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ON A LINEARIZATION OF AN EQUATION OF AN ELASTIC ROD
1. In this ﬁaper we congider the system of equations

a0

ds?

ax . ay :
T = gin0, e cos, IE = fgind,
where the unknown functions X (s), Y (s), 6(s) are defined on the inter-
val <0, s,> and satisfy the following conditions
] ao :

X(0)=Y(0)=10, 6(0) =3t & = 0 for s = s,.
The quantities I, E, f and s, are given positive constants. The equations
under consideration describe the approximate form of the middle line of
an elastic rod with a circular cross-section the rod being clamped on one
of its ends. The other end is acted upon by
a force directed orthogonally to the axis of
the rod in the undeformed state ([3], p. 731).

We introduce new variables by the formulas S s,

i = (—J:)llzs, 2(l) = %—9(_8), f

x‘}

IE

‘ f /2 f 12
m(z>=(ﬁ) X(s), ?!(Z)‘—’('ﬁ;;”) 1) VAL
‘ 40U}

The preceding equations now take the form Fig. 1

(1.1) 24008z =0, 2(0)=2z(l) =0
and | | '
(1.2) ¥ = eo82y, Yy =sinz, «(0)=1y(0)=0,

f

. -\ a |
Where [, denotes (E) 8, and ' = 7 It is possible to integrate the above

system of equations by means of elliptic functions. The final formulas
are of a rather complicated form. In this paper comparatively simple
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approximating formulas are given for the solutions in question. We get
these formulas using a method of linearization ([4], [5]). An estimation
of the error of the aproximation is also given.

2. Throughout this paper z(l) will denote the solution of the bound-
ary value problem (1.1). It will be approximated by a solution z,,(l)
of a linear equation with constant coefficients

(2.1) zz’z’p‘i' ORgp+b = 0
with the boundary conditions
(2.2) 2ap(0) = 0,  24p(lg) = 2,

where z, = 2(l,).

‘We are now going to estimate the difference z(I) — 2, (). The result
will suggest to us the optimal choice of the constants a and b.

In virtue of equations (1.1), (1.2) we have the following identity:

(2" — 2apy 82— 2ap) = —(COSZ—a2—b, 2—24) — A (2 —2ap, — 2ap) -

i ]
The symbol (g, h) denotes here the scalar product [ iqhdl of the funec-
0

‘tions g(l) and h(l). We integrate by parts the left-hand member of the
last equation. On account of the boundary conditions we get the identity

(2.3) 6" — 2apll2 = (OS82 — a2z —b, 2— 24,) + @ |2 — 24 |I2

Here ||g]| denotes the L* — norm in <0, [,>, i.e. .HgH2 = (g, ¢). In what follows
we limit ourselves to the case where the value of the parameter a is non-
positive: a < 0. Then we get the inequality

(2.4) [l — Zapll® < lleosz— az— bl- [le— 2qy|l

obtained by omifting the last term in identity (2.3) and applying the
Schwarz inequality to the preceding term. On the other hand, the van-
ishing of z2—z,, on both ends of the interval (0,l,> guarantees that
the following two inequalities are valid:

l ! - ’
e — Zapll < 1" — gl
(2.5) -
o—2ap| <l P{I(T— 1} [l — 25l

The first of these inequalities is the well-known Steklov-Wirtinger ine-
quality, whereas the second presents a stronger form of an inequality
given in [1], p. 346. From these inequalities and from (2.4) we get two
estimates: | o

’ ' ’ ZO
(2.6) &' —2oyll < —llcosz—az—b]|
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and
1/2

(2.7) o —Zapl < {L{ly— D} leosz — az—b|.
' T

The last inequality gives the desired estimate of the error of approx-
imation but the right-hand side of the formula depends upon the unknown
function #(l). We can overcome this disadvantage as follows. Making use
of the first integral ‘

(2.8) ‘ 221 28inz = 2g8inz,
of equation (1.2) we obtain the identity

zo 9
(cosz— az—b)

llcosz — az— b|2 = dz.

3 V2 (sinz,— 8inz)

Although the right-hand integral does not depend upon the unknown
funetion z(I), it is rather difficult to compute. But the inequality

e <low) 77
‘ = ey
V2 (sinz, — 8inz) CO82/ Vgl 22

valid in the interval <0, 2,), enables us to write down the estimate

. 7,
2o )1-’2 * (cosz— az— b)?

