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A function p(r) that satisfies the condition
(i) e(r)is differentiable for » > r, except at isolated points at which
o'(r—0) and o'(r+0) exist,
(ii) imgupe(r) = o,

00
(iii) limrg'(r)logr = 0,
.« 1. logM(r)
(iv) Irl—ﬁt_;EG)—— =1,

is called a prowimate order for the integral funetion f(z) of order g, 0 < ¢ < oo.

Shah ([3], p. 326-328) has proved the existence of a proximate order
for every integral function. In this paper we are going fo construct a
proximate order for f©(z)*g¢®(2) and also we ghall construct a function
which plays the role of a proximate order for both f@(z)*¢®(z) and
[f(e) *g(2)]®.

We agssume that

f&) = D) ae",  gle) = )b,
n=0 =0

are two integral functions.
We define

f(z)*g(z) = 2 @y b, 2",

n=0

(2) * g (2) Z n*(n—1)>... (n—s+1)1a,b,s"°
n=_8
and (f(2)*¢(2))® denotes the s-th derivative of f(2)*g(2). It is known
([1], p. 318) that f(2)*g(2) and f®(z)*g®(2) are of same order. Through-
out this paper we shall assume tha.t f(2) and g(2) are integral functions
of regular growth and the order of f(z) * g(2) isfinite and different from zero.
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1. Let u(r, s) denote the maximum term of

2 ntn—1)P ... (n—s+1)Ya,b, 2"
n=s
‘and let »(r, s) be the rank of this term.
Levma 1. If f(z) and g(2) be two integral funciions of regular growth
and lim [v(r, 8)—v(r, 0)] ewists, then

700

lim [»(r, 8)—» (7, 0)] = 20,

r—>00

where o 18 the order of f(z)xg().
Proof. We have

r
v(®, 8)—8
(1.1) log u(r, 8) = logp(ry, $)+ f ( ,m)__ i,
o
4 v(w, 0)
(1.2) log (7, 0) = log u (g, 8)+ f - $’ iz,
o
Hence

log [ (u(r, s)ju(r, )] = = [ MO N=200) gy o),

o
Dividing both sides by logr and making » ~» oo, we have

1/2 1/28 r .
(1.3) Liln log [r {‘M (T’ S)/ﬂ (.T’ 0)} ] — ].in'l 1 fv(wi S) 'V(w,'o_z dw.
rrcn logr ro0 28l0g7 @
o

But we have (see [2])

o) ]

lim 20.
700 10gr ¢
Hence from (1.3)
1 . —
(1.4) lim f 2@ 8)—=v(@0) o _
rooo 281l0g 7 ., )

0
Now the lemma follows from (1.3) when lim[»(r, ) »(r, 0)] exists.

700

LeMMA 2. For the function f(2)* g (z)

_l_og M(r, s)

gl T

Iim

=0
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where
,,,1[2
1og{~ (u(r, 8)/ur, 0))““}
e(r) = e =
og
and
M(r, s) = max|f*)(z)*g®(2)].
Proof, Since "=
1/2

0 = = {ulr, o)l OO

and ([2], Theorem 6), u(r, 8) ~ u(r, 0)[»(r, 0)*]/r°, when r - oo through
values excluding a set of measure zero, we have
1
M~ Z p(r,0), as r—> co.
e
Hence

log M(r, s) - olog M (v, §) - elog M (r, 8) 1
7o) C w(r, 0) v(r, 8)

since it is known that ([4], p. 32)
log M(r,8) ~logu(r,s) and »(r,s)~ »(r,0)

and therefore

i log M (r, s) 1
im——— =—.
7=r00 7.@(1') Q

THEOREM 1. If o s the order of f(2)*g(z) and Lim [»(r, 8)— »(r, 0)]
exists, then e

log iIz(#(f', 8)/u(r, 0))
0

logr

o(7)

will be a prorimale order of f(z)*g" (z).
Proof. Condition (i) of proximate order follows from the proper-
ties of u(r, s). From the known result (see [2])

1/2 o 0))2/28
(1.5) limlog{’l‘ (l“ (ry 8)/u(r, )) }=
roco logr

we have lim p(r) = o. Thus o(r) satisfies condition (ii).

