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Unitary dilations of multi-parameter semi-groups of operators

by Marek Prak (Krakow)

Abstract. In the present paper we present an elementary proof of the fact that every two-
parameter strongly continuous semi-group of contractions has a strongly continuous unitary
dilation. We prove also that certain n-parametier (n is finite or not) semi-groups of operators
have regular unitary dilations.

1. Preliminaries. Let H be a Hilbert space. L(H) denotes the space of all
linear bounded operators in H. If H is a subspace of a Hilbert space K, then
Py denotes the (orthogonal) projection of K onto H. Let ¥ < L(H) be a
{family of operators. (¥’H’) denotes the closed subspace of K spanned by all
vectors Sh, Se ¥, he H.

Let G be a semi-group with unit e. A mapping T(-): G — L(H) is called
a representation of G in Hif T(¢) =1 and T(s-t) = T(s)T(t) for all s,teG. A
representation T(-) of G in H is called unitary il T(s) is a unitary operator in
L(H) for all se G. If G is a topological semi-group and T(-) is continuous in
the weak (strong, respectively) operator topology in L(H), then the represen-
tation T(-) is called weakly (strongly, respectively) continuous.

Let T(-): G —» L(H) be a mapping and let U(-): G — L(K) be a unitary
representation of G in K. U(-) is called a unitary dilation of T(-) if H =« K
and T(s) = P4 U(s)|y for each se G. If K = (U(G) H), then the dilation U(-)
1s called minimal.

The set of all mappings from a group G into K with finite support is
denoted by K€ If he K% then supp h = |seG: h(s) # 0}.

It has been proved in [2], [3] that every two-parameter strongly
continuous semi-group of contractions has a strongly continuous unitary
dilation but both these proofs used rather advanced techniques. In Section 2
of the present paper we shall present a very elementary proof of this result in
the separable case. In Section 3 we prove that certain n-parameter (n finite or
not) semi-groups of operators have a regular unitary dilation.

R, R,, Z, N stand for the sets of real, non-negative real, integer and
natural numbers, respectively.
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2. Unitary dilation of two-parameter semi-groups of contractions. We
begin with the following result which will be of use in the sequel.

ProposiTION 2.1. Let G;, G, be topological groups with units e, e,,
respectively. Let U(-,"): G, x G, = L(K) be a unitary representation and let
T(,"): G, xG, = L(H) be a mapping such that the mappings G, — L(H), and
G, —» L(H) given by s — T{(s, e,), and t - T(e,, t) respectively, are continuous
in the weak operator topology in L(H). If U(-,*) is a minimal unitary dilation
of T(:,"), then U(-,") is strongly continuous.

Proof. Define: U,(s) = U(s, e,) for seG,, U,(t) = U(ey, t) for teG,.
Put K, = (U,(G,)H) and K, =<U,(G,)H>. First we prove that U, (") is
weakly continuous as a mapping from G, to K,. The set
IZU,(s)f(s): fe H®") is dense in K, and ||U,(s)]| = 1 for seG,. Thus it is
enough to prove that
(2.1) 5—'(U1(5) Uy(sy)h, Ul(sz)h')

is continuous for fixed h, W'e H, s,, s,€G,.
But
(Ul (S)U,(sy)h, U,t(sy) h') = (Ul (s2 ! s51) h, h')
=(U(sy 'ssy, ey h, W) =(T(s3'ss,, e;) h, I).
Hence U, () is weakly continuous. Therefore U, (-) is strongly continuous
(§ 6 appendix [1]). Similarly U,(-) is strongly continuous as a mapping
from G, to K,.