— dz
Ve — 22 ’

(2.9) ||cossz—azw~bll2 < (
CO8 2,

where the right-hand integral is now of a comparatively simple form.
Finally, on aecount of (2.6), (2.7) and (2:9), we get the estimates

;o by o
HZ _zam” < ’T%a(a” b)a

103/2 1 l 1/2
|2 — Zap| < {—— (1——()} é(a, b),
n Ul lo

(2.10)

1/4
Where 6(a, b) — (co‘:’z) A(a, b) and
0

(2.11) A*(a, b) =f

g Vi —a2

—az—b)?
(cosz—az )(sz

1;—" at+ 2zoab+§- bZ—zz.,So(zom—-nJo(zo)bJrg [14 Jo(220)].



324 A. Krzywicki and A. Rybarski

Here J, denotes the Bessel function of the first kind and order 0 and S,
is defined as follows

= (—1)"(2n+1)2"
‘S"(?)ZZ [(En+1)1]E

N=0
In deriving formula (2.11) we used the known integral formulas (ef. [6],
p. 191-192). ,

For the given values of parameters l,, 2,, @ < 0 and b inequalities
(2.10) enable us to calculate the numerical estimates of the errors |z — 2|
and [’ — 25,]|.

3. Now it becomes clear how to choose the parameters ¢ and b. We
define them by the conditions

A%*(a, b) = minimum, a <07
After a simple caleulation we get for the coefficients 4 and & the formulas

dn  Bo(2) —Ja(20)

@& = --"" =
TCS‘_S z',

’

(3.1)

2r
b= Jo(zo)‘l‘—w—‘ %y,

. 2
and for the minimal value of — 42 we get
[

{80 (%) — Jo(25) 12

2 1 1. 8
(3.2) —4%a,b) =5+ 5 Jo(22) —Jo(m) — 5—¢

- Before proceeding further let us.remark that we can improve esti-
mations (2.10) in the following way.
By applying the Schwarz inequality as well as that given- by (2.9)
we obtain from formula (2.3) the inequality

a2 < 0f,

which may be rewrittt_an in the form

(33) s +(_?i?)-2<1
G G

where a = [lf' —#2ll, # = |l#—2ll and 4 has the same meaning as in for-
mula (2.10).
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In the geometrical interpretation this inequality determines an ellipse
on the plane a, § with the centre at the point « = 0, § = 6/2r% and with
the semi-axes equal to 6/2r and &8/2r* respectively. In view of Steklov’s
inequality, which may now be written in the form

(3.4) 0<B<—aqa,

the point with the coordinates a = ||2' — 2, B = ||2— 24l lies in the part
of the elliptical region (3.3) where inequality (3.4) holds.

This part of the ellipse is shaded in figure 2
given below, which corresponds to the case where B
(3.5) EQ_Q_(S_:_&__:&.

T 2r2 2r r

All the points of the domain determined by
(3.3)-(3.5) have the a coordinate not greater than
the abscissa of the point M. This conclusion leads
us to the estimate

(3.6) lle" — 2yl <
1+ (————) _ Fig. 2

which is better than the first of the estimates given by (2.10). In the case
where condition (3.5) does not hold, the straight line OM goes above the
vertex N. In that case the a coordinates of the points satisfying inequali-
ties (3.3) and (3.4) are not greater than the absclssa. of the point N, which
gives the estimate

3.7 ? — 2l < —-
(3.7) Hz Zapll < o

This estimate is also better than the first of the estimates given by (2.10),
for the inequality 1/r < ly/m holds in this case.

In virtue of the second inequality of (2.5) we get from (3.6) and (3.7)
the estimates

3/2 . 12
(3.8) [#—2ap| < ll]lzi (1“11)} __671_7
T b (! (]
- (3
. ™
for 1/r > I,/x and
l \) s
o el

for 1/r < 1y/x.
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There is a possibility of obtaining a-somewhat better estimate, but
we will not go into details.