700
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For (iii) we caleulate rg’(r)logr. Form (1.1) and (L.2)

P12
log{—e-(# (7, 8)/p ("",0))”2‘}
logr o

r[v(r,s) »(m 0)]

. ! {ge 1 = e— —_— _—

(1.6) r¢’ (r)logr 23[ ’ .
Since at the points of existence

pa(ry8) (7, 8)—s and: (1, 0) - v(r 0)
(7, 8) B r pu(r, 0) ro’

where u,(%, 8) and. u,(r, 0) are derivatives of u(r,s) and u(r, 0) respec-
tively, the right-hand side of (1.6) tends to zero by Lemma 1 and (1.5).
Finally condition (iv) of proximate order follows fromi Leimnma 2.
2. In this section we are going to construct a function g(r) which
will play the role of a proximite order for both f*“(2)*g®(2) and
[f)*g(@]®, s =1,2, ...
Let u*(r, s) denote the maximum term of

[f(z)»g(2)]® = E'n(fnml) coe (B—s+1)a,b,2""

1n=8
and let v*(r, 8) be the rank of this term.
LevmA 3. If f(2) and g(z) are two inlegral functions and Xim [»(r, 8)—
—v*(r, 8)] ewists, then Foroo
(2.1) Lm [»(r, §)—»*(1, 8)] = 90,

r—+00

when ¢ (0 < g < oo0) 18 the order of f(z)xg(2).
Proof. We have

-
w _—
(2.2) logu(r, s) = logu(r,, 8)+ fi(——%dw,
and "
(2.3) log u*(r, 8) = logu*(r,, 8 +fv‘_(_“_°’__f -
Therefore

(2.4) log[u(r, s)/u*(r, 8)] 1 fv(m,s)—v*(m,s)
h log#  logr e

7o

Now it is known ([2], Theorem 5) that

i LB 8) (1, 8)]
P00 logr

dr—+o(l).

:89l
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Hence the lemma follows from (2.4)

LevmA 4. If f(2) and g(2) are two integral functions of regular growth,
then

. log M(r,s) log M* (r, 5)
where
1

. log[? {u(r, 8)/u* (r, 3)}1,8]

e(r) = logr y 8=1,2,...
and

M* (7, 8) = max|(f2)+ g @) [*-
2| =r
Proof.

plrys) = [v(r, 8)(v(r, 8)—1) ... (v(r, 8) =8+ 1)[*@y (.0 Bugr,q) 7"
< v(r, 8)(v(r, 8)—1) ... (v(r, 8)— s+ 1) u*(r, )
< [v(r, §)1 u*(r, 5).

Similarly we can show that

" (ry 8) =811 4" (r, 8) < u(ry 8).
Hence

0 8) e, )T

(2.5) (" (ry 8)—s+1)° < (7, 8)

Now from (2.5) we can show
(2.6) logu(r, 8) ~logu®*(r,s), when # — oo,
Hence from

. v (7, 8) . v (r, 8)
¢ = him— =lm ————
roe0l0gu(ry 8) oo logu®(r, )’

we find that
(2.7) v(r, 8) ~9*(r,5), when r - ooc.

Therefore, from (2.5) and (2.7) if follows that

(2.8) = ~ [»(r,8)]?), when r — oo,
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Now
log M(r,s)  log M(r,s) N elogu(r,s)
0L o Ly )t (r, )]
~Lalr 9" ) ulr )
Hence
iy g M) L elogu(rs)
=200 72 B r—>00 [/ﬁ (ry 3)/,“* (7’, S)]l',s

Again since »(r, 8) ~ »*(r, s) when » — oo, we find from (2.8) that

H (ry8)
(2.9) P"* (7, 8)

Hence, proceeding as above, we can show that

~ [v*(r,8)]", when r —> co.

log M™(r, s) _

lim ——=z;

r—>00

1.

This completes the proof of the lemma.

TEEOREM 2. If f(2) and g(2) are two integral fumctions of regulary
growth, then

1 1/8
[E {u(ry 8)/ ™ (r, 8)}]
logr

o(r) = log , 8§=1,9,...

18 o provimate order of f€(2)xg®(2) as well as of [f(2)wg(2)]® when
Lim [»(r, 8)—2" (r, 8)] ewists.
T

=00

Proof. It follows from

i Jo8{n(r 8)/u” (1) )}
r-re0 logr

=Q, 8=1’2'o00,
that llmE('r) = Q.
r—-00
'.["h?s verifies condition (ii). Again condition (i) follows fron. tho
properties of u(r, s) and u* (r, ). We now verify condition (iii):
ro’ (*)logr

_logg 7 ulrs)

_ logu(rys) _ r wi(rys) 1 logu’ (1)
logr " s u(r,s)

1
$

——— ) ——— —— e

logr s @ (r,8) s logr

for almost all », where u}(r,s) denotes the derivative of u*(r, 8) with
respect to r,
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Therefore

— o loge | 1 . 1 log[u(r, 8)/u"(r, 8)]
e L R

Hence 7g'(r)logr -0 as r - oo on using Lemma 1. Also condition
(iv) satisfied owing to Lemma 2.

In conclusion I offer my grateful thanks to Prof. S. K. Bose for his
guidance in the work.
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