To see that U(-,-) is weakly continuous, it is enough to prove that

22) (s, 1) = (U(s, ) U(sy, t) h, Ulsz, 1) 1)
is continuous for fixed h, e H, s,.5,€Gy, t,. t,€G,.
We have the following inequalities:

(U (s, ) Ulsy, 1) h, Ulsy, t3) ) —(U (s, to) Ulsy, ty)h, Ulsy, ty) )|
=|(U,(s7 'ssy)h, Uy (t7 't ) W)—(Uy (52 ' sos1) b, Us(ty Mg ' t3) i)
S U (3 ssy)h, Uy (7 e ) W) — (U, (s3 P sosp) b, Uty ' e~ ) )|+
+|(Uy(s3 5051k, Uty 't ) W)= (U, (53 sosi) b, Ua(ty Mg L i) b))
SNWU2 (e e ) WU (53 WU ()= Uy (s0) Uy (s1) || +
+U 1 (57 ' sos) il ||U2(e7 V(U2 (™) = U (er D) U tea) |
<RI {(U ()= Uy (so)) Uy (s0) | + 1AL (U2 (e~ 1) = U (eg ) U2 (t2) ).

This proves that U(-,") is strongly continuous. q.e.d.

We need the followig result:

LEMMA 2.2. Let G be a group which is a complete metric space with an
invariant metric d and with unit e. Let G, be a dense subgroup with the same
unit e. Let T('): G— L(H) be a strongly continuous mapping and let
Uo('): Go — L(K) be a strongly continuous representation, which is a unitary
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dilation of T()lg,- Then there is a unique strongly continuous unitary dilation
U('): G- L(K) of T() such that U(-)lg, = Uo(").

Proof. Take keK. Since [[Uq(s)k—~Usq(so)kll < 1Uo(solll-1Uo (55 * )k
—k|| =||Up(sg  s)k—K||, if follows that Uy(-) is uniformly strongly con-
tinuous. We define U(-) as follows:

(2.3) U(s)k= lim Uy,(r)k for seG, keK.

Goar—s

This is a unique continuous extension of the uniformly strongly continuous
mapping Ug(-). It easy to see that U(-) is a unitary representation.
Moreover, U(-) is a unitary dilation of T(-} and U(")lg, = Uo(-). qed.

Now we proceed to the proof of main theorem of this section.

THEOREM 23. Let H be a separable complex Hilbert space and
T(-."): R2 — L(H) be a strongly continuous representation. If T(s,t) is a
contraction for each s,t >0, then T(-,') has a strongly continuous unitary
dilation U (-,"): R% — L(K).

Proof. Let Q ={s=k-27" neN, keZ} and put @, =QnR,. By
the Ando theorem (Theorem 6.4 of Chapter I, [4]), there are commuting
unitary operators U, ,, U,,, which are unitary dilations of T(27" 0),
T(0, 27"), respectively.

For every (s, t)e 0% we define a sequence of operators a,(s, ), ne N, as
follows: If (s, r)e Q2, then there is n,, such that if n > ny,, then the pair (s, t)
has the form (k,27", k,-27"), where k,, k,e Z. For n < n,, we define a,(s, 1)
=1Iyg. If n>ng,, then

by

24)  a,(s, 1) = PgUY,U%,l., where (s, ) = (k27" k-27").

If n is big enough, then
(2.5) a,(s,1)=T(s, 1) for(s,NeQ%, neN.

It is easy to see that

(2.6) a,(—s, —t) =a,(s, t)* for (s, )eQ? neN.

Let {e;}2, be an orthogonal base of H. Then |(a,(s, t)e;, ;)| < 1 for all
n,i,jeN, s, te Q. By the diagonalization procedure (in four dimensions), we
can extract a subsequence of (a,(s, ?)e;, e;), also indexed by n, converging for
all s, ¢, i, j (because N?xQ? is countable).

Now we define the function T: Q% — L(H). It is enough to define the
quadratic form (T'(s, t)h, h') for h,h'eH. If h=¢ and h' =e; we put
(T(s, V) e;, e)) = lim (a,(s, t)e;, ;) and then we extend it by linearity and

R—aC

continuity. It occurs that

2.7 (T(s, )h, K) = lim (a,(s, )h, k) for all h, e H.

n—-w
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Now, by the polarization formula the operator T(s, t) is well defined. It is
clear that ||T'(s, t)]| < 1. By (2.5)

(2.8) T(s,0)=T(s. 1) for (s, e Q2
and by (2.6)
(2.9) T(—s, —t)=T(,)* for (s, )eQ>

Now we prove that:

(2.10) Y Y. (T(s—s,t—t)h(s, 1), h(s, t)) =0 for each he H?.
(s.0eQ? (s'.1)eQ?

