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1. Introduction. Denote by w,(s) the step function equal to
2nk[/(2m+-1) for se{si_;, 8x) and by w,(¢) the step function equal to
2nl/(2n+1) for te<lt_,,1t), where
2nk 2l
i ’ h = tgn) = i
2m+1 2n+1
(ky1 =0, +1, £+2,...; m and n mean non-negative integers).

The numbers s, and #; are called the fundamental poinis of inter-
polation.

Given a rectangle R = [a, b; ¢, d], let

8 = 8§ =

D <a<s < <... <8 < b< s,

(1, <e<tP <), <..<®?<d<i.
Write

b ad
f f @ (8, 1) Ao (8) dowg(f) = om +1)(2n+1 22¢(s;‘m) ()

k—-al

for any function ¢(s,?) defined in R. Retain the symbol f @(8)dwn(8)
used in [4].

- The main theorems of this paper, presented in section 5, concern
convergence of trlgonometnc polynomials

@, v f) = — f f £(8, ) Du(s—w) D, (t—y) dewm(s) doon (1)
(0<p<m, 0<v»<n) connected with a function f(s,t) which is Rie-

mann- 1ntegrable over the square Q = [—=, n; —=, ©]; here, as in [4],
1 ” sin(v+3)z
D,(z) = — Co87r2 = ———,
(#) 2 +,§ ¢ 2sintz

In sections 2, 3, and 4 we introduce suitable notions and give some
auxiliary results.
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2. Inequality of Young’s type. Let
A= (a;x)y, B=(bip) (1=1,2,...,m; k=1,2,...,n)
be two matrices of real or complex numbers, and let
A = (aig), B =(byg) (=1,2,...,m;1=1,2,...,9)
(4™ =(ajx), B- =(bjx) (G =1,2,...,p4; k=1,2,...,n)]

denote the matrices in which every column [row] is the sum of a number
(=1) of different neighbouring columns [rows] in 4 or B, respectively.
Write, for p,q >0,

y m » k
Spa(4; B) = max |3 (3 lacall]" [ 3 ( max | 3 b;: |7,
A'B’ 1=1 4=1 =1 1<k<s<m i=1

I n p 1 ]
Spa(4, B) = max | 3( 3 laal[']| X (max| 307",

SP.Q(A’ B) = mjn{S;J,q(Aa B)7 S;,G(Ay B)}

We shall prove an analogue of inequality (5.1), announced in [5].

2.1. THEOREM. Given positive p and q such that 1/p+1/qg >1,
we have

m n i )
1) Ig:jé:(“i 71;13;‘1”? 8)| < Cpe8pq(4, B),
where -

1 1 hind
Cpq = 1+C(— —|——) =14 Zk—(llp+1/4).
p 9 k=1

Proof. Let, for ¢ =1, 2, ..., m,

a1 fl<k<n
az{,l = a‘i,k+a'i,k+1 fl=k< 'n—1,
;141 fE<l<g<n-1,
bi1 if l<k<n—1,
bir = bix+bixss ifl=k<n—1,
bi, 141 if h<li<n—1.

Then an easy calculation shows that

(0603 30%) = 5 o0 3 bsed £33 37 Sond)

1 r=]18§=1 r=1 r=18=

3

-1

Ms
I

o,
I
|
-~
I
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Putting

m [
= Slose Stnr)y Mo =max| 30,
i= r=

1<i<m r=

we have

12 < [%1—12( S o ] [ 2 |M1+1l]

=1 1i=1

for a certain k¥ < n—1 (see [5], § 2). Consequently, with this %,

n—1 [ l n m

+ (_7;:1—}”—’37’”—‘1 [l; (1,=Zl lai,zl)p]”p X
I8

X[Z’ (max | 3 2 b

The first sum on the right can be similarly estimated, and so on.
Hence inequality (1) in which 8,,(4, B) is replaced by 8,.(4, B)
follows.

Starting with a;, bjx, -we get (1) with §;,(4, B) instead of
Sp.q¢(A, B). Thus, the proof is completed.

