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TATE RESOLUTION
AND THE STRUCTURE OF THE EXACT LOCAL RING

BY

MIROSLAW USCKI (TORUN)

Let R be a commutative Noetherian ring and let M be an R-module.
We say that a pair (u, v), u, veR, is M-exact if the sequence

M5M5MS5M
is exact. A sequence of pairs
(u, v) = ((uy, v4), (U2, V2), ..., (U, V)

is M-exact if the pair (u;, v) is (M/(uy, u, ..., u;—;) M)exact fori=2,3, ..., n.
Certain examples of R-exact sequence of pairs are given in Theorem 1 below.
Other examples can be found in [2].

DerFiniTioN 1 ([2]). A commutative local ring is called exact if there
exists an R-exact sequence of pairs

(ll, v) =<((uls vl)’ (“z, Uz)a LRRE (um v,,))

such that its unique maximal ideal I is generated by elements u,, u,, ..., u,.

In the paper we prove that each exact local Noetherian ring R of equal
characteristic is of the form described in Theorem 1 below. Moreover, a
construction of the Tate resolution of all exact local Noetherian rings is
given. Also, making use of this resolution one proves that each exact local
Noetherian ring is Artinian. All rings in this paper are assumed to be
commutative and Noetherian.

The paper is a part of the author’s doctoral thesis [4] written under the
supervision of Professor D. Simson. The author would like to thank him and
Professor A. Tyc for many suggestions and discussions.

TueoreM 1. Let Ry, = K[[X,, X, ..., X,]] be the formal power series
ring over a field K and F;, G,; (1 <i<n, j <k,1 <j< n) be elements of the
maximal ideal of R, such that

U=(X,Fy, X;F,-G Xy, ..., X, F,—Gpy X1_°°'—Gn.n—1Xn—l)
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is a regular sequence in R, (eg,n=2, F, = X,, F, = X,, G,; = X,). Let R
= R,/%. Then (xy, f1), (X2, 12)s -+, (Xn, f2), where x; = X;+ ¥ and f; = F,+ ¥,
is an R-exact sequence of pairs. In particular, R is a local exact ring. "

Proof. By induction on n. For n =1 we have F, = aX*™ !, where ais a
unit, h > 2 and R = K[[X,]]/(X"). Suppose that the theorem is valid for the
factor ring of the formal power series ring of n—1 variables. Let

(X1 F, X, F,—G1 Xy, .., XoF,—Gy X1 —...= Gy X, )= U
be a regular sequence in R;. Then
(1) Xy, X,F,-Gy Xy, .., X,F,—Gy X1 —...—Gp oy X,- 1) = U,
@ (Fy, X;F;—Gy Xy, ..., X,F,—Gy X1 —...=Gpp1 X,_ ) = U,

are regular sequences in R,.
We shall show first that the pair (x,, f;) is R-exact. Let Hf, =0, i.e.,
HF, e%. Then

(H—GXx)Fl E(XZFZ_GZI Xl’ ceey Xan—Gnl Xl—“-—Gn.n—an—l) = 473

for any G€R,. From the regularity of (2) we obtain H—GX, €%, and,
consequently, H = Gx; in R. In the same way we prove that Anng(x,)

=)

From the regularity of (1) we infer that the sequence
(X2Fy, X3F3—G3; X5, ..., X, Fp=G . X5—... =G, po  Xpo ) = U,
is regular in K[[X,, X3, ..., X,]]. But
R/(x;) = K[[X2, X3, ..., X,])/Ua,

whence, by the inductive assumption, (x,,f3), ..., (x,,f») is R/(x;)-exact.
Consequently, the sequence (x,, f1), (x3,f3), ..., (X, f) is R-exact, which
completes the proof.

Let R be a fixed local ring with the maximal ideal M. We recall the
construction of the Tate resolution of R (see [3]). By a graded R-algebra we
mean a positively graded R-algebra

A= @A
satisfying the following conditions:

Ay =R;

xy=(—1)"Myx if xed,, yeA,;

x*=0if xed, and p is odd.

