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Some spectral properties of operator-valued
representations of function algebras

by F. H. SzAFRANIEC (Krakéw)

In the present paper our interest centres about representations
which are not necessarily contractive. For such representations we discuss
the existence of the spectral measure and its properties. Our theorems
contain in particular the well-known results of Sz.-Nagy and Foiag
concerning properties of the spectrum of unitary dilations of contractions.
We also present some examples (see section 3).

1. Throughout the present paper B stands for a (complex) reflexive
Banach space with the norm |f| (feB). The algebra of all bounded linear
operators in B is denoted by L(B). I is the identity operator in B. For
VeL(B), |V|is the norm of V, V|, is the restriction of V to a subspace B,
which is invariant under V.

Let X be a compact Hausdorff space and let O(X) be the Banach
algebra of all complex continuous functions on X with the norm |ju|
= sup |u|. A function algebra on X is by definition a subalgebra of C(X)
containing constants. In what follows A stands for a function algebra.
Let u|, be the restriction of u<C(X) to the set ¢ « X. A, "= {u|,: ued}.
The closed set o = X is called a peak set of A if there exists a wed such
that |u|| =1 and, ¢ = {: |u(z)| = 1}.

We consider in the present paper merely Borel measures on X. Let u
be a complex measure on X. We write o | A it‘x[udp =0 for all ueAd.

If o is a Borel subset of X, then u, is a measure defined by u,(0) = u(e N o)
for all Borel sets g. ||u|| denotes the total variation of 4 over X.

The bounded algebra homomorphism 7': A — L(B) is called a 7re-
presentation of A on B if T(1) = I. It is clear that if 7' is a representation,
then |7 > 1. A representation is said to be contractive if ||T| = 1.

Let B, be a subspace of B. We say that B, is invariant under the
representations 7' if is invariant under each 7(u) (ued). The restriction
T\, of a representation I' to B, the representation is given by the formula
(T )(u) = T(u)|p, (wed). We agsume in this definition that B, is
invariant under 7.
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Suppose we are given the representation. Tof A. It is a consequence
of the Hahn-Banach theorem and the Riesz representation theorem that
there are measures u(p,f) (peB* feB) such that [lu(e, )| <ITlielIfl,
(T (w)f) =Jg'ud,u(qo, f) for gpeB* and feB. We then say that u(p,f) are

elementary measures of the representation 7.

The representation T is called o-supported (o is a Borel subset of X)
if it has a system of elementary measures vanishing outside of o.

The representation T is called absolutely continuous with respect
to a positive scalar measure m if it has a system of elementary measures
absolutely continuous with regpect to m. We write I' < m if T is absolutely
continnous with regpect to m.

We say that a mapping F defined on the totality of Borel subsets
of X, with values in B is a speciral measure if: (i) F(X) = I, (ii) for every
peB* and feB the mapping o -—>(p(F (a)f) is a regular scalar measure,
(iii) F(e N o) = F(p)F (o), (iv) |F (o) < M for all Borel sets ¢ and some
finite M independent of o.

For a given spectral measure I! and fixed feB we denote by Ff the
mapping ¢ - F(o)f. It is known that, for every feB, Ff is a vector
measure (in the sense of [2]).

For V¢L(B) and the bounded Borel function % we write

V = [ udF
X
if for all fe¢B
Vf = [ udFf.
X

Furthermore, let || Ff|| denote the semivariation of the vector measure
Ff over X. Define the semivariation ||F| of the spectral measure F as
sup{||Ff||: |f| < 1}. An easy calculation shows that F satistying (ii) satisfies
(iv) if and only if ||| < + co.

The following result will be needed for our purposes.

TaeorEM 8. If T' is a representation of O(X) on a reflexive Banach
space B, then there exists a unique spectral measure I such that

(1) T(u) = [udF, wueC(X).
X

Conversely, if F is a spectral measure, then T given by (1) is a represen-
tation of O(X) on B. Moreover, if T and F are related as in (1), then | T| = ||

Proof. Fix feB and set T,(u) = T(u)f. Since B is reflexive (cf. [2],
cor. 3, p. 482), we may apply Theorem 3 of 2], p. 498, to the operator
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Ty: w — Ty(u). This theorem implies that there exists a unique vector
measure u, with values in B such that:

2) Ty(w) = T(w)f = [ udyy, ue0(X),

x
(3) popuy i a regular measure for every .peB,
(4) IZA = lieedl -

For every Borel set ¢ we define a mapping F(g) from B to B by
the formula F(o)f = u(0), fe B. We want to prove that each F (o) belongs
to L(B). One verifies directly that the uniqueness of u; corresponding
to T, implies the linearity of the mapping f — u, and, consequently, the
linearity of F'(¢). Since

llezy (o) << Mgl = ITAl << TN 11

each I'(o) is bounded.
We claim that ' has all the properties of a spectral measure. We
have

F(X)f = u(X) = [ duy=TQ)f =7F.
X

This gives (i). Condition (ii) follows, by definition of ¥, from (3).
To prove (iil), let us define p (o) = fud(p o Ff) for a fixed but arbitrary
ueC(X). Then, for veU(X), ?

[odp = [ wvd(poEf) = p(T()T(0)f) = (T(w)"¢)(T (0))
X

X

= f 'vd((T(u)"' (p)OFf).

X

Since v is arbitrary, we get

[ ud(poFf) = (T (w)* p)(F (o))

g

for every ¢. But
(T(w)*g)(F(0)f) = [ ud(poFT(0)f),
X

which implies that
[ paud(pc Bf) = [ ud(go FF(0)f).
X X

Since % is arbitrary,

?(Flo A o)f) = [ 1.d(é0 Ff) = p(F(2)F(0)f),
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which, completes the proof of assertion (iii). Condition (iv) follows from
the relation |Z]| = ||7||,” by the remark preceding this theorem. Thus F
has the required properties.