Note that the right-hand side of (1) does not exceed

Cp min [mjmlx [l;: (zg,: la o] ] Iﬁa_;x [ ;“; (kg{ laz )]} %

X max {maX[;'( max |2b AP max[Z(ma’XIZba )74}

1<ksm = =1 I<I<n §=

3. Variations and pseudovariation. Let 17 and IT® be partitions
of the intervals I, = {(a,b) and I, = {¢,d), generated by the points

0 =0, <B<...<B<...< By <Py =D,
C=Y1 <Y< oo <Y< et . <Y< Ypyyp = 4d,

respectively. Denote by /I the partition of the rectangle R = [a, b; ¢, d],
formed by the lines parallel to the axes and passing through all division
points of I7T" and IT®.

Suppose that the function f(s, ?) is defined in R, and set

Af (@i, y5) = (@i ¥7)=F(@is1, ¥5)—F @iy Y1) Hf (@isry Y1)

8 — Colloquium Mathematicum XXI. 1
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Write, for p > 0,

W, (f; R) = sup {j=21[_=21l4f(wi, y)I|P}",

W, (f; R) = sup {é: [7;: | Af (@i, y)I['}7,

and
Wy (f; R) = min{W,(f; R), Wy, (f; R)},

Wo(f; B) = max{W,(f; R), Wy (f; B)}.

The last quantity is called the p-th pseudovariation of f over the
rectangle R.

The p-th partial variations of f(s,?) with respect to the successive
variables are defined by the following formulae:

Volf(,0); L) = Sup {igl [f(@is1s ) —fl@e, DIPYP (tely),

Vo (f(s,); Io) = sup { 3158, yra0)—F (8, w) P} (sely).
2 7=1

We define the p-th variation V,(f; R) of f over the rectangle R as
in [3], §1.
An argument similar to that of [1], p. 38-39, leads to

3.1. LEmMMA. Suppose that
(2) Wo(f; BR) < oo

for a fized p > 0. Then, given any point (x,y) in the interior of R and
any positive &, there are two positive numbers o, and o, such that, for each
positive 6, < o, and 0, < oy, we have

Wo(fiRs)<e and Wy (f; BE)<e,
where

Ry =[2—0y,2+0,;9+6,y+0,], Rs =[x—o0,, &+0,; Yy—0z, y—04],
R = [@+0,a+0;y—03,y+0,], By = [w—0y, 5—8; y—0,, y+0s].
Now we shall present three theorems.

3.2. THEOREM. Let (x,y) be an inierior point of the rectangle R, and
let condition (2) holds for a certain p > 1. Write

Qa =Qa(w7 y) = [m_ay x+o;y—o, y+0’], o >0.
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(i) If
(3) limf(s, 1) = f(s, y)
sy
for any sel,, then
hmwz’i(f; Qu) = 0.
c—>0+4
(i) If
(4) limf(s, t) = f(x, ?)
for any tel,, then
lim W, (f; @,) = 0.

0—0+

Proof of (i). According to 3.1 choose, for an arbitrary ¢ > 0,
a positive o such that

Wo(f; Bf) <e and  W,(f; B5) <e
if 0 <6 <o, where
Ry = [#—0,x+0;y+06,y+0] and Ry = [t—0, x+0; y—0, y—0).
Write
Qs = [#—0,s+0;y,y+0] and Q7 = [v—0,2+0;9—0,y]
Evidently, there is a partition of the rectangle @}, connected with
the division points
T—0 =0 <L < ... <TG <ooo < Ty < Ty = &40,
Y=%1<Y < ... <Yi < 0. <Yn<Yp41 =Y+o

on the s- and ¢-axes, for which
n m
W (f; @) < {Z:[Z: | Af (a:, y)I[P}/P +e.
i=1 1=

By the continuity of f, we can find a number y; (y, < y; < ¥,) such
that

’ € .
|f (@55 y1) —F (@i, 11) | < Py for + =1,2,...,m+1.

Then if ¥, = Ysy Y3 = Ysy-++) Ynt1 = Yny, and 6 = y;—y,, we have

m

{ﬁ[z | Af (@, y)IP}P

i=14=1
m

< Z If (5 Y1) —F (@iy1y Y1) —F (i, ?/{)+f(97i+17 Y1)l +{1§ [tg,: | Af (;, y})l]”}"”

=1

o,

< 264+ W, (f; RY) < 3e.
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Consequently, W, (f; @) < 4¢ for sufficiently small o, and, by sym-
metry, the symbol QF can be replaced by @, . Hence

Wy (f; Q) < Wy (f5Q3)+Wa(f; 97) < 8e,

which completes the proof.