Let A be a fixed graded differential R-algebra and let B be a differential
A-algebra. For any homogeneous cycle ueB,_, we put

B®,I'(AT) (if pis éven,

BT, dT =u) = {B@AA(AT) if pis odd,



EXACT LOCAL RING 33

where A(AT) and I'(AT) are graded commutative A4-algebras given by the
equalities

A(AT) = A®AT, T?*=0, degT=np,

c o
FAT) = AD@ATYG..., TOT9 = 1w,
deg TV = pi.
Recall that for a symbol X and any integer p > 0, AX is a graded A-module
A®g RX, where (RX), =(RX); =0 if j # p.
In the A-algebra B (T;dT = u) one can define a differential d such that

d(a) =dg(a) foraeB, dT =u,

and B (T;dT = u) with d is a differential A-algebra. The variable T “kills” a
given cycle u€B because we have an isomorphism

H,(B(T;dT =u)) ~ H,(B)/Bo,

where o = u€H,(B).

The above construction may be generalized in a way such that one can
“kill” an arbitrary set of homogeneous cycles {u;;iel}. In this case the
corresponding differential A-algebra is denoted by B <(T}; dT; = u;).

It is proved in [3] that for every cyclic R-module R/M there exists a free
cyclic R-algebra X such that H,(X) = R/M. In other words, there exists a
free resolution of R/M which is an R-algebra. We denote it by X. The
algebra X is obtained as the union of an ascending chain of differential R-
algebras:

X0 cxWecx?®c,

We define X@ to be the algebra R itself (X{" =R, X =0, n#0),d=0
and

Xk+1) — y) <T19 Tz, cees ’1"‘"‘; d‘]} =uj>,

where uy, ..., u, are generators of the module Z,(X™) of k-cycles in X™.

The differential graded algebra X is called the Tate resolution of R.

In what follows we shall give a precise description of the Tate resolution
of the local ring R under the assumption that R is exact. We start with the
following

~ ProrosiTioN 1. Suppose (R, M) is a local ring and (u,, v,), ..., (U, ;) is
an R-exact sequence of pairs with u, e If

u; v; = Z t,-ju_,-

3 — Colloquium Math. 56.1
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N

u; v, =0 for some t;€R, and E is the Koszul complex associated with
(uy, uy, ..., u), then

i-1
6;=vT— ) t;;T+B,(E), i=12,..k,
i=1

form a minimal sequence of generators of H, (E).

Proof. We apply induction on k. The case k = 1 is easy. Now assume
that k> 1 and denote by E' and E Koszul complexes associated with
sequences (uy, ..., U;—,) and (uq, ..., ), respectively. If e €Z, (E), then

k k
(3) g = ZriT; and d1(0)= Zr,-u,-=0.
i=1 i=1
Thus r,u, €(uy, ..., U ). Since (4, v,) is (RAuy, ..., u,_))-exact, there exist
x€R and b; eR such that
k-1
rk = v,‘x+ Z b,-u,-.

i=1
Combining this with (3) we obtain
k-1 k-1
o= r,T+(vx+ Y biu)T,
i=1 i=1
k-1 k-1
= Z (ri+xt,d+b,-u,‘)7,7+xa'k+ Z b,-(u,-'I;—uk T:)
i=1 i=1

It is easy to check that
k-1
o = Z (r,~+xt,‘,-+b,-uk)7}'
)

i

is an element of Z,(E’) and

k-1

b= Y bi(u; T,—u,T)€eB,(E).
i=1
By induction we obtain
G=X,0,+...+%_-,0,-,+x0, for any x;€R.

Now we shall show that {g;,!¥., form a minimal sequence of generators of
H,(E). For this aim it is sufficient to show that the equality

k
Z a,- 6.' = 0 (a,- GR)
i=1

implies gq; €M Note that E = E'®g A(RT,). Since the equality

k
Zai =0
i=1
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is equivalent to
k
d,(b)= ) a;0; for some beE, = E;QFE; @ (RT),
i=1

we have b = x,+x,®T,, where x,, x, €E’. From the definition of the
differential in E we have

k
Z a;0; = dy X, +(dy xq) T — X1 uy,
i=1

whence
k

4) Z ai(vi'lz_z ti; ;) = dy x5 +(dy x1) T, — X .
i=1 Jj<i

Consequently,

()] a, vy =dy(x,) EBG(E) = (uy, ..., Up—y).