It i easily seen that if # is a spectral meagure, then T' given by (1)
is linear, bounded and 7'(1) = I. We only need to show that 7' is multi-
plicative, i.e. that« T (#) T (v) = T'(uw) for all u, veA. Observe that, by (iii),
this equality holds true if 4 and » are simple Borel functions and, conse-
quently, for all bounded Borel functions.

It remains to prove that ||T|| = || F||. To this end it is enough to note
that

|7|| = sup {sup|T (u)f[} = sup| Tyl = sup |lull = sup || Ff|| = ||F],
<1 (f<1 <1 i<t <1

Q.E.D.

We say that the representation T of A is an X-representation if it
has an extension on the whole C(X), which is a representation of C(X)
with the same norm as that of 7. By Theorem S, the following is a trivial
observation:

PrOPOSITION 1. The representation T of A is an X-representation if
and only if there ewists a spectral measure F such that (1) holds true and
T = {21

We say that the representation T is an X-pure representation if no
restriction of T to any invariant subspace B; # {0} of B is an X-represen-
tation.

In the case where B is a Hilbert space we have the following two
definitions (1):

The representation T is a *-X-representation if it has an extention
on C(X) which is a *-representation (i.e. an involution preserving repre-
sentation) of C(X). The representation 7T is called a *-X-pure representation
if no restriction of 7' to any invariant subspace B, of B is a *-X-represen-
tation.

The interplay between our notions and the typical Hilbert space
notions is given by the following almost trivial statements.

PrOPOSITION 2. Suppose T is a represeniation of A on the Hilbert
space B. Then:

() T is a *-X-representation if and only if it an X-representation and
18 contractive.

(B) If T is an X-pure representation, then it is a *-X-pure represen-
tation.

(!) Those notions are known (cf. [3]) just as an X.representation and an X.pure
representation (for contractive representations only).
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(v) Suppose T is contractive. If T is a *-X-pure represeniation, then
it 18 a X-pure representation.
A further discussion of those notions is given in section 3.

2. We begin our main considerations with the observation that any
o-supported representation 7' satisfies the inequality

(5) | T ()] < 1T]) [wllos
where ||u], = sup |u|.

Indeed, for every pe<B* and feB we have
P(Tw)f) = [ udilp,f) = [udu(p,f).
X o ’

Hence

(6) (T (w)f)| < NN el Lol 1£1 -

It is a consequence of the Hahn-Banach theorem that for every
feB there exists a g,eB* such that |p] =1 and |p/(T(w)f) = |T(u)f].
Hence, by (6), we have the required inequality (5).

TuzoreM 1. Let T be a o-supported represeniation of A. Suppose «
18 a closed subset of X such thai

(*) A, is dense in C(o).

Then T is an X-representation.

Proof. Let ueC(X) be fixed. Suppose u,|, = %], (uniformly on o),
Uy, eA. By (), we have |T (u,) — T (1) < ||| by, — U lo- This implies that
T(u,) tends (in the uniform operator topology), say to V. Moreover,
by (b), we have

(7) VI < ) ol

Let v, be some other sequence such that v,|, = u|,, v,ed and T (v,) — V.
Then we have |V—T(,)| <|V—-T(u,)|+|T(%,)—T(v,)] = 0. Thus ¥V
do not depend on {u,}. Set To(u) = V. We have, in particular, T';(u)
= T'(u) for ued. By direct calculation we verify that the mapping T\:
u - To(u) is an algebra homomorphism. We conclude by (7) that T,
is a representation of C(X) (with the same norm as T') which restricted
to A gives T. This completes the proof.

We are now dealing with some consequences of Theorem 1. These
consequences are going into two directions.

(a) Let o be a closed subset of X. We shall assume that o satisfies
(*) and

(8) o is an intersection of peak sets of 4.
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Such a set ¢ will be called an interpolation peak set. Without any
difficulty, one may show that for every interpolation peak set & the
following condition is satisfied:

(9) p, =0 forall ul A,

For algebras separating the points of X, Gliksberg [4], th. 4.8 showed
that the converse statement holds true, that is if o satisfies (9), then
it is an interpolation peak set of A (more precisely: then A|, = C(q)).
Let us add that, as was shown in [9], condition (8) determines a decompo-
gition of 7' in the direct sum I = T,4T,, where, among other things,
T is o-supported.

Heaving dealt with these prelimiriaries, we are now in a position to
apply Theorem 1. So we get -

THEOREM 2. Suppose o is an interpolation. peak set of A. Then every
representation T of A on B is a unique direct sum T = T, 4T, , where T,
(T,) is o-supported ((X\o)-supported) representation of A on B, (B,),
B = B,+ B, (direct sum). Moreover, T, is an X-represeniation.

In order to illustrate Theorem 2 we consider the algebra A (I') = the
uniform closure of polynomials on the unit circle I. Let ¢ be a closed
subset of I" such that m (o) = 0 (m stands for the linear Lebesgue measure
on I'). It is a consequence of the Fatou-Rudin theorem (see [5], p. 81)
that o is an interpolation peak set of A. Suppose we are given the I'-pure
representation 7. Then, according to Theorem 2, the space B, = {0}
and the projection P, on B, is equal to zero. Thus for every ¢e¢B* and
feB we have

0 = p(Pof) = [ x.8u(p,f) = ulp, (o).
X

Hence, by the regularity of both u(p, f) and m we have proved in
fact that m (o) = 0 implies u (¢, f)(¢) = 0 for every Borel set .
So we come to the following

CorOLLARY 1. Every I-pure representation of the algebra A (I') must

necessarily be absolutely continuous with respect to the linear Lebesgue
measure on I.