3.3. THEOREM. Let (2) be fulfilled with a p > 1 and let R, = [ay, by;
Co, dy] be a rectangle interior to R. Suppose that the function f(s,t) i8 con-

tinuous in each variable, separately, at every point of R,, being continuous
in 8 [resp. t] at s = a,, 8 = b, for every tel, [at t = ¢,, t = d, for every
sel,]. Then,

lim W{f; Qu(a, 9)) =0
uniformly in (x,y)eR,.

Proof. Supposing the contrary, we could find an ¢ > 0 and a sequence
of squares ¢, = Qyn(%n, ¥a) With (2, y,)eR, such that

min {Wy(f; ¢a), Wp (f; ga)} > &
Let (&, 7n) be an accumulation point of (z,, ¥,). Then

Wo(f; @&, m)=e and W, (f;Qs(&,7) > e
for every é > 0. On the other hand, by 3.2,

Wa(f; Qs(&,m) <e or Wy (f;@s(é,n) <e
whenever ¢ is small enough.

Thus, the proof is completed (cf. [1], p. 39-40).
3.4. THEOREM. Suppose that

() sup Vo, (f(10); 1) < 00 and sup Vy,(f(8, )5 o) < oo
elq 1

for some positive p, and p,. Choose a pair of numbers P1 > P,y and p; > P,
set I,(u) = (u—o,u+to) and retain the symbol R, used in 3.3. Then

(i) if f(s, ) 98 continuous at an interior point (x,y) of the rectangle
R, then

(6) Lim Vy(f(-, y+k); Lo (2)) = 0 = Him Vy(f(x+h, -); I, (3));
o =
(i) if
(7) lim f(z+h, y+k) = f(v,y)

h,k—0

uniformly in (x,y)eR,, then relation (6) holds uniformly in (z,y)eR,,
too.
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Proof of (i). By (8.2a) of [5],

Ve (f(, y+R); L (o))
<|{Vu, (f(r y+8); L (@)} { Osc f(s, y+k)}FrP0m,

T—o<8<T+0

Observing that

Vo, (fCy 9+ k); In(@) < gngpl(f(w t); I,) < oo
and ’
lim Osc f(s,y+%) =0,

0—0+ T—o<8<T+t0o
k—0

we get the first part of (i).

In case of (ii) the last relation holds uniformly in (x, y)eR,; whence
the desired result follows.

4. Analogues of the Riemann-Lebesgue theorem. In the sequel it
will be assumed that 0 < u<m and 0 <» << n.
By the analysis of the proof of Lemma 2.3 in [4], we obtain

4.1. THEOREM. Consider a function f(s,t) defined and bounded in
the rectangle [—w, n; —=, n]. Suppose that, for any positive A, there is
a partition

—Tt=.’,vl<$2<...<wr<$,-+1 =T
such that

r

max (Tpr1—k) + D (Ter1—@) Osc  f(s,8) <A
1<ksr k=1 T <8<TL ]

for all te<c,dy. Then, if 0 < 6 < =, we have

(]

lim wf_ f(8, ) Dy(s—x)dwn(s) = 0 = lim ff(s, 1) Du(s—x)dwn(8)

H—>00 —TT H—00 T+38
ungformly in (x,t)e[—=+ 6, n—3d; ¢, d].

A similar calculation leads to

4.2. THEOREM. Let f(s,t) be Riemann integrable over the square [—m,
7wy —7, ©], and let 0 < 6, n < w. Then

x—86 T

lim [ [ f(3,8)Du(s—)D,(t—y)dwn(s)dw,(t) = 0

b, y—>00 —T Y+7

uniformly in (z,y)e[—n+ 96, n—0; —n+n, n—n]. The assertion remains
valid for the integrals
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Now, we shall give the following
4.3. LEMMA. Suppose that the funmctions

Fi(8), Fa(8)y onry Fal8), ...

are Riemann integrable and wuniformly bounded over an inferval <{a, b).
Then if

lim#,(s) =0 for se<a, b),

N=—>00

we have
b
lim{lim fF,,(s)dwm(s)} = 0.
NnN—s00 M—00 a

Proof. By the Riemann integrability of F,(s),
b b
lim [ F,(8)dwn(s) = [ Fu(s)ds (n=1,2,...).
m—00a a
On the other hand,
b
lim [ F,(s)ds = 0.
n—00 a

Applying this Lemma we shall prove two further results.

