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1. Introduction.. Let y be a sequence . of random: variables of the form
(1) ynmxrjl‘ﬁ'i”em

Where B'is an unknown p-dimensional vector, x[ is the transpose of a known
vector x,, and ¢, is a normally distributed random variable with zero mean.
The covarlance structure of (g,) is deséribed by an unknown sequence )
=(Z,), where X, is the covariance matrix of the n-dimensional random
variable (g, ;. ..., &,)". Tt is of interest to estimate with fixed precision the
Parameter Hf, where H is an (m x p)- -matrix (m < p) of rank m. This problem
has been considered in the literature but usually under some additional
assumptions. Albert [1] mvestlgated the case where 2, = ¢* I 1, denotes the
h xn identity matrix), Gleser [2], Srivastava [6], [7] and Truszczynska [8]
studied the case where X, =021, and H = I. The case ‘wheré observauons
May have different variances and be correlated was consndered by Goldys [3]
and Zielifiski 191, but only, in partlcular for Yo =m+e,. The goal of this

I;aper is to extend the results of Zielifiski [9] to the general case of (y,) given
y (1).

2. A sequential procedure. Following Zieliniski [9] let us suppose that for
every n (n=1, 2,...) we can observe simultaneously k (k > 1) independent
replications y© of y, given by (1). Let X, be the (n x p)-matrix whose row
Vectors. are xj (j =1, 2,..., n). All results of this section -are proved under
the assumption that the rank of X, is equal to.p. In the last section we show.
that. this assumption can be - dropped Let us define Y to be the: n-
dimensional column vector whose components are y, j=1,2,..., n,-and
let B be the least square estimator of § upon the observation vector Y“’ ie.

B9 = (X7 X)) X, Y0,
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and denote the covariance matrix of BAﬁf’, which is equal to
(X X7 X 2, X0 (X7 X,)7 1,

by I', =(y}). Finally, define an estimator §, of the parameter p by

k
Z (t)

-~ I

and an estimator I, of the unknown covariance matrix of j, by

K

e 1 - -~ - i - .
i== 0

Now, we are ready to construct a sequential procedure for estimating
the parameter Hf with fixed precision. Let N be a random variable defined
by

(2 N=infln=ny > p+1: n* max \/S‘isd},

L€ism.

where a'is a fixed real number and & Sii 1s the i- th diagonal element of the
matrix HF, HT, and let

R.(d) = & (E~HB)T(:—Hf) < d?

The procedure looks as follows: Take N observations and use Ry(d) as the
confidence region.

" The properties of this procedure are summarized in the following
theorem:

~ THEOREM. Let (y,) be a sequence of random variables defined by (1) and
suppose that for the sequence (X,), of design matrices, the sequence (Z,) ¢

covariance matrices of (g,), and for some real number b the following condltwn
holds:

3) lim n® max y% =0.

nas o 1<|<p

Furthermore;- suppose that one can observe simultaneously k independe"_t
replications of y,, where k satisfies the inequality 1)(k —1) < b/2. Then, for
every a such that 1/(k —1)-< a < b/2, the stopping rule N defined by (2) has the
Jollowing properties: _

(i) PIN< o} =1,

(i) E(NY) < o0 for every j =1, 2, .

(iii) for every d >0 and a€(0, 1), there exists ny(x) = p+1 such that Jor
N defined by (2) with ng = ny(a) the inequality P{HBe Ry(d)} > 1—a holds.
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Proof. (i) It suffices to show that lim P{N > n! =0. We have

n=u®K

42 d2
P{N >n} < P{n" max V3> d) =P{§'{1 e BT s OOF Sy >—2;}
L1<i<m : n n
mo dz. m nz"E(E,!',-)
<y P{ﬁb;z—.,}s y T8,
i=1

i=1
:;he last inequality follows from the Chebyshev inequality. Since 2a < b, we
ave

« N*E(sh)  n? mn?®
i;l = trace(HI', H") < P
!“‘II denotes the Euclidian norm). Condition (3) and the obtained inequalities

Imply that lim P{N >n} =0, as required.

