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In this paper we shall deal with the problem of the stability of the
functional equation

(1) e[ f(2)] = glz, ¢(2)].1

The problem of the stability of a functional equations has been first
discussed by Hyers [2] with respect to the Cauchy functional equation:

(2) f@+y) =f@)+1(y).

Hyers [2] calls equation (2) stable in a set E if there exists a positive
constant K such that for any positive number ¢ and any solution y(z)
of the inequality

(3) lp(@+y)—p@)—yp@) < ¢
there exists a solution f(z) of equation (2) such that

(4) If(@)—p(@) < K-¢ for zwek.

I3

Equation (1) is not stable in the above sense (see [1]). Therefore,
we are going to modify the definition of the stability as follows (see [1]):
Put .

(5) 9@, Y) =Y,  Guri(Z,¥) = g[["(®), ga(2, ¥)],
n=0,1,2,...

DEFINITION. Equation (1) is called stable in a set E in some class @
of functions defined in E if there exists a positive number K such that
for any ¢ > 0 and any solution y(x)e® of the system of inequalities

(6) " (@)]—g.[z,9(@)]I<e, n=0,1,2,..., zck,

there exists a solution ¢(x)e® of equation (1) satysfying inequality (4).
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We shall assume the following hypotheses:

(H,) The function f(«) is defined in an interval E, it is continuous
and strictly increasing in F and there exists such a point &¢F that

(f@)—a@)(t—=2) >0 for zeE,z + &,
(f@)—§(t—x) <0 for zeH,n # &.

(H;) The function g(wx,y) is defined in a set 2 =« ExE and has
values in =, For any fixed zeZ the function g(z, y), considered as a func-
tion of y, is invertible in the set 2, = {y: (z, y) e 2}.

Without any loss of generality we may assume that & is the left end
of the interval E. Then we have, by hypothesis (H,), f(z) < z for < E\{£{}
and £ is a fixpoint of f(x).

Let b be the other end of the interval K.

THEOREM 1. Let hypotheses (H;) and (H,) be fulfilled. If there exists
a positive constant M such that

(D 195 (2, Y1) —gn (@, Y)| < M|y, — Y| for » =0,1,2,...,

then for any 7ne(0,b— &) equation (1) is stable in [E,b—n] in the dlass
C of functions continuous in E.

Proof. Let ¢ be a positive number and let y(x) be a function defined
and continuous in £ which satisfies inequalities (6). For an arbitrary
n¢€(0, b— &) put

(8) @o(b—n) = p(b—n),
9) @olf(0—n)] = glb—1n, @o(b—n)].
We have, in virtue of (6) and (8),
(10) [poLf(b—m]—p[f(o—n)] = Iglb—1n; go(b—n)]—wLf(b—n)]|

= |glb—n, y(b—n)]—v[fd—n)lI < ..

Thus there exists a function ¢y(xr) defined and continuous in
[f(b—n), b—n] fulfilling conditions (8) and (9) and the condition

(11) lpo(@)—w(2)| < e for we[f(b—n),b—n].

Consequently, there also exists an unique continuous solution of
equation (1) in B, fulfilling the condition

(12) p(z) = @o(z) for ze[f(b—1n), b—7]

(see [1]). Consider an arbitrary point ze(£, f(b—7)). There exist a
point te[f(b—7n), b—7n] and a positive integer n, such that

(13) z = f*(?)
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(see [3]). We obtain from (10), (6) and (13):
ly(@)—p@)] = W O]—e " O = [ [ ®)]—g.lt, e(B)]|
= lp "] —g.lt, v+ gn [t ()] — 92, (1]
< [plf" 01— g. 18, v+ 19,18, v ()] — 9. [, p(D)]]
et M- |p(t)—g(t) < e+ M-e = e (M+1).

So inequality (4) holds for ze(, f(b—7)). It also holds for @ = ¢
by the continuity both of ¢(x) and y(x) at &. Since (4) is also fulfilled in
[f(b—%), b—7n]), on account of (10), so we have proved inequality (4)
with K =14+M for all ze[&,b—7].

CoROLLARY. Let hypotheses (H,) and (H,) be. fulfilled. If there ewists
a constant N e(0,1] such that

(14) l9(@, y.)—g(@, y)| < N |y,—¥al,

then equation (1) is stable in [£, b—n] for any ne(0, b—&).
Proof. We have from (14) by induction

90 (#) Y1) — G (@) Y2)| < N Y1 — %2 < |[91—9,| forn =1,2,...,
whence
ly () —p (@) < 2.
Thus inequality (4) holds in E for K = 2.
Equation (1) need not to be stable in (&, b), as is shown in [4].
Concerning the stability of the equation (1) in the class C" of functions

which have continuous derivatives of order up to », we can prove the
following

THEOREM 2. Let hypotheses (H,) and (H,) and inequality (7) be fulfilled.
Suppose, further, that

(a) the function f(z) is of class C" in E and f'(x) # 0 for xeE,

(b) for each xzeE the set 2, = {y: g(x,y)eE} is an open interval,

(c) the fumction g(x,y) i8 of class C* and g,(®z,y) #0 in the set
{(,9): 2B, yeQ;},

(d) 9,(2;) = ‘Qf(z) Jor xekE.

Then equation (1) is stable in (&, b— n] in the class C” for any (0, b—§&).

Proof. Let y(z) be a function of class C" in E, satysfying inequality

(6) in E. Choose a function g¢q(x) of class ¢ satysfying conditions (8)
and (9) in [f(b— ), b— 7] and the condition

?gk) [f(zo)] = Gk("’oa Po(Zo), ‘P:n(mo), ceey ‘Pc(rk)(wo))a E=1,..,r,
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where
Gi(@, ¥, y1) = [f" (@)1 g=(, ¥)+ 9, (@, ¥) - ¥1)
G (@, Y,y Y1y ooy Yiy1) = [ (@)]7H0G, 02 4-0G [0y y,+ ...+

+ 0G0y, *Yr i) -

Then there exists an unique solution ¢(z) of equation (1) in ¥, which
is of class C" in E and fulfills the condition ¢(x) = ¢@(x) in [f(b—1%), b—n]
(see [3]) and

lp(@)—@(x)| < e (M+1).
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