4.4. THEOREM. Let the assumptions of 4.2 be satisfied with 6 < 7,
and let R = [a,b; c,d] be a rectangle such that —m4+n<a<b<nm—n
and —n+n < e < d< n—un. Write, as previously, I, = <{a, b), I, = <¢, @),
and I,(z) = {#—o,2+0).

(i) Given (x,y)eR, let f(s,t) be Riemann integrable in s [resp. in t]
over the interval {—m, n) for t = y [s = x]. Suppose that, for some positive
Py and p,,

(8) Vpl(f(" ;5 I,,(m)) < Pz(t; 0) and sz(f(s’ )3 Iu(?/)) < ¥y(s;0)

when —n<t, < and 0 < o <17, where the functions Dy(t; o) and
¥, (s; o) are uniformly bounded, Riemann integrable in t and s over {(—m, 7
and

lim @,(t; o) = 0 = lim ¥, (s; o).

o0+ o0+
Then
x+6 y+4
(9) ulvimw f yfa f(s,t)D,(s—x)D,(t—y)dwn(8) dwy,(t) = 0,

and the last integral can be replaced, successively, by

T y—6 y—6 r+48 T x+46

(10) S I T 0y J 1.

T+dy—46 - x—6 y+éx—8
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(ii) Suppose that there exist, for a given A >0, two partitions

—ﬂ=w1<w2<...<wr+1=‘m, —n:y1<y2<...<ya+1=7t
such that
r
(1) mex(oeu—ad+ F@n—a) Ose fls,) <A if tel,
1<k<r Tp<8<TY 4]

(12) maX(yz+1—yz)+ Z(yz+1 y1) Osc f(s,t) <A if s el,.

1<I<e y<i<yiyy
Suppose that the conditions of (i) are fulfilled with
D(t;0) = Pu(t; 0), Y (s;0) = ¥y(s;0)

independent of (x,y)eR. Then the convergemce of integrals (9) and (10)
18 uniform in R.

Proof of (i). Confine ourselves to the integral
Tt Y+6
= { [ (s, t) Du(8—a) D, (t—Yy) dwom (8) dwon (2).

T+8 Y

Given a positive ¢, there is a positive v < é such that
f Y, (8; 1)don(s) < e

if m is large enough, by 4.3. Write

T Y+ T Y+48
J = (x_‘!& J + a:-{ay-‘[ ) {f(37 t)_f(s’ y)}D#(s_w)DV(t'—?/)dwm(s)dwn(t)'l'
T Y+o

+ wia yf (8, y)Du(8—) D, (t—Yy) dwn(8) dwy (t) = (J1+J3) +J 5.

Let ¢, #%,,...,#" be all fundamental points belonging to the
interval <y, y-+ 7). Then,

1
28in(6/2) 22 2n—|—1

T < i~ Z{f(s 1) —1(s, 9)} Do()—9) | dom(s),

and, by the Abel transformation,

..-

q—

i i
2% n) _ ™ -
al < 28in ( 6/2) .‘[21@—}—1 Iy‘=klgf:{f 8y t )—f(8, 421} D (B —y)+

q
+{f(s, 4N —F(s, )} 3 Du(#"—v)| doom(s).
1=k
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Inequality (5.1) of {5] and Lemma 2.1 of [4] lead to

14| < f Vo (F(8, )5 <y, y+ D)+ 17 (8, 89— F(3, ¥)|} dom(8)

2sm(6/2) z3e

nol ‘2 f!I’ (85 T)dwn(8),

where C, is a constant. Consequently, |J,| < nC,¢&/é for large m and n.
In view of 4.2, |J,| < ¢ if u and » are large enough. Further,

v+8

[J 3] < I ff(sy Y)Du(s—a dwm(S)H f D, ( —y)dwn(t)l

Applying 2.1 and 2.3 of [4], we conclude that |Jg| < ¢ provided
u is sufficiently large. Thus the proof is completed.
In case (ii) we observe that
(s, ) —F (8, ) < Viy(£(5, +); L(y) < (85 1),
and we apply 4.1 instead of 2.3 of [4].
4.5. THEOREM. Retain the initial assumptions of 4.4; take (z,y)eR.
(i) Suppose that

