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0. Introduction. Let M be an n-dimensional Riemannian manifold
of differentiability class C* covered by a system of coordinate neighbor-
hoods {U; z"}, where here and in the sequel the indices k,i,j,... run
over the range {1,2,...,n}. We denote by g;;, V;, K;;;* and K;; com-
ponents of the metric tensor, the operator of covariant differentiation
with respect to Christoffel symbols {/*;} formed with g;;, components of
the curvature tensor, and those of the Ricci tensor, respectively.

An infinitesimal transformation o" is called an isometry if it satisfies

(0.1) £,9; = V;u,+ V9, =0,

where £, denotes the operator of Lie differentiation with respect
to o* and v; = g,,0"
The present author proved (cf. [5])

THEOREM A. In a compact Riemannian manifold, in order for an
infinitesimal transformation v" to be an isometry, it is necessary and suffi-
cient that

(02) gjiVjV,-vh+Kihvi — 0’ Vi,vi — O,

where ¢g' are contravariant components of the metric tensor and K = K, g

Since the Lie derivative of Christoffel symbols with respect to " is
given by (cf. [4] and [6])

(0.3) £,4") = V; Vo' + KM,
the first equation of (0.2) ean be written as

(0.4) g (£,{"}) = 0.
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An infinitesimal transformation v* satisfying (0.4) is called an almost
isometry (cf. [1] and [8]).

Since the Lie derivative of the volume element l/;, g being the deter-
minant formed with g;;, is given by (cf. [6])

(0.5) £,Vg = VgV,
the second equation of (0.2) can be written as
(0.6) £,Vg =0.

An infinitesimal transformation " satisfying (0.6) is said to be wvol-
ume-preserving.
Consequently, we can restate Theorem A as follows:

THEOREM B. In a compact Riemannian manifold, in order for an
infinitesimal transformation to be an isometry, it i8 necessary and sufficient
that it is an almost isometry and is volume-preserving.

An infinitesimal transformation " is called an affine transformation
if it satisfies (cf. [4] and [6])
(0.7) £} = V, Vot + KMk = 0.

From the general formula (cf. [6])

(0.8) £,4) = ¥(Vi£,90+ Vif 95— V£, 9:) 9™,

it is easily seen that an infinitesimal isometry is an affine transformation.
Conversely, if " is an infinitesimal affine transformation, it satisfies
(0.7) from which we can deduce (0.4) and (0.6) in a compact case. Conse-
quently, using Theorem B, we have (cf. [5])

THEOREM C. An infinitesimal affine transformation in a compact Rie-
mannian manifold is an isometry.

The main purpose of the present paper is to discuss some topics
related to the above-mentioned and to obtain some theorems not only
on infinitesimal transformations but also on infinitesimal changes of
metric and on finite changes of metric in a Riemannian manifold.

1. Infinitesimal isometries. In this section, we prove

THEOREM 1.1. An infinitesimal transformation o" in a compact Rie-
mannian manifold such that

(1.1) Ujin = (£v{jti})gth

is symmetric in all the indices and which is volume-preserving is an iso-
metry.
Proof. Since

(1.2) Ui, = (£,{/) 90 = V; V0 +Kpjino*
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is symmetric in ¢ and h, we have, by taking the skew-symmetric part
of U,; with respect to ¢ and h,

Vi(Vivp — V30;) +2K 0" = 0,
from which, transvecting with g%,
(1.3) g5V, V0, — g7V, V0, + 2K, 0% = 0.
On the other hand, from the Ricci formula
V;Vut,— V. V0, = —Kpto,
we find, transvecting with g%,

9V Vo, = V, Vo' + K)oy,
or

(1.4) 9"V Vyv; = Kpyo¥,
since the infinitesimal transformation v"* is volume-preserving, and hence
(1.5) Vo' = 0.
Substituting (1.4) into (1.3), we find
(1.6) gV Vo KM = 0.

Thus, according to Theorem A, equations (1.5) and (1.6) show that
the infinitesimal transformation o" is an isometry. Thus the theorem
is proved.

2. Infinitesimal changes of metric. Suppose that there is given a one-
-parameter family gj;(»,?) of Riemannian metrics such that

(2.1) . g5i(@, 0) = g;:(x)

in M. We call in this case the change of metric g;; — g;; an infinitesimal
change of metric. We put

(2.2) [0gi (@, 8) /0]y = aj

and call a;; the variation tensor. If a;; = 0, we call the change of metric
9ii —> g;;. an infinitesimal isometric change of metric.

Denoting by g* the determinant formed with gj; and computing
[0V g*/ot],_,, We find

(2.3) [0V g*[0t]—0 = }Vgajg".

If this expression vanishes, we call the change of metric g;; — gj;
an ¢nfinitesimal volume-preserving change of metric.
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Denoting by {}* the Christoffel symbols formed with gj; and com-
puting

U = [0 /0t1izo,

we find

(2.4) Ujih = %(Vjait+viaj¢—vtaji)gm
and, consequently, putting

(2.5) Ujin = Ujitgthi

we have

(2.6) Ujin = 3(V;a,+V;a;,—Vyay).

If the tensor U, vanishes identically, we say that the infinitesimal
change of metric is affine. If the tensor U, satisfies

(2.7) g°ur =0,

we say that the infinitesimal change of metric is almost isometric.
Suppose now that an infinitesimal change of metric g;; — gj; is affine.
Then, from (2.6), we have

V] aih + Viajh —_ Vha']'i == 0 y
from which

(2.8) V,-a,-h == 0.