n—o

(ii) We have

mn®
WHIP2 |l < 72.—HH||2P2 max yj

1<i<p

a @® d2
(NY) FZ;O n' PN = n} n=zno n’P{lrE?Sxm st = 1)20}
an . d? % .o d?
< Z (n+1)’P{max §§‘,->~—2~5}< Z (n+,1)J.Z P{s?{’,->~2—a}.
n=ng- 1| 1€ism = n=ng~-1 f=1 h

Since Si/sh;, where s} denotes the i-th diagonal element of HI',H”, has the
Xi-,-distribution, we obtain

5 el Ele$ ) . &)
PS> —>< Y Pty > ————p S mcexps —————».
RN l.;l =t > hax 1 P17 %% max iy

1<i<m 1<i€<m

'The last inequality follows from the ihequality P {x? > B) < ¢, e ®/*, which
18 easy to prove (here ¢, is a constant depending on k only). Thus we have

© 2
(4) N < _ J ,.b.____'d___
E(N’) < mc, n; n exp e rp——
1<is<m

The condition (3) implies that there exists a constant M such that

(5) max Sj <A-4.
1€ism n
From (4) and (5) we get |
) @ | d2 b2
E(N) < me, Y. n’exp{— 53 }

n=1

Since 2a < b, the above series is convergent for every j =1, 2, ...
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(iii) Let us denote the parametric function. Hf by u, the least square
estimator of Hp based on n observations by #,, and their components by ¥;
and i,,, respectively. In other words,

HB =u=(y, ..., )T, HB =i, =iy .... 47
Let C, be an m-dimensional cube defined in the following way:
Cp=1zeR™ |ij,—z] < ‘d*/m for every i=1,....m).
Since Cy = Ry, we havé

P HB¢Ry] < P HB¢Cy,)

= P ”&lNhull > Vi dz/’;; or...or |ﬁmN_um‘| > AY dz/m}

. 0 X . L - -
<Y P dldy,—uy| > /d*/m or ... or |t~ U] > (/d*/m

n=ng ‘

and n* /8], <d and ... andn* /5!, <d

m

.
<Y Y Plli—ul>/d%n and n* /5 < d

n=ng i=1

<y Y P{ﬂﬁiru"l > \/A—/;}

a0
=m Pt >n® Jkim!.
AV )

= ney

n=ng i=1

Using the approximation for tail aréas given by Grass and Hosmer in [4] we

get
T 2 (k/2) (k —1)2 mtk— 12
Pilte—yl > 0" (kfm} < = Wak= ) m n-atk=1).
VEL(k=1/2)(5k—D+(k=1)2+2)

Since 1/(k='1) < a. the series

x - e
Z Pilty_4l > n* \/k/m}'

ﬂﬁﬂn

is convergent. Thus there exists a constant ng(a) such that

m Y Pl > n"m} <a.
n= npla}

3. Condition (3) for some special design matrices. To apply the procedure
described in Section 2, design matrices (X,) and covariance matrices (2
have to satisfy (3). We shall show that if the sequence of design matrices (X»)
fulfils certain conditions, then the class of covariance matrices (X,) which,
together with (X ). satisfies condition (3) IS quite large.
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3.1. Let'.K: {Z =(0j;);.j=1,2,..- there.exists M such that ¢; <M for

Every i = 1 2

PROPOSITIQN 1 Assume that a sequence of design matrices (X,) satisfies
the following conditions:

(@) there exists o >-1 such. that

a

lim sup —— < 0,
in (X1, Xa)

(Xa X ,.)
b l m 4X
( ) “;ln”*sﬁl'lp mm (XT X )

Then for (X,) and for every XeK condition (3) is fulfilled whenever
E(O a—1).

Proof. Let
) n* m.‘(XT )
M =limsup -y and M, =limsup 280 )

FOBZ-EK,_we have

v < MO XD T P IXAP 2 < pan (XX, ™ Y trace(Xy X,) (|2

M_(___{Q < MMy M My
SpMny XTX,) S kT X, S P M
Hence
, nt
lim n" max y} < hm(p MM M,- = )=0,
n— v 1 <i<p n-+r

Since b < 5—1.
3.2. Let 7 be a positive constant and let

m

K= |2 =(6;})ij=1.2." limsup( Z |G;j|/n2_") < oo},

n i._i‘» 1

S Proposition 2. Assume that a sequence of design matrices satisfies the
ollowing cond:twm

® Jim o <

| Ty
(b) lim sup ——"”—"((;((—T—"—)) <o,

b Then for (X,) and for every XZeK condition (3) is fulfilled whenever
&0, y).