|f(e+u, t)—f(z, )] < @ (t; |u]), 1f(s, y+0)—f(8, ¥ < wy(8;0]),

if —p<u,v<nand —n<t,s<<n, where ,(t; u) and y,(s8; v) are non-
decreasing in u,v > 0, Riemann inlegrable in t and 8 over {—m, ) and
such that the functions of t and of s defined by the Lebesgue integrals

g Cl!t. o .
fsv(,u) a, f%(sﬂﬁ) o (0< o<y
0 U 0 v

together with f(x,t) and f(s,y) are also Riemann integrable over {—m, ).
Then the assertion of 4.4 (i) remains valid.

(ii) If, moreover, the majorants
p(t;u) = @=(t5 %), w(8;0) =w(8;0) (0<u,v<7n)

are independent of x, vy, then, under the integrability conditions (11), (12),
the conclusion of 4.4 (ii) holds.

Proof. Let (z,y) be fixed. Consider only the integral

Ty+é

+ff f(s,t)D,(s—a) D, (t—y) dwm(8) dw, (t).

By 4.3, for any positive ¢ there is a positive 6, < 6/2 such that

4

26, (8’ ’U)
f wy(8;51)+f %—v’—dv don(s) < ¢
0

—7
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if m is large enough. Write

T Y+ n y+é
J = z+df/f x_;_;;y f ) {f(s, )—f(s, y)}Dp(S—w).D,(t—y)dwm(s)dwn(t)_|_
ny+é
+a:§!a f f(-S', Y) ”(S—w).D,(t—y)dwm(s)dwn(t) — (J'-I—J")-I—J”’.

Let ©V, t7,, ..., %%, be the fundamental points belonging to the
interval <y, ¥+ 6,). Then

(m)_
| < f F(8, 8 —F(s, 9) 2 1f(8, %) —f(s, 9)l

z+o 2 +1i o+l " —

dwmn(8)

™ 3 261 QI) (S°Q))
<n_{ zp,,(s;él)—{-gaf —-"T’—d'v dwy, (8)

for large n (see [7], p. 18). Consequently, |J'| < 3ne/2 for sufficiently
large m and n.

Further we argue as in the proof of 4.4.

5. Convergence criteria. Start with the following

5.1. LEMMA. Retain the symbols R, I,, I,,1,(2), @.(x,y), R, used
in 4.4, 3.2 and 3.3. Consider a function f(s,t) which is Riemann integrable
over Q =[—=, n; —=, w].

(i) Let f(s,1t) be continuous at a point (x, y)eR, and let relations (3)
and (4) be satisfied for sel,(x) and tel,(y), respectively. Suppose that the
partial variations (8) with ¢ = n remain bounded in tel,(y) and in sel, (),
and that

W(f?Qn xa?/)< oo

for a certain p > 1. Then, given an arbitrary e > 0, there is a positive & <
such that

x+8 y+6

@) | [ G 0—f@, 9} Du(s—a)D,(t—y)dom(s) doa(t)] <

provided m and n are large enough (0 < u<<m, 0 <v<<n).

(ii) Suppose that the assumptions of 3.3 are satisfied and that relation
(7) is fulfilled wuntformly in (x,y)eR,. Let, moreover, conditions (5) hold
with some positive p, and p,. Then inequality (13), with 6 small enough,
holds uniformly in (x,y)eR,.

Proof of (i). Consider the squares @, = Q.(z, y)(oc < 7). Choose
an arbitrary ¢ > 0, and set

x+o Y+ao

= [ [ {f(s,)—f(x,¥)} D, (s—a)D,({t—y)dwn(s)dwn(?).

r—o Yy—o
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Under the assumption
s <z—o <M < sl <... <M< ato< s,

1 <y—o <t <) <...<? <y+o<if,

the last integral is equal to

(2m+1)(2n+1)2 ,Z {F(s™, #")—f(w, y)} Du(s7" —a) D, (1" —y).