Hence a, = ru;+c¢, for some reR and c; €(u,, ..., 4,_,). Now let

k-1 k-1
C1=Zri“h ’7=ZriT|" and 7=Z‘u7;-
i=1 i=1

By (5) we have
dl X1 =(ruk+cl)vk =rukv,‘+cl Uy
k-1
=r ) tut+c v =d;(ry+o.m),

i=1
which means that (x,—ry—v,n)€Z,(E). Using again the fact that
G,, ..., 0x—, generate H,(E’), we conclude that there are s;€R such that
k-1
{6) Xy —Fy—Un— z s;0; €B, (E).
i=1
From (4) and (5) we get

k
wx, =d, x,+d; () i — Y a0
i=1

k-1

=dyx,— ), 40—, T—7)+(d; x) T,
i=1

k-1
=d,x,— ) a;0;,+a,7.

Li=1
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This equality together with (6) gives
k-1

“k(xl"'?-”k'l— Sid'i)
i=1

k—1

k-1
= - Z a;0;+[d, x, +(a+ru) y—u, v n]— Z U s;0; €B, (E).
i=1 i=1

On the other hand,

(@—ru) y— o n =y y— U
k-1 k—1 k-1 k-1
=(Z r(Z =T w)(Z )

k-1
= 2 rityy(; T,—u; T)
i,j=1
is an element of B, (E’). Consequently,
k-1
(Siux+a)e; =0
=1

and from the minimality of the set &,,d,,...,0d,-, it follows that
a;+s; u, €M Therefore, g, e, i=1, 2,..., k—1. This completes the proof
since a, = ru,+c, with ¢, €9 belongs also to 9t 4

ProposITION 2. Let A be a graded differential R-algebra and H,(A)
= R/, where N is an ideal of R. Let

B=A(T;dT =u)(S;dS =vT-b),
where deg T =1, deg S =2, beA,, and (u, v) is (R/W-exact. If H;(A) =0
fJor i >0, then Hi(B) =0 for i >0 and Hy(B) = R/, u).

Proof. Let A'=A(T;dT =u); then B=A'®,I'(AS). We have the
following exact sequences:

0454540,
0-4"=B>B-0,
where
a@=a®l, B@®T)=a, a(a)=aR®lI
and
1(a®S®) = a@S*~ 1),
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Hence we obtain the long homology exact sequences
(* ...=oH(A)SH(A)SH @A) 5H,_, 4~
... H,(A) > H,(A) ™ H,(4) 5 H,(4) > H,(4) 3 H,(4)
% Ho(A) > Ho(A4) =0,
(*#) ...>H(A)SH,(B)>H,_,(B)>H,_,(4)%
... H (B)3 H,(A) > H,(B) > Hy(B) > H,(A)~ H, (B) —0.

From (*) and the assumption it follows that H;(A’) =0 for i > 1 and H, (4
= Kerd. Hence by (**) we get H,(B) ~ H,_,(B) for k > 2; clearly, H,(B)
= R/(U, u). It is sufficient to prove that H,(B) = H,(B) = 0. Consider the
following sequence:

0 H,(B) * Ho(B) % H, () ** H, (B) ~0.
As a part of the exact sequence (*») it is exact. Since
4(8) = (wT-b)+B,(4) for ZeH,(B)
and ¢ is the multiplication by u we have 4
H,(A) ~Keré =ImpB, ~ Ri = R/U.
Consider the following diagram:

Ho(B) = R/, u) DR/A SR/A

a0
0—-H,(A) = Hy(A)—Hy(A)

The lower sequence is exact as a part of the exact sequence () (H, (4) = 0).
This diagram is commutative since '

Be 4(8) = By [E(vT—b)+ B, (4)] = v& + By (4) = v&+ A = €.

By the assumption ((u, v) is R/%l-exact) the multiplication by v is an
isomorphism of the R-modules R/, u) and Ro. Consequently, 4 is an
isomorphism and

H,(B)~Coker4=0 and H,(B)~Kerd=0.

This completes the proof of the proposition.

CoroLLARY 1. If (uy,v,), ..., (u,, v,) is an R-exact sequence of pairs,
then the .algebra

X=R(Ty, ..., T;dT, =u,><S,, ..., Si; dS; = 6,5

is a free resolution of the R-module R/u,, ..., ).
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The corollary can be proved by an easy induction on n using Proposi-
tion 2.

