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On a system of difference inequalities
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We deal here with a certain system of second order difference ine-
qualities that can be used (cf.[1]) to estimate the convergence of a difference
scheme for a system of parabolic partial differential equations of the form
oUy dus Pug 32’“1)
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This scheme was investigated by Kowalski in [2]. An analogous
theorem for the hyperbolic case was given by Pli§ in [3].

NoTATION. We shall consider the nodal points z* of R**', 0 < M < P,

where M = (mg, My, ..., My)y, P = (Pqy P1y .-y Pn) are given systems of
integers m¢, pi, t=0,1,...,m, and 0 < M < P denotes 0 < my < py
(1=0,1,..,n), 2" = (x7°, =, ..., 22", 25° = mek, &7% = mih, i =1, 2,...
...y n, where h = t/N and k = z/N, are positive numbers. To each nodal

point 2™ there correspond sequences of m real numbers wM and v%’ R

+M = (Mo+1, My ...y Ma)y, +JM = (Mg, .y Mj—1y Mi+1, Mji1, .oy Ma),
—JM = (mgy ccoy Mj_1, Mj—1, Mjs1, ey, Ma)y =1, ...,m.
We shall use the forward and symmetric differences

uf’™ = % (Wi —ully, Wi = gl-h (ui ™ —ug ™)
and the n-dimensional vectors
wll = (WM, W22 L, WM
We shall also use the second differences
wi” = % (ud ™ — 20+ up ™)

and the n-dimensional vectors

MI1I M1l M22 Mnn
u‘ == (’Mf ’ ui g coey u“ ) .
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THEOREM 1. Suppose that the scalar functions fi(x, u, q, w), 2 = 1,...,m,

&= (Zgy Lyy ooy Fn)y U= (Uyy 0oy Um)y q = (Quy ooy @)y W= (W, ..., Ws) are
of the class C* in the set D = [0,1]"" x B*™"™ and satisfy the conditions

g . .

(1) 81{1 (t=1,..,mk=1,..,m;i+#k),
K

af,] . .
2 t=1,..,m,j=1,..,n
@) 2 (=1,ym, =1,y m),

0 . ,

(3) 0<g<£<€r (t=1,..,m, j=1,..,n).

(4)

-~ (f‘t —I\/ \1 (fi - ;o
(5) 1+k R LJ Fw; 0 (i=1,..,m).

Let ¥ and v}, 0 < M < P, satisfy the difference inequalities

M~ . M M MIT M~ MI MII
(6)  wy” < fulxT,u a'“'» 7“11 ) i )fi(m 7” 7’01 y Vi)

t=1,..,m

for 0 <my < pPe—-1, 1 <my <Pt (0= 1,...,n), and the inequalities

(7) u,’ <o

for my=0, or m=0,.., 00 my=0,
o my = N, ..., or mp= N .

Then the inequalities

(8) ul <ol for OSM<P

hold true.

Proof. We shall prove our theorem by induction. Write IS Sy

— oY, It is sufficient to prove that
(9) <0 for0OKSM<P,i=1,..,m.

Inequalities (9) are satisfied for m, = 0 in virtue of assumption (7).
Suppose it is satisfied for m, = j. Let

3 w
max r;l = ¢7®

my=7+1
0<M<P
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and B(7) be such a multi-index that +B(¢)= A (¢) (cf. Fig. 1). The equality
(10) 1D = 7O 4 7

follows from the definition of u?’“ and ¥~

o} +28(i)
o -18(i)
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( L-28(1)
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Fig. 1

From (6), by the mean value theorem, it follows that
(11) ,r-?(‘l')“ —_ u?(i)N-—’U{B(i)N

B(i) , B B(&HI |, B(H)IIT B(i) B B
<f¢(ac (z)’u (1)’ u'(i) U (%) ) f{(m (1)’ ) (z)’ v (1)1’ ,0113({)11)

_ Z of N 3ft (rH7BO_ 1B |
2h

= 397

+h22 3f4 pHBO_ 9\ B 4 —iBG)
F=1
Now we return to (10). Using (11), after a suitable regrouping of

terms, we can write

A(7) B(i) fi __an ofs
(12) 3 << (1+kau¢ 2 p 3w,)+

L 1ofs | 1 oh) 1189
Z(zag, haw) i

k 19fe 10ft\ —jmsy %t B
+h§(h6w, 26q) +"2

8=1
84
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We shall prove that the right-hand side of this inequality is non-
positive. In fact, we have
<0
for M= +B(i), M= +jB(i), M= —jB(i) (¢1=1,...,m,j=1,..,n)
because of the induction assumption. We have also:
1ot 1ofi_g T 1éfi 1o _g T
I A ——2_—_/ I 5. o AL =3I a =
how, T2 h 250 = >0
because of (2), (3) and (4). The first term of right-hand side of inequality (12)
is non-positive in virtue of (5). Hence (10) hold true for my,=j+1,
0 < M < P. This completes the proof.

Remark. For i =1, u ¢ R', and Assumption (1) becomes useless.
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