Hence, by the Abel transformation ([2], p. 16),

472 -1
J“ = (2,m+1;t(2n+1) {Uﬁ,l[f(sﬁy tl) _f(xyl’/)]+ 'i=2¢z Ui,z[f(siytl) _f(3i+l’tl)]
A—1
+ ,é; Usilf (365 ) —f(8p ti+1) ]+
f—1 A-1

+i§z jg; Ui,y'[f(si; 4)—f(8iy tir1) — F(Sig1s 8)+f(8i41y ty‘+1)]}
= TP LIPLIP I,

where

H = 2 2 D (sk_w)D (tl—?/)7 Sk = sscm); h = 15")-

k=a —y

The continuity of f at (v, y) and the estimate

(14) IZ D,(h—y)|<E (K = const),

2n—|—1

proved in [4], imply |JP| < ¢/4 for sufficiently small ¢ and large
m and n.
Further,

TP <

om +1 ”;: k—Za [f(8iy 12) f(8'0,+1, tg)]D (8x— x)l

Taking p, > p, and ¢, >1 for which 1/p;41/¢; > 1, and applying
inequality (5.1) of [5], we obtain

N <EC, .V {fC )5 Lo@)V (65 L),
where
Gl (w) = [ D,(s—z)don(s);

whence, by 2.1 of [4] and 3.4 (i), [JP| < ¢/4 if o, 1/m and 1/n are small
enough. The inequality remains also true for J©.
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Let
G (u,v) = [ [ D,(s—x)D,(t—y)don(s)dw,(t),

1/p+1/g >1, g¢>1.
In view of 2.1,

TN < O, Wa (5 @) Va(Gis'; Qo).
Since V,(G%7'; Q,) is uniformly bounded and lim Wy(f;Q.) =0,
q s

o—0+

by 2.4 of [3], 2.1 of [4] and 3.2, we have |J®| < ¢/4 for small o, 1/m
and 1/n.

Collecting the results we get the first part of the Lemma.

The proof of the second part runs parallely. In this case we apply
3.3 and 3.4 (ii) instead of 3.2 and 3.4 (i).

Now, an analogue of Theorem 3.1 in [4] will be given.

5.2. THEOREM. (i) If the assumptions of 4.4 (i) and 5.1 (i) are satisfied,
then

(15) limIZ'j’v"(w,?/;f) = f(w, y).

B,y—>00

(ii) Under the hypotheses of 4.4 (ii) and 5.1 (ii), the convergence (15)
18 uniform in (z,y)eR,.

Proof of (i). Given an arbitrary ¢ > 0, we choose a ¢ as in 5.1 (i)
and we write -

11;::’1'”('7"7 Y; )—f(w,y)

1 ™ T
=2 J [ {fs, )—F(@, 9)} Duls—2) D, (t—y) Gom(8) doon (2)

1. z+d6 y+é
== ] [ 506, 0—1(0,9)} Duls—2) Dy (4—9) deom (@) dert)+-H 2, ).
T zs y=s

In virtue of 4.2 and 4.4 (i),
lim Huy'(z,y) = 0.

b, 9—00

Hence, by 5.1(i), the result follows.

The proof of (ii) is the same in principle.

Next, we shall present the

5.3. LEMMA. Retain the notation and the initial assumption of 5.1.

(i) Let f(s,t) be continuous af a point (x,y)eR. Suppose that there
are three functions g (t; u), v, (8; v) and yz4(w, v), which are non-decreasing
in u, v >0, such that

lf(w+u7 ) —f(z, )| < @z(t;|ul), 1 f(s, y+o)—f(8, 9l < UACHCHE
If(@+w, y+v)—f@+u, y)—f(@, y+0)+ (@, ¥)| < 1,y (%], [v])
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if —np<wu, v<1n, tel,(y) and sel,(x). Moreover, let

nn (u Qﬂ
ff&’”—’—dudv<oo
s wo

o t- g .
limf%(’u)du=0, limedv=O
o0+ ¢ u o—0+ o v

uniformly in tel,(y) and in sel,(x). Then the assertion of 5.1 (i) holds.
(ii) Let relation (7) be fulfilled uniformly in (x,y)eR. Suppose that
the conditions of (i) are satisfied for all (x, y) e R. If, moreover, the majorants
@(t; u) = @a(t5u),  p(s;9) =py(850), x(u, v) = ¥oy(¥, v)
are independent of x and y, the conclusion of 5.1 (i) holds uniformly in R.
Proof of (i). Consider the integral J, defined in 5.1 and write

x+0o Y+o
Jo= [ | {f@0)—f(@, 9} Du(s—2) D, (t—y)deom(5)dwn(t)+
z+o Y+o
+ I I {6, 9)—F@, 9} Du(s—2) D,(t—y) doom (&) dwn (1) +
x+o0 y+o
+ sza y!g {f(s,)—f(x,t)—f(s, ¥)+ (@, ¥)} Du(s—a) D, (t —y) dwp(8) dwy (?)
=Jdot+ds +J5".
Choose an arbitrary positive . In view of (14),
Yy+o
ol SE| [ {f(@, t)=F(e, y)} D, (t—y)don(t)];
whence