Let he H??. There is only a finite number, say m, of components of the form:

(T(s—s', t—=1t)h(s, t), h(s', t') in (2.10) which are not equal to 0. By (2.7), for

any ¢ > 0 there is n such that:

(T(s—s', t=0)h(s, ), h(s, ) —(a,(s—s, t—t)h(s, 1), h(s, 1) <e-m .

We take n so big that a,(s—s', t—1t') 1s defined by (2.4).

Uyn Uy, are unitary dilations of T(27" 0), T(0, 27", respectively.
Thus, by Theorem 7.1 of Chapter I, [4] '
Y X (@p-p)27" (@-9)27")h(p-27 g 27, h(p 27 g 27) > 0.
p.geN p'.q'eN
Hence Y Y (T(s—s,t—=t)h(s, 1), h(s, 1) = —¢ and (2.10) holds. By

s.0eQ2 (s.1)eQ?

the above quoted theorem, there is a minimal unitary dilation U(-,-): Q?
— L(K) of T(:,"), because (2.10) and (2.9) hold. By (2.8), T'(s, t) = Py U (s, t)|u
for (s, t)e Q% . Proposition 2.1 and Lemma 2.2 finish the proof. g.e.d.

3. Regular unitary dilations of n-parameter semi-groups: of operators. We
shall first introduce some notation. Let 2 be a set. We denote by S the group
R%. S is a topological group with pointwise convergence topology. By S, we
denote the set of all non-negative function in S. For seS we put s™ ()
= max(s(w), 0), s (w) = —min(s(w), 0), we Q. For v ¢ Q we define a func-
tion e,eS by e, (w)=1 if wev, otherwise e, (w)=0. Let |v] denote the
cardinality of v.

Let T(-): S, — L(H) be a representation of S, in H and let U(-):
S — L(K) be a unitary representation of S in K. U(-) is called a regular
unitary dilation of T(-) if H =« K and

(3.1) T(s™)*T(s*) =Py U(s)ly for each seS.

We need the following lemma:
LemMa 3.1. Let sqeS and let {s,} be a sequence of elements of S. Let

T(*): S, = L(H) be a mapping such that T(s; ) is a contraction for all ke N.
If the sequence T(s;) converges to T(sq) and T(s{) converges to T(sq)
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whenever k — o in the strong operator topology in L(H), then the sequence
T(sc )* T(sy) converges to T(sq)* T(sq) whenever k— o0 in weak operator
topology in L(H).

Proof. Let h, e H. Then

(T(sc)* T(ss)h—T(sg)* T(sg) h, k)|

< |(T(se)* Tisi ) h—T(sg )* T(sg)h, k)

+[(T(sp)* T(sg)h—

—T(s5)* T(s3)h, k)
< [T(sd)h=T(sg)h, T(sg YR\ +|(T(ss) b, T(s7)H — T(sg) )|
<TG MR- (s8) h—T (s hll+ I T(s3) Bl T(s0) W — Tisa) Wl
<N -IT(s)h—T(sg) Al +11T(sg) Bl -1 T (s ) ' — T(so) Wl

This proves the desired convergence. q.e.d.

Now we prove the following theorem:

THEOREM 3.2. Let T(-): S, — L(H) be a strongly continuous represen-
tation. Then the following conditions are equivalent:

(@) T(-) has a regular unitary dilation U(-): S - L(K),

(b) there is a sequence d, > 0 converging to O such that for all k and all
finite subsets u = Q
3.2) Ay = ¥ (-D T(dye)* T(dye,) > 0.

vCu

Moreover, such a dilation U () can be chosen minimal. In this case the regular
unitary dilation U (-) is strongly continuous and it is determined up to unitary
isomorphism.

Proof. (a)=(b). Take d > 0. It easy to see that A,(u) > 0 for every
finite subset u = Q, by Theorem 9.1 of Chapter I, [4]

(b)=(a). The representation T('): S§, — L(H) can be extended to a
function on the whole S as follows:

(3.3 T(s)=T(s")* T(s*) for seSs.
This extension is also denoted by T'(-). It is then obvious that
(3.9 T(—s)=T(s)* for seS.

