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ON SOME PROBLEMS OF J. SEOMINSKI
CONCERNING EQUATIONS IN QUASI-ALGEBRAS

BY

B. WOJDYLO (TORUN)

In this paper we give a solution of problems 5 and 6 of Stominski [5].

All needed definitions which are not given in this paper can be found
in [2]-[6]

Let P°(G) be the Peano-algebra of type G generated by the set
X = (x¢, £ < a) considered as the set of distinct variables. The pairs
{p, @O, where p and q belong to P*(G), are called a-ary equations of type G,
or, to be short, simply equations. If {p, ¢> is an a-ary equation of type G,
then it will also be denoted by "p = ¢q”. Let "p = ¢ be an arbitrary
a-ary equation of type G and let A be an arbitrary quasi-algebra of
type G. i

Stominski [5] has given three concepts of validity of equations for
quasi-algebras.

Definition 1. Equation” "p = ¢ is said to be weakly valid in the
quasi-algebra A if for all sequences @ = (a;, £ < a) in A® we have
aP(ag, & < a) = 4q(a;, & < a) provided aeD(,p) N D(,49).

Definition 2. Equation "p = ¢" is said to be valid in quasi-algebra
A if D(4p) = D(,9) and 4p(a:, & < a) = 4q(as, & < a) for each sequence
(@, £ < a) in D(4p) = D(49).

Definition 3. Equation "p = ¢" is said to be strongly valid in
the quasi-algebra A if we have p ~, ¢ for each sequence @ in A°, where
~y4 denotes the least congruence relation ~ of the Peano algebra P°(G)
such that for all p and ¢ in P*(@) we have

(8) P ~qgif aeD(4p) " D(49) and 4p(ag, & < a) = 4q(a, £ < a) ().

All three concepts of validity of equations in quasi-algebras are
equivalent in the case of algebras.

(*) In [5], p. 17, in condition (bg) there is a misprint. Obviously (bo) should have
the form (s).
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Let E, be any set of equations of type G. Denote by Cn(Z,) the set
of all consequences of E,. By wG(E,), wG(Cn(HE,)), G(E,), G(Cn(HK,)),
sG (E,), sG(Cn(E,)) and G*(E,) we denote the classes of all weak E,-quasi-
algebras, weak Cn(F,)-quasi-algebras, F,-quasi-algebras, Cn(#,)-quasi-al-
gebras, strong F-quasi-algebras, strong Cn(F,)-quasi-algebras and F,-al-
gebras, respectively. A quasi-algebra A is said to be a (weak, strong)
E-quasi-algebra if all the equations belonging to E, are weakly strongly)
valid in the quasi-algebra A.

In what follows we give a characterization of those sets E, of equa-
tions for which we have

(1) G(Cn(B,) = wG(E,) (Problem 5 in [5]),
(2) G(E,) = wG(E,) (Problem 6 in [5]).
The following relations are obvious:

G*(E,) = G(Cn(E,)) = G(H,) = WG(E,).

Moreover, let us observe that there does not exist any set E,, for
which G*(E,) = wG(E,) (Stominski [5]), and that for every set E, of
equations we have G*(Cn(E,)) = G*(E,).

The last observation is trivial.

THEOREM 1. Let E, be an arbitrary set of equations of type G. Then

each weak E,-quasi-algebra A, where A > 2, is Ey-quasi-algebra (problem (2))
if and only if the set E, is empty, or E, contains only equations of the form
I'p — p'1.

Proof. The sufficiency is trivial.

Necessity. Let E, be an arbitrary set of equations and let "p = ¢ ¢ E,),
where p #q and p,q are not the variables at the same time. We
show that there is a weak E,-quasi-algebra which is not E,-quasi-algebra,
Let P, denote the set of the terms which are in the equations belonging
to E, (i.e. if 'r = s ¢ E,, then r, se P,). The set P, is not empty, because
P, qeP,. The set P, contains the minimal elements (with respect to the
relation of partialy order “to be subterm” in the algebra P°(G)). Let
P, be a minimal element belonging to P,. If P, contains variables, then
let p, denote a variable, else — an arbitrary minimal term. For to prove
the existence of the quasi-algebra in which the equations with the set E,
there are only weak valid, it suffices to show that there is a quasi-algebra 4
of type G in which D(,p,) # O and for each term qeP,, where p, # ¢
and ¢ is not a variable (term ¢ is not, obviously, subterm of the term p,),
we have D(,q) = 9.

Such a quasi-algebra is, for instance, the following relative subquasi-
algebra P(p,) of the Peano-algebra P°(G):
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1° X < P(p,), where X denotes the set of generators of the Peano-
algebra P°(G).

2° Moreover, the set P(p,) contains only the term p, and each sub-
term of the term p,.

Because each term pe P°(G) may be reckoned as a value of the
operation pap (induced by the term p in the Peano-algebra P%(G)) for
the argument ® = (¢, £ < a), for which each element in X occurs once
and only once, 80 ZeD(pp,)Po) and D(pwp,q) =9, where p, and ¢ are
the terms described above. Since each term peP®(G) may be, for some
set E, of equations, the minimal term, we must prove that a quasi-algebra
P(p) always exists.

Let P, denote the set of terms p e P?(G) for which the corresponding
quasi-algebra P(p) exists. We prove, by induction, that P, = P°(G),
namely we show that P, contains X and P, is a subalgebra of the Peano-
algebra P°(G).

1° For each ze¢X, zeP,, because the corresponding quasi-algebra
P(x) always exists. This is, for instance, the relative subquasi-algebra
of the Peano-algebra P°(G) such that P(x) = X.

2° Let p,eP,, 0 < n(g) (9e@). We denote by P(p,), o < n(g), the
corresponding quasi-algebras and set p = gpa(a)(p,,, o< n(g)).

We define P(p) as a relative subquasi-algebra of the Peano-algebra
P°(G), where

P(p) = U P(p.) v {p}.
o<n(9)

Obviously, xeD(pgp) and D(ppq) =9 for every term ¢ which
is not a subterm of the term p.

Thus P, is the subalgebra of the Peano-algebra P*(G) and X < P,.
Therefore P, = P?(G). This completes the proof of Theorem 1.

THEOREM 2. Each weak E,quasi-algebra is a Cn(E,)-quasi-algebra
(problem (1)) if and only if the set E, of equations is empty or contains only
equations of the form "p = p_.

Proof. The sufficiency is obvious.

Necessity. If E, contains an equation "p = ¢7, where p # g,
then:

1° If E, does not contain the equation "z = y”, where # and y are
distinct variables, then it follows from Theorem 1 that there exist a weak

Ey-quasi-algebra which is not an E,-quasi-algebra. Thus it is not a Cn(E,)-
quasi-algebra.

2° If "z = y"¢E,, where x and y are variables (obviously distinet),
then the one-element discrete quasi-algebra {a}; of type G determined
by any set {a} is a weak E,-quasi-algebra, but it is not a Cn(F,)-quasi-



4 B. WOJDYLO

algebra, because for any ge@ the expression on the right-hand side of
equation @ = gpog)(®, 0 < n(g))" is not defined for any sequence
(@5, 0 < n(g)), where a, = a, o < n(g).

Theorem 2 is thus proved.
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