4. We shall now discuss the construction of the function z,,(1).
On account of equations (2.1), (2.2) this function has the form

. shrl n
=2
@ "shrl, ' r2shrl,

We have to put into this formula the values of b and » given by (3.1).
In the formula obtained in this way, as well as in (3.2) and in estimates
(3.8), (3.9) occur the parameters [, and z,. However, in the boundary value
problem (1.1), which hag been approximately solved, only one parameter
I, is given. To complete the list of, formulas we add to them the known
formula

(4.1)

{shrly—shrl—shr(l,—1)}.

%o
(4.2) I =f dz =—1:f (8inz,— sinz)~ 2 de
0 7 V2
establishing the connection between the parameters [, and 2,. This formula
follows directly from the first integral (2.8) of equation (1.1). By means
of the substitution sinz = sinz,— (14 sinz,)» we transform -equality
(4.2) and obtain

3

1,0 ¢ 4
=3~ v

where the parameters k, k' and ¢ are defined by the equations

(4.3) k = sin (24—529), Kty kt =1, V2ksing = 1.
Hence we get the formula for l,, which is expressed in terms of 2z,
(4.4) l, = K(k)—F (g, k).

Here K and ¥ denote the normal elliptic integrals of the first kind ([6],
p- 302-303). Let us remark that it is sufficient to know only the upper
and the lower bounds of I, in order to obtain from formulas (3.8), (3.9)
an estimate of the error |z — z,,|. We get these two bounds in virtue of (4.4)
by using the tables of elliptic integrals, e.g. [2], [7], without interpola-
tion which is to be carried out with respect to two arguments ¢ and &
of the function F.

It is easy to give a simple formula for the bounds of 7,. For this pur-
pose we use the inequalities

( Zo )1/2 1 < 1 <( 1 )112 1
. . . b
28inzg, l/zo—'z h 1/2(sinzo—sinz) = \2co82, Vz,—2
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which are satisfied in the interval <0, z,). Hence we get the desired for-
mula by integration:

z l 1\
4.5 0 )< . <( ) i
o) (sinzo " Voe, | \008%

We conclude this section with a numerical example putting z, = 1.
This corresponds to the bending of a rod when the tangent to its middle
line at the free end forms an angle of 1 radian with the axis of the
undeformed rod.

From formulas (3.1) we find in this case b = 1,094-397, » = 0,719-100.
Then using tables [2], [7] and in virtue of (4.3), (4.4) we get the following
estimates: 1,750 < I, < 1,776. Finally formula (3.8) yields

[2—24p] < 0,015-44 < 1,55/, of 2,.

The other examples given in Table 1 have been computed in the same
way. '

TABLE 1
~ ) 1
%y b r b |2 — zapl < - |2— zap| - 100 <
0
0,25 | 1,006612 0,373280 0,71 2,2-10-4 0,09
0,50 1,025864 0,524 398 1,04 1,7-10-3 0,34
0,75 1,056039 0,633797 1,36 6,2:10-3 0,82
1,00 1,004 397 0,719100 1,76 1,6-10-2 1,60
1,25 1,135680 0,784 770 2,31 |  41-10-2 3,25

Remark: i,, in Table 1 denotes the mean value of both bounds of
l, obtained by using tables [2], [7] without interpolation. It is clear that
the value of I, to be put into (4.1) must be computed with greater accuracy.

' 5. In this section we shall give approximate formulas for the functions
2(l) and y(I) describing the form of the rod under deformation. On account
of equations (1.1), (1.2) we find the relation y* = —z'2”’, and hence

. !
(5.1) y(1) = Isinz,—} [2"2dl.
[1}
We replace this exact formula by the approximate one,
. 4
(5.2) Yap(l) = Isinz,— 4 [ sin,dl,
0

Where the integration is simple to be carried out (ef. (4.1)).
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For the error of the approximation of (5.1) by (5.2) we find

[
Y (D) —Yap ()] < 3 [ 16" +205] - |2 — 2| .
0

Then, making use of the Schwarz inequality and of the triangle ine-
quality, we obtain the estimate

(5.3) 19 () = Yap (D] < (ll2apll+}1le" — 2o 1) Il — 2051 -

The term |[#' —2g,|| occurring in the last formula has been estimated in.
gection 3. The other member |j2;,| may easily be ealculated.

We now proceed similarly for the function #(l). From the basic equa-
tions (1.1), (1.2) we find the exact formula for «(l)

(5.4) a(l) =2 (0)—2' (1),
which we replace by the approximation formula
(5.5) Bap (1) = 20 (0)— 2L (1).

