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BIAS-ROBUST ESTIMATES BASED ON ORDER STATISTICS AND
SPACINGS IN THE EXPONENTIAL MODEL

L. Préliminarios. Let F, G, H, K, W denote distribution functions. Wt;
identify the distributions with the distribution functions. We assume that al
considered distributions are strictly increasing and continuous on thelé
common support [0, o) and that all expectations in consideration exist an
are finite. Let E, denote the expectation upder the distribution F.

" - - . : s‘ 1
~ We use the stochastic order relation < for distributions: 1.€. Fs g llf] a;::
only if F(x) > G(x) for every x. If X and Y are random variables whic

. st .
distributeqd according to F and G, respestively, then we also write X < Y if
and only if F £ G holds.

Let X,,, X 2m -+ X,y be order statistics of a sample from a distribution
F. Tl_'le ra

ndom variables ¥y, = X,,,, Vi = Xoy=X;o 1oy § = 2,3,...,n, are
called spacings from the distribution F. Let W, be the exponential dlstnbutlolil,
ie. W,(x) = Wx/)=1-e"% x50, 1>0 It is well knov\fn .thatdt t:
normalizing spacings (n—i+1) Vin from the distribution W“ are mdepelzr 0
‘dentically distributed random variables with the distibution W, Thus
Ew, Vo= Min—i+1), i=1,2,.. n ST

© use the following property of IFR and DFR distributions.

Lemma 1 (Barlow and Proschan [10). If F is an IFR (DF R) distribution
and F(0) ' :

=0, then (n—i+1) Vin is stochastically decreasing. (increasing) in
N (-3

st .
—1i . —1 . . '=1, ,,..,n_l-
(n t+1)K-,.(,§.)(n Wicrm i=1,2,

st

We use also the notion of dispersive ordering of* distributions whasclll':all:g
been introduced by Saunders and Moran [9] and detaily studied by
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[10] We say that the distribution F has a smaller dispersion than G

(F 'G) if FYB-F'w< G '(f)—~G (o) for each 0O<a
< B <1, where F"1(u) = inf{x: F(x) > u}, ue(0, 1) (for G™! analogously).
It is easy to notice that the dispersive ordering is a partial order relation
in the class of distributions. The following lemmas give properties of the
dispersive ordering which are used in the sequel

Lemma 2 (Shaked [10]). Let F and G be strictly increasing and continuous
on their support [0, o0).

(1) IfF <G then F £ G.

(i) Let F and G be absolutely continuous with corresponding densities f
and g.-1f F<G and if f(x—c)—g(x) has for every ¢ >0 at most two sign
changes with the sign sequence being —, +, — in case of two changes, then

F<G

LemMa 3 (Bartoszewicz [3]). (i) Let Vi,, Vop, ..., V,, and let
Uim» Uzs ..., Uy be spacings from the distributions F and G respectively.

Iif FLa, then Vo< U, i=1,2,.
dis
() If W< <F and F is an IFR or a DFR distribution, then W <pF

2. Problem. Consider the problem of unbiased estimation of the scale
parameter A of the distribution W, based on a sample of size n. The
appropriate statistical model is

M, =(RY, #B],{W,, 1> 0}).

Suppose that the model M, is violated in such a way that the underlying
random variables have instead of W, an unknown distribution F, with the
scale parameter A from the set of distributions IT H,((Wl) satlsfymg the
following condmons

(i) H, \Fl\Kl for every F,ellyx(W,), A >0, where H; and K,
are some fixed continuous distributions with scale parameter 4, ie., H,(x)
= H(x/A) and K;(x) = K(x/A), and H(0) =0 = K(0);

(i) Hyellyx(W;) and K; ellgx(Wy);

(i)} Iy x(Wp) N {W,, A >0} = {W,,} for every ' > 0.