Conversely, if (2.8) holds, then we have Uj,-" = 0 and, consequently,
we obtain

THEOREM 2.1. In order for an infinitesimal change of metric to be
affine it is necessary and sufficient that the covariant derivative of the varia-
tion tensor vamishes.

Suppose next that the Riemannian manifold M is irreducible and an
infinitesimal change of metric g;; — ¢j; in M is affine and volume-pre-
serving. Then we have V;a; = 0, from which, the Riemannian manifold
being irreducible, we have, by a theorem of Schur, a, = cg;, ¢ being
a constant. On the other hand, the change being volume-preserving,
we have a;g¢" = 0 and, consequently, nc = 0, from which a; = 0. Thus
the change of metric is isometric. Hence we have

THEOREM 2.2. An infinitesimal affine and volume-preserving change
of metric in an irreducible Riemannian manifold is isometric.

We suppose now that, for an infinitesimal volume-preserving change
of metric, the tensor Uj; is symmetric in all the indices j, ¢+ and k. Then,
from (2.6), we have

Viag+Viay —Vya; = Via, +Vya;,—Viay,
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from which
(2.9) V,-a]-h = Vhaj,-,

that is to say, V;a,, is also symmetric in all the indices. Thus (2.4) re-
duces to

(2.10) U;* = 4V;a,
where a," = a,g¢™, from which
(2.11) Ut =0,

since the infinitesimal change of metric is volume-preserving. Thus we
have

THEOREM 2.3. An infinitesimal volume-preserving change of metric for
which the tensor Uy is symmetric in all the indices is almost isometric.

Denoting by Ky, the curvature tensor formed with the Christoffel
symbols {/}*, and computing [0K};"/0t],_,, Wwe find

(2.12) [aK,:jih/atL:o == VkUjih _ V] Ukih.

Thus, supposing that Uj; is symmetric in all the indices and sub-
stituting (2.10) into (2.12), we find

) [a-KZjih/at]t=o = %(Vkvjaih_vjvka/ih),
that is,

(2.13) [0K i [0t)_y = 3(Kii'ai — Kyl a).

Thus we have

THEOREM 2.4. If an infinitesimal change of metric such that Uy,
is symmelric in all the indices preserves the curvature tensor, then the
curvature transformation and the transformation a commute.

3. Finite changes of metric. Let g;; and ¢j; be both Riemannian
metrics in an n-dimensional differentiable manifold M. We call the change
gii = 95; & finite change of metric. We denote by {/} and {}* the Chri-
stoffel symbols formed with g;; and those formed with gj;, respectively.

We put
(3.1) @ = 95— G

and call a;; the difference tensor. If a;; = 0, the change is an isometry.
We denote by g* the determinant formed with gj;. If

(3.2) Vog* = Vy,

the finite change of metric is said to be volume-preserving.
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We put
(3.3) Ut = {3 {3

If the tensor U,"vanishes identically, then the finite change of metric
is said to be affine.
For a finite volume-preserving change of metric, we have

Ui = () —{}} = 0,logVg*—d;logVg  (9; = 0/da"),
that is,

(3°4) tht = 0.

Now, if the finite change of metric is an isometry, then we have
U, = 0. Conversely suppose that we have Uj,." = 0. Then we have

J
{3 = {3
and, consequently,
0= V}’y?h = ngz‘m

where V; denotes the operator of covariant differentiation with respect
to the Christoffel symbols {;}*. Thus, if (M, g) is irreducible, we have,
by a theorem of Schur, ¢, = ¢g.s, ¢ being a positive constant and, con-
sequently, if the change is moreover volume-preserving, then we must
have g3, = g;». Thus we have (cf. [2] and [3])

THEOREM 3.1. If (M, g) i8 irreducible and a finite change of metric
gii — g;; is volume-preserving and affine, then the change is isometric.
We denote by

(3.5) Kt = 0"} — 0; 43" + " (T — (M 6
the curvature tensor of gj; and by

(3.6) Ky = 04"} — 0; {3 + (' — (M3 i

that of g,;. Since

(3.7) (" ="+ U0

we substitute (3.7) into (3.5) and find

(3.8) K = Ky + V. U —V; U+ UL U - U U

from which, by contraction with respect to k and k,

(3.9) K = Kji+V, Ul -V, Ut + UL U — U, UG

and, by transvection with g%,

(3.10) ¢"Kj; = K+V, 0" Ul —g"V; Ul + U9 Ul — " U U,

where Kj; and K;; are Ricci tensors of gj; and g;, respectively, and K
is the scalar curvature of g;;.
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Now, for a finite volume-preserving change of metric, equations (3.9)
and (3.10) become, respectively,

(3.11) K = K;+V, Uy —U;* U,
and
(3.12) g'".K;; = K + V‘g'ﬁ Uj"t —_ g’i tha Usito

If the tensor Uj;, is symmetric in all the indices, we have
FULU = Uy U >0, where U = U7 = U, g% g™,
Thus, from (3.12), we have

THEOREM 3.2. If a finite volume-preserving almost isomelric change
of metric satisfies

(3.13) 9K —K>0, U= Up,

then the change is affine.

Moreover, if the manifold (M, g) is trreducible, then the finite change
is an 1sometry. '

In fact, if (3.13) are satistied, then, from (3.12), we have U, U"* = 0,
from which U,; = 0, which means that the change is affine. The latter
part of the theorem follows from Theorem 3.1.
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