Y V+o

EW<( S + J)1f@, 0—f(@, 9)] 1D, (t—y)ldon(d).

Let &, =107, tiyr = i, ..oy tpa =ty be all fundamental points in
the interval {(y, y+ o). Applying the estimates

(16) D=9 <3+v,  G—9Db—y)I<4,

we obtain
Y+o
[ 1f(a, )—f(@, 9)| | D,(t—y)| deon (?)

v
k+1

& |f (2, 8;)—f (@, y)| }
2n+1 :f——-zk-;l li—y

< ﬂ:{lf(w,tk)—f(w,?/)H

< n{lf(w, b —f (@, y)| 2 [ P2 dv}

0
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for sufficiently large » (cf. Th. 4.5). Consequently,

v+o

f |£(@, )= §(, )| ID,(t—y)|don(t) < 5=

if o is small and » 1s large enough. The last inequality remains also true
for the integral f Hence |J,] < e/4 and, by symmetry, |J,’| < ¢/4 for

sufficiently small ¢ and 1/m.
Split J,' into four integrals and consider one of them:
4o Yy+o

Ioy = f f {f(s, ) —f(@, ) —F(s, 9)+F(@, y)} x
X D,i(8—) D, (1—y) deom(s) deon (8).

Assuming that s, = s§", 8,1 = {1, ..., 8p4r = 847, are in (v, 2+ 0),
we can write

472
1’1’; = {f(8py ) —f (@, t)—f(Sp, ¥)+f(®, y} X
’ 2 1)(2n+1
(am-1)n+ )+ X Dy(sp—) D, (tx—y) +
on vee
+ om+ D,(8p—) f {f(8p,0)—f (2, 1) —F(3p,y)+f(2,y)} D,(t—y) dwn(t) +
k+l
2 Z+o
+ g Dulti—1) | (05,6 —F, 0 —1(5, 9)Hf (@, 9)} Dyl —2) deonfs) +
Sp+1
2+0 Y+o

+ [ [ {fs,0—F@,)—f(3,9)+f(®,9)} Du(s—) D, (t—y) deom () o (£)

Sp+1 k41
= 4, +BP+BO+BP.
By the first estimate (16) and the continuity of f, |4,| < ¢/32 for
o, 1/m and 1/n small enough. Further, inequalities (16) give

2

IBY| < - 7‘-0 1f (8, 8) —F(®, ) —f(8p, ¥) +S(, ¥)|

dw, (1
2. - n (1)
k+1 k+1
<n_2{ 2n Z %(w;tf——?/)_l_ 27 y "Py(spiti—?/)}
< .
2 \2n4+1;4L, t—y 2041 ;50 G-y

Hence, as before, we get |B)| < ¢/32 provided o, 1/m and 1/n are
small enough. The estimate remains valid for B, too. Finally, it can
easily be observed that

4 p+r  k+l

lB(3)| < T Xz, (8i—2, tj—y)
~

(2m4-1)(2n+1) ;511,50 (8i—x)(t;—y)

26 20

<O f f -——"”(Z ) dud
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if m and n are large. Therefore |J; | < ¢/8, and then |J;'| < ¢/2 for
sufficiently small ¢, 1/m and 1/n.

Thus the proof of (i) is completed.

Applying the last Lemma and reasoning as in 5.2, we get the fol-
lowing test of Dini’s type (c¢f. (5.5) of [6] and 3.2 of [3]):

5.4. THEOREM. (i) Suppose that the assumptions of 4.5 (i) and 5.3 (i)
are satisfied. Then relation (15) holds.

(ii) Under the hypotheses of 4.5 (ii) and 5.3 (ii), the convergence (15)
18 uniform in (z,y)eR.
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