Let T be an unbiased estimate of A in the model M,. If F; runs over
the set ITy x (W), then

br() = sup (Ep, T-H— inf (Ep, T-4)

Fellg k(W) FAE"H,K(WJ.)

is the oscillation of the bias of T over Iy x(W;) and gives us a measure of

robustness of the estimate T with respect to its bias under violation I1. The
function 4 —br(A), A >0, is called the bias-robustness of T (see Zielinské
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11]). The problem is to find T* such that
1) br«(4) < br(d) for every 4 >0

and every T in a given class of statistics. The estimate T* for which (1) hO}dS
is called the uniformly most bias-robust estimate in the given class of stat1§t1cs:
In the series of papers Zielinski [12], Bartoszewicz [2], [4], Zielifiski
and Zielinski [13] and Bartoszewicz and Zielifiski [5] studied the prol;tlem of
robust estimation of 4 under some violations in the class of statistics

n
‘9/—+ = {T(G() = Z o Xi:m o; = Oa EWA T= A” A> O}’
i=1
ie. in the class of nonnegative linear combinations of order statistics which
are unbiased estimates of A in M,. Now we consider this problem under the

violation IT, x (W) in the class 7* as well as in the class &* of statistics
defined as follows

n

'9”. = {S(a)z Z ai Vi:m aizoa Ewls=l’ j’>0}

i=1

Thus %* is the class of nonnegative linear combinations of spacings,

- . 1 7 +
unblased,esumates of 4 in M,. It is easy to notice that 7 < F*, 50 &
Contains the sample mean

X=-1— Y (n—i+ )V, =

L=

x|

Z Xi:n’
i=1

the minimum variance unbiased estimate of A in M, based on the censored
Sample of r first observations

1z ,
=Y =i+ ¥, =

S

Z Xi:n+(n_r)Xr:m r=11 29--'5 ns
i=1

and also the unbiased estimate of A based on the range

(Xon~ X tad(14+1/24 ... +1/(n=1).

Observe that if Se %%, then bs(4) = Abg(1), so that the problem reduces to
that of finding S*

1at ¢ minimizing bs(1). Such $* would be the uniformly most
bias-robust estimate of 2 in the class #*.

3. Results.
 THeorem 1. () If H is an IFRA distribution and K is a DF{{_,E
distribution, then the uniformly most bias-robust estimate of A in the class 7
is T* = nX tn- ,

() If H is a DFRA distribution and K is an IFRA distribution, then the
uniformly . most bias-robust estimate of A in the class 7+ is

T* = X, J1+1/24 ... +1/n).
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Proof. Since from Lemma 2 (i) we have H < F < K for Felly (W),
the proof runs similarly as the proof of Theorems 1 and 2 in [5].
THEOREM 2. (i) If H is an IFR distribution and K is a DFR distribution,
then the uniformly most bias-robust estimate of A in the class & is $* = nV,,,.
(ii) If H is a DFR distribution and K is an IFR distribution, then the
uniformly most bias-robust estimate of A in the class ¥* is S*=1V,,.
Proof. It follows from Lemma 3 (i) and the property of stochastic

ordering that if Felly x (W), then EyV,, < E; V,, < E¢ V,,. Hence for each
Se.#* we have

sup EF S (a) Z ef EK Vg:n

FeHH kW) i=1

and

inf  EpS@) =Y %EqVy.
Felly g(W) i=1

The problem of finding S* reduces' to that of finding nonnegative a,,

o, .., &, Which minimize

n

Z o (Ex Vin—Eg Vi

i=1

under the condition of S* being unbiased in M,, ie.

z aiEWVi:nE 1.
i=1

This is a linear programming problem and the solution is (a,, &5, ..., a,)
with exactly one non-zero coordinate. Hence S* = V., /Ey Vs, where i*
minimizes

(Ex Vin—Eg Vo)/Ew Vi = (n—i+ 1) (Eg V., — Eg V).

It follows from Lemma 1 that if H is an IFR distribution and K is a
DFR distribution, then i* = 1, which ends the proof of Theorem 2 (i). Under
the hypothesis of Theorem 2 (ii) we have i* = n.

4. Examples. 1. Zielinski [12] has considered the model M, w1th the
following violation

I (W)={W,,: py<p<py, 0<p <1<p, <216}, A>0,

where W, , is the exponential-power distribution with the probability density
function _
e_(xll)p

fop(x) = m, | x> 0.
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It is easy to prove that W,.» is a DFR distribution for 0 < P< 1 and an' IFR
distribution for p > 1. Bartoszewicz [4] has proved that if 0 <p <p <1,
then W, ‘"é" Wi,»- Now let 1 < p < p’ <216, Consider for every ¢ >0