Now we shaw that

(3.5 Y Y (T(s=s)h(s), h(s)) =0 for all he H.

seS s'eS
Let he H5. We can assume that d, converges decreasingly to 0. Let us
observe that if re R and ke N, then there is n,€ Z such that |d,-n| < |r| and
|d, - n,—r| has the smallest value. Then d,-n, —r whenever k — oo, because
d, —0. If sesupp h and we then there is a sequence n;*’ of elements of Z
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such that d,-m — s(w) whenever k — oo, by the above remark. We define
nieZ? as follows: nf(w) = n{), weQ. Then d,-n} - s whenever k — oc in
the topology of S. Sequences n; have the following properties:

(3.6) if s(w) =s'(w), then n(w) = ni (w),
(3.7 if s# 5" and k is big enough, then nj # n}.

Since supp h is finite, it is enough to take the tail of the sequence nj;
therefore we may assume that n # ni for each k if s, s’esupp h and s # 5".
For each k there is an operator function T, (*): Z?3n— T(d,n)e L(H),
and by Theorem 9.1 of Chapter I, [4] we have Y Y (T(d,'n—

—d,-n')g(n), g(n)) = 0 for all geHZ-Q. If g(ng) = h(s) for sesupp h and ¢(n)
= 0 for remaining n, then

Y 2 (T(dy ni—dy-ni)g(n), g(n})) = 0,
m o
that is,

(3.8) Y LT (@ mi—dy m) h(s), h(s) > 0.

Let 5, = d,-n;—d,-ni. Now we show that T(s; ) is a contraction, ke N. By
(3.2), 0 < 4, ({w}) = I - T(dy " ey,)* T(dy - ey,)- This means that T(d, e,) is a
contraction. Then T(s;) is a contraction because T(s,) = T(dy (n;—nj)")
= n T(du‘e[a)))(ni-"i)n

wef}

We know that d,-n{ —s and d,-n; —s'; hence s, >s—s' = Sg, and thus
sy —=+sg and s, —s;. By the strong continuity of T(-): S, — L(H), the
sequence T(s;) converges to T(sq) and T(s;) converges to T(sq) in the
strong operator topology. Now, by Lemma 3.1 and by (3.8) we get (3.5). By
(3.4) and (3.5), the assumptions of Theorem 7.1 of Chapter 1, [4] are satisfied.
Thus there is a unitary representation U(-): S - L(K) (K containing H)
fulfilling (3.1), and (a) holds.

By the above quoted theorem, U(-) can be chosen minimal. By the
proof of implication (a)=-(b), T(s) is a contraction for all seS,. Now,
Lemma 3.1 and the above quoted theorem imply that U( -) is strongly
continuous on the minimal space K. In order to get the regular dilation we
must extend T(-) to the whole S by (3.3). Therefore the unitary isomor-
phism between minimal dilations follows from Theorem 7.1 of Chapter I, [4].

From the above theorem and the remarks to Theorem 9.1 of Chapter I,
[4] we obtain the following result:

CoroLLARY 3.3. Let T('): S, — L(H) be a strongly continuous represen-

tation and suppose that there is sequence 0 < d; —» 0 (k — o0) satisfying one of
the conditions:
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(@) {T(dyew))wen is a family of isometries,
(b) for any finite subset u = Q, Y IT(dye I* <1,
weu

(€) (T(dyew)}wen is a set of doubly commuting contractions.
Then T(-) has a regular unitary dilation U(-): S — L(K).

References

F. Riesz, B. Sz-Nagy, Lecons d’analyse fonctionnelle, Akademiai Kiado, Budapest 1972.
M. Stocinski, Unitary dilation of two-parameter semi-groups of contractions I, Bull. Acad.
Polon. Sct. 22 (1974), 1011-1014.

—, Unitary dilation of two-parameter semi-groups of contractions II (to apear).

B. Sz-Nagy, C. Foiag, Analyse harmonique des opérateurs de lespace de Hilbert, Masson
et C' Akademiai Kiado, 1967.

AKADEMIA ROLNICZA W KRAKOWIE
KATEDRA MATEMATYKI], KRAKOW

Regu par la Rédaction le 13.09.1982