The estimation of the error will follow from the identity
z

o) —@ap (1) = [ (¢ — 2yl

0
which_yields, by means of Schwarz’s inequality,

|0 (1) — a5 ()] < VIl — 2l

In“wirtue of the equations which are satistied by the functions z and z,,
we ¢an replace 2"’ — 2, by co8z-— az,,—b. From this new inequality, by
the application of the triangle inequality, we get the final estimate

(5.6) |0 (1) — @ap (1)] < V1 (lleosz — az— b+ 72]le— 2y)

The bound for the first term of the right-hand side is given by formulas
(2.9),(2.11) and (3.1), (3.2). The estimate of the second term follows from
(2.5) .and (3.6), (3.7).

Other approximating formulas for x(l) and y(I) can be given. For
example we can use the fact that the functmn m(l) may be expressed in
terms of 2(l) as follows:

» ; 1/2
o(l) = (2sinzo)”2{1-—- (1_ s ) }
§inz,

If the inequality 2, < b/r? holds, then we can prove that z,,(l) < 2, in the
whole- interval <0, l,>. This fact enables us to replace the function z in
the last formula by #,,. The funection obtained in this way will present
another approximation of »(1).
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6. If the bending of the rod is sufficiently small, we can hope that
the equation
(6.1) | Zptb =0

will give us a practically useful approximation of z(I). Equation (6.1)
is much simpler to deal with than the equation proposed in section 2.
Under the same boundary conditions (2.2) the solution of (6.1) is

(6.2) D) = 5 U= D)+ 22 1.
0

To obtain the desired estimates we start from formula (2.7) by putting
in it & = 0. This procedure gives us

11/2
(6.3) |8 — Zap| < = {1(ly— 1)}'P|leosz— b
T

To get the best estimate for |#— 2,,| We define b by the condition
" |leosz— b|| = minimum. The identity

"0 cos?z
(6.4)  [lcosz—bf2 = f — de— 2b(2sinegy) "+ bal,,
: V2 (sinz,— sine) ’

together with the condition formulated above, yields
(6.5) b= -il- (28inz,) .
0

To ecompute the integral occuring in (6.4) we have to usé elliptic integrals.
To avoid them we maximize this integral in the same way as has been
done in section 2. This leads us to the inequality '

2sinz,

12
(6.6) ||cosz—b|l”<~n—( % ) [1+ Jo(22)]—

’
4 \cosz,

0

which, together with (6.3), yields the estimate of |2 — 2|, 2,, being defined
by (6.2) and (6.5). The parameter I, is given again by (4.4).

An observation should be made. Let us note that dealing with formulag
(6.5), (6.6) may be troublesome if we do not use sufficiently accurate tables
of the elliptic integrals. From the point of view of numerical calculations,
the situation is now different from that presented in the section 3 (ef. (3.1),
(3.2) and (3.8), (3.9)) since, unlike the present case (cf. (6.6)), no difference
of the expressions dependent on both I, and 2, has occurred in the formuias
given there.

The appearance of such a difference with a very small numerieal value
makes it desirable to have the parameters I, and z, given with a high
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accuracy in order to get the numerical results with a small relative
error. We will therefore derive- other formulas, where the difficulty
discussed above will disappear. For this purpose we choose another
value for b:

1 [z 1 [z)\*
(6.7) R, s 1——(~z—) +Z!;(%) .

It can readily be verified that this value of b provides the function 4(0, b)
with its minimal value. Formulas (2.9)-(2.11) may now be used by putting
there a = 0, b = J,(z,) to yield

| BPpe o TN % |\ '
8) — 2] < —1[1—+-
(6.8) |2 — 24p] - {lo (1 lo)} (GOSZO) A(O’Jo(.zo))

with 2,, given now by formulas (6.2), (6.7).

" As indicated at the beginning of this section, we limit the domain
of the application of approximation (6.2) to the range of small values
of z,. Therefore it is meaningful to ask for simpler formulas to work with,
although the estimates given by them will be a little worse.