Theorem 2. If (R, M) is an exact local Noetherian ring and
(uy, vy), ..., (u,, v,) is an R-exact sequence of pairs with (uy, ..., u,) = WM then
R is Artinian.

Proof. By [2], Corollary 1.7, the completion R of the ring R is also an
exact local ring. Now from [1], Theorem 2.7, and our Corollary 1 it follows
that R is a local complete intersection; in particular, it is a Cohen—Macaulay
ring. On the other hand,

v=0,0,...0,#70 and ovM=0

by [2], Lemma 3.1. This means that dh() = 0, where dh () denotes the
depth of the ideal A Hence dim R = dimR = 0 since in a local Cohen—
Macaulay ring (4, M dim A = dh(M). The theorem now follows because
any Noetherian ring of the Krull dimension zero is Artinian.

CoroLLARY 2. If R is an exact local ring, then R is complete.

Now assume that (R, ) is an exact local ring of equal characteristic
and (u,, vy), ..., (4,, v,) is an R-exact sequence of pairs with

(ul, ceey u,,) = mt.
By [6] there exists an epimorphism ring
g: K[[X,,..., X,]] >R, K=R/M,

such that g(X)=u, (i=1, 2,..., n).
Let G, F,eK[[X,, ..., X,]] be such that '
i—-1

g(F,) =1 and g(GU) = tu,A where u; v; = Z tijuj.

j=1
Then
THEOREM 3. We have
Kerg = (X, F,, X;F;—Gy Xy, oo X,F,—Gy Xl—"'_Gn.n—l X.-1)

Proof. Let us denote the right hand ideal by 9 We apply induction
on n.
If n=1, then v, = u"™!, where

h=min{m; uf =0} and R=~K[[X,J](X}).

Suppose that the theorem is true for all exact local rings with
(uyg, vy), ..., (4, v,) being an R-exact sequence of pairs (k < n) and consider
the following commutative diagram:

K[[X,, ..., X,]] LR -0

l A
K[[Xy, ..., X,JJ(X1) & R/u) >0
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where
g9' (X)) = u;, u; = u; +(uy),
9'(Fi) =1, g'(G—ij) = t_u
for 2<i<n 1<j<n—1. From the definition of the R-exact sequence of

pairs it follows that (i1,, v,), ..., (4,, U,) is an R/(u,)-exact sequence of pairs.
Thus, by the induction hypothesis,

Ker g’ =(22F2, X3F-3—(-;32X2, ey X”F,‘—anxz-...—én’n_l Xn—l)‘

Using this equality one can show that A= Kerg. It is obvious that
A < Kerg. Let FeKerg. Then g'(F+(X,)) =0, and therefore

F=ri X,+r,F, Xs+...4+r (X, F,—Gp s X,—...—Gp -1 X,—))
for some ry, ..., r,€K[[X,, ..., X,]]. Since g(F) =0, we have
0=g(r)uy+grusva+...+g(ry) (Uava—taa iz — ...~y -1 Uy)
=uy(g(ry)+g(ra)tas+...4+g(r)ty).
From the exactness of the pair (u,, v;) we get
gr)+g(r)ty +...+g(r)ty =vyx for some x€eR.
Let us denote by G an element of K [[X,, ..., X,]] such that g(G) = x. Then
gri+r;Gyy+...41r,6,,—GF ) =0

and
w=r+r,G+...+r,G,, —GF, €Kerg.
Hence
F=r1 Xl+r2X2F2+...+r,,(X,F,,—G,,2Xz—...—G,,,,,-l Xn—l)
=(W— Z r,-G,-1+GF,)X1+r2X2F2+...
i=2
+ru(XnFn-Gn2 XZ_“-—Gn.n—l Xn-l)
=WX1+GF1 X1+72(X2F2—GZI Xl)+"'
+rn(XnFn—Gnl Xl—"'_Gn,u-l Xn— l)-
Therefore

FeN+(X,)Kerg and Kerg= A+(X,)Kerg.
By the Nakayama lemma, Kerg = A and the theorem is proved.

Note that the ideal U is generated by a regular sequence (Corollary 1
and [1], Theorem 2.7).
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Remark. The description of exact local rings of nonequai character-
istics remains open.
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