’s covering as well as a better result. This method is based on some
combinatorial idea. To make use of it we have to acquire enough informa-
tion on the numbers

B(k, p,r) = min {card #: # <[B)?, VE€[B] 34e%, A o E},

aq<

‘where the natural numbers k, p, r satisfy the inequ-ality k>p>rand Bisa
k-point set (we define [B]™ as the set of all m-point subsets of B). We are
especially interested in B(k, p, r) for small values of k, for instance k = 10.

Let 2 < [B]? be a family satisfying the above equality. For 2 we
construct the following (k x B(k, p, r)}-matrix:

(1) In k rows of this matrix we write in a sequence all numbers from 1
to B(k, p, r).

(2) We cross out the i-th row number from the j-th column of this
matrix if ieD;, D;e 2.

The sets given as rows in the resulting matrix form an exact (k — p)-fold
covering ¢ of Xp, . Let us note that any r of them do not cover Xpg ;..
If somer+ 1 cover X, , ., then putting the value 1/(r + 1) on every set from € we
can generate a normalized submeasure ¢ on Xp ,, as follows:

0 for A=0,

A) =. h |
¢4 =4 1in Wr+1): U 4> A, 4,€6) for A#Q.
i=1

Using the above-mentioned remarks we obtain from (1) the equality

1 k
(r+1) (k—p)°

a(p) =
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ExampLE 1. We use the above procedure to the matrix
4 4 33 2221111
75 6 5 65 3 7 4 3 2
8 6 8 77 8 4 8 8 6 5

Taking into consideration the columns of the above matrix as members of %
we obtain Bandt’s example (see [1], Example 2).

Some known theorems give fragmentary information about the numbers
B(k, p, r). In our consideration we shall use the solution of the following
problems:

For what integer n is it possible to form a triple system S(2, 3, n)
(quadruple system S(2, 4, n)), out of n given elements, in such a way that
every pair of elements appears in exactly one triple (quadruple)?

It is clear that a necessary condition for the existence of a system
S(2,3,n) is

(n—1)=0(mod2) and n(n—1)=0 (mod®6).

and, respectively, a necessary condition for the existence of a system
S(2,4,n) is

(mn—1)=0(mod3) and n(n—1)=0 (modl12).

Reiss [4] and Hanani [2] proved that these conditions are also sufficient. It
is obvious that the system S (2, m, n) consists of (;) (’;) different triples or

quadruples, where m =3 or m =4.

ExampLE 2. Let us consider the triples of a system S(2, 3, 9) as a family
<. Then B(9, 3, 2) = 12 and we can construct the (9 x 12)-matrix as above.
The sets given as rows form an exact 6-fold covering % of X,. It is clear that
there are three of them which cover X,, and no two do. Putting the value 4
on every set of ¥ we can generate a normalized submeasure ¢ on X, with

<ol )<1_9_'1 .
M2 SHOISITET2 2 )
Applying repeatedly the above procedure to a system S(2, 4, 13) we obtain a
9-fold covering 4 on X,;; and a normalized submeasure ¢ with

113_1B 1
39 27 2

Let us note that n/2(n—1) is not a good approximation of «, for n > 12.

for every n> 1.

a3 S a(p) <
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ExaMpPLE 3. We use the above method to the matrix
1 6 226111 2
5 3 7375556
9 8 4 4 8 2 3 4 4
10 10 10 9 9 6 7 8 8

Considering the columns as members of & we obtain the following 6-fold
exact covering 4 of X,:

—
w

wWnm L h W
(=)}
o0
A =]

[
N
S R S S

7
7 8 9
4 5 6 7 8 9

A O O

No two rows cover X,. Assigning the value 1 to every set we can generate a
normalized submeasure ¢ on Xy with

110 10 9
4% <@ =3 =13 1§

Then Example 3 implies that g <9.
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