262 H. Truszczynska

Proof. Let J, denote the matrix of ones of order p and let
M, = lim ————T——— and M, =limsup Y |oyi/n?"7,
n—o mm(X n) n—oo [ j=1

Conditions (a) and (b) imply that there exists a constant ¢ > 0 such that, for
every (i, j) and for every n, (Xl <c. Hence

p ‘
€ 5————|IXT € 53— Al
yu )lim(XTX)“ nZan” (XTX,')[JZI IJJHI p“
n*-v
€ pPPeMy——on—.
2 mm(XT n)
Consequently,
lim n* max y% < p?cM, M, lim n°~? =0,
n—x 1<i<p n—x
since b <.
33. Let K = (2 =(0yj);,j=1,2,.! 6;;=0 for |i—jl >r and there exists M

such that, for every i, 0; < M} (Z is a covariance structure in the case where
only r nearest observations are correlated).

PROPOSITION 3. Assume that a sequence of design matrices satisfies the
Jollowing conditions:

o

n
e LT

le(XT )
b) limsu ——
( ) ﬂ'*‘Xp mm(X X) =@

Then for (X,) and for every X e K condition (3) is fulfilled whenever b < &
Proof. Let

< o for some o >0,

n* : lmax (X’{ X")
M=t g oax,y M= imees ey

For ZeK we have

yl'l' max((XT n)* XTZ X (XT n)- )

1 T max(zn)
mmu(?{nxnumm( )< My M, -

Using the inequality

'{max (A) < max Z lal'j'

i i#j
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we obtain

lim n® max Y <2rM, M, M lim n*~% =0,

n—ow 1<i<p n—+x:

since b < q.

4. Generalization. In this section we shall show that the assumption that
the rank of design matrices (X,) 1s equal to the number of parameters can be
dropped

Let us suppose that there exists n, such that, for every n > ny, rank (X,)
=J (0 <j<p). Let (XTX,)~ be a g-inverse of (XT X,) and let HB be, an
arrangement of m linearly independent estimable parametric functions
(m <j). Denote by #(XT X ) the vector space spanned by the columns of
X7 X,. For every n > n,, #(XTX,) = #(XT X,). For a vector he #(XI X,)
define 7, (h) by

7.0 =h"(XTX,)” XTZ, X, (X7 X,)"h.

It is well known [5] that y,(h) has the same value for every g-inverse of
X7 X, Finally, define B. as '

(X1 X)) XTyw

1

?':-l-s

“M”'

Bu=17

and replace condition (3) by

(3) lim n*7,() =0 for every he #(XT, X,).

n *s

S‘?‘bJCCt to these changes the Theorem of Section.2 remains valid.

Remark. Propositions 1, 2 and 3 of Section 3 remain true if in the
assumptions of these propositions A, (XT X,), which now does not exist, is
Teplaced by the smallest greater than 0, e:genvatue of XTX

+ We shall prove the remark only for Proposition 1. Other cases can be
dealt with similarly. Since 7y,(h) has the same value for any g-lnverse

Og X: X,,, it suffices to show that, for a certain sequence of g-inverses
of XTy |

lim: n®y,(h) =0

n-—o

Let (XTX,)” =(X7X,+A(XIX,)B"B)"!, where B is a ((p—j) xp)-
l]f’f'fltrlx whose row vectors are orthogonal to the row vectors of X, , and
4(4) denotes the smallest, greater than 0, eigenvalue of A. Since

“uin (X5 X,+A(XT X,) BT B)
= min {1(XT X,), 1(XT X,), (BT B)} = min {1, A(B" B)) A(XT X,)
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and since M, < oc and M, < oo (notation as in the proof of Proposition .1),
for every h and XeK we have

lim "y, (h) < [IAl® Tim (X7 X,)" X7 Z, X, (X7 X,)"|

<IIAI? tim (ICXT X712 X2 1E)
7 2o (XT X ) °
< 2.2 max ,." n -
W7 m (e Lot ™) =

since b <o—1.
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