. e—(x—c)p, r(1+1/P)_ —xl’+(x—0)1”:| 2 .
) fl.p'(x‘c)_fl,p(x)= F(1+1/P)|:P(1+1/P’) € X2

The sign of (2) is the same as the sign of

_T+1/p)  _ piegr
‘0= Fry e |
Notice that &(c) >0 and

3) %f(x) =exp{—xP+(x—c) [pxP~ ! —p' (x—c)* 1]}
From (3) it follows that ¢ has one maximum and hence Sr.p(x—0)=f1,p(x)

. st
has at most one sign change for x >c. Since W, , <W,, for 1<p

disp )
<P < 216 (see [12]), then from Lemma 2 (ii) it follows that Wiy < Wi,
’ , . disp
From the transitivity of the dispersive ordering we obtain that Wy ,, < W, ,
for 0<p<p<2is Thus from Theorems 1 (i) and 2 (i) it follows that the

. . : . +
statistic nX,. is the uniformly most bias-robust estimate of 1 in the class
as well as in o+,

2. Bartoszewicz [2] has considered the gamma violation of the model

Mo:
HZ(W1)=_ Wit py SP<p,, 0<p;<1<py <}, 4>0,
Where W, is the gamma distribution with the probability density function
xP~ 1 e—xli.
[ (x) = W, x > 0.

Saunders and Moran [9] have proved that if p, < p < p,, then

disp * disp
M’pl g m,p g

It is also well known that W, is a DFR distribution and mﬁpz. is an
IFR distribution. Thus the statistic T* = Xpaf(1+1/2+ ... +1/n) is the
uniformly most bias-robust estimate of 4 in the class .7+ and the estimate
S* = v, :

. . . .. . + +
= 1S the uniformly most bias-robuyst in the class &*. Since 7+ < ¥*,
we have :

)

W, for each A >0.

bs(1) < bpa(1).
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Using the tables [6] and [8] of moments of order statistics from the
gamma distribution, we compare the values of bias-robustness of estimates
X, T* and $* for some values of p, and p, and small n. Let us denote

piPrr? EW* T Ew. T. It is easy to notice that by'"*? = p,—p, and it
1,p2

does not depend on n. Gurland [7] has proved that if X,, is the order
statistic of a sample from the gamma distribution Wy¥,, then

lim P{ logr() (p— 1)]oglogn€x}=e‘3_x, —00 <x<00.

n—oo

Hence (see [8], Chapter 7)

lim [EW.LPX,,,, logr( )—-(p l)loglogn] C,

n—a

where C = 0.57721566... is Euler’s constant. Therefore _
lim b(Tp}’pz) — lim log I'(p,)—log I'(p,)+(p,—p,) log log n

=0
n—ac . n—ao0 l+1/2+ “ee +1/n
for every 0 <p, < p,. From (4) we have also lim b%!""? = 0. The values
n-—a

of by, by+ and by for some p,, p, and n are given in Table 1.

TABLE 1

{P1.P3)
br

n p1=0.5, p1=] pl =I, p2=1.5 p1=0.5,p2=1.5 pl =0-5v P2=2 p1=la P2=2

T* S* T* S* T* S* T S* T* S*

2 0454 | 0363 | 0424 | 0.273 | 0879 | 0.637 | 1.288 | 0.863 | 0.833 | 0.500
3 0427 | 0301 | 0386 | 0.241 | 0813 | 0.515 | 1.t79 | 0.690 | 0.753 | 0.389
4 0407 } 0.265 | 0.362 | 0.186 | 0.769 | 0415 | 1.110 | 0.602 | 0.703 | 0.337
5 0.393 | 0.241 | 0345 | 0.168 | 0.738 | 0428 | 1.092 | 0.546 | 0.668 | 0.305
9 0357 | 0.193 | 0.307 | 0.136 | 0.664 | 0326 | 1.060 | 0440 | 0.590 | 0.247
o0 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 { 0.000

—

bx 0.500 0.500 1.000 1.500 1.000

_

From Table 1 we can conclude that bias-robustness of S* is
consnderably smaller than that of T* and X. It is also worth not1c1ng that bse
converges to zero very rap:dly Unfortunately, Var, S* = 1 for every n and
hence the estimate S* is inconsistent in the model M,, contrary to the

estimates X and T*. Therefore using S* we gain in robustness but loose in
efficiency.
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