To this end, in view of inequality (4.5), we estimate first of all the

2 v
texm I3/* occurring in (6.8). Next we develop — 42 into a power series in
T

2, ([6], p. 352). We find that this expression has the form of an alternating
series

2 . | RS i o _ (2n——1)!!}
EA(O’J“%))_,;;( AT {1 2 amn |

Taking into consideration only the first term of the series and replacing
| ) _

2
c082, by its estimate 1— ——23, we finally get, on account of (6.8), the de-
gired simple éstima,te '

” z_za 1 1/4 zz
(6.9) | d <( ) il -
2 512x? 1—4z;

, The following Table 2 contains the values both of the last estimate
and of the parameter b for a few specific values of z,. There is also added
a column (the last one) of the values illustrating the inaccurracy in the
determination of /, when using formula (4.5).

The comparison of the last two lines of Table 2 with Table 1 shows that
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the error of the ‘“parabolic” approximation of z(I) considered in this section
is only about 5 times greater than the error of the more precise but at
the same time more complicated approximation considered before.

TABLE 2
1

EN b ;0— |2— Zap|- 100 < A
0,025 0,999843 0,0037 0,233 6366745,07-10-8
0,050 0,999375 0,015 0,3163614 +6,43-10-5
0,075 0,998 594 0,034 0,387667 41,77-10-4
0,100 0,997501 0,060 0,447963 +3,72-10-4
0,250 0,984 435 0,383 0,71458. 43,78-10-3
0,500 0,938470 1,695 1,0444  +2,31-10-2
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INSTYTUT MATEMATYCZNY POLSKIEJ AKADEMII NAUK

Praca wplynela 19. 7. 1961

A. ERZYWICKI i A. RYBARSKI (Wroctaw)
LINEARYZAOJA ROWNAN PRETA SPREZYSTEGO

STRESZCZENIE
W pracy rozwaza si¢ uklad trzech nieliniowych réwnan réiniczkowych zwy-
czajnych, opisujacych ksztalt sprezystego preta, zamocowanego sztywno na jednym
k‘?ncu i obeigzonego na drugim sila prostopadia do osi preta nieodksztalconego. Jak
wiadomo, badany ukiad calkuje sie przez kwadratury, za pomocy catek eliptyoznych.

Zastosowania Matematyki V. : ' 7
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W pracy podano pewne przybliZone rozwigzanie réwnan, zawierajace tylko
funkcje elementarne i funkcje Bessla. Te przyblizone rozwiazania otrzymano przez
zastosowanie metody linearyzacji, pokrewnej metodzie linearyzacji harmonicznej,
znanej w teorii drgan nieliniowych. Otrzymano réwniez oszacowanie bledu rozwiazan
przyblizonych. Osobno rozpatrzono przypadek matych deformacji preta. Podano
przyklady numeryczne.

A . KINBUITKHN u A, PRIBAPCHKHU (Bponuas)

JUHEAPHBANHUA YPABHEHHUH YIPYIoro rnmPyTA

PEBIOME

B crarpe mccuegyercs cucreMa TpexX HeNWHeHHMX KudPepeHIMANbLHHIX Ypas-
HeHuit, n300pakaAPIUX GOPMY yNDPYroro IPYTA, 3aKPEIJOHHOr0 HEMOABMMHO OXHEM
KOHIIOM M TOZBEPIEYTOr0 HA IPYIOM KOHIE LeHCTBHIO CHJILL NePHeHIUKYIAPHO! K oCH
HeJeopMUPOBAHHOTO Mpyra. Hak M3BECTHO, MCCIeyeMas CHCTEMa WHTETPUPYEMa NPH
IMOMOMY JNIUNTUYECKUX HHTErpaios. ;

B pabore mpuBopuTesH HEKOTOpHe NPUOIMKEHHEHEe DeIleHHA YpaBHeHwWit Cojep-
JHamee sieMeHTapHEE (QyRKIUU ¥ QyEruumu Becceasa. Ot npubuu:KeHnsle peNIeHUA
MOXyIeRsl NYTeM OPUMEHEHHA MeTOfA JIUHEAPUBALMHA, POJCTBEHHOTO METONa TapMo-
HUYECKOI THHEAPMBAMMM, M3BECTHON W3 Teopuu HenuHefHHX Komebauuit, Iloayduema
TaKKe OLEHKA NOrPeIIHOCTH UPUOIMMKEHHHX pemeHuil. OTZENbEO PACCMATPUBACTCH
cuyual mausix gedopmanmit mpyrta. IlpuBejeHo YMCIOBEE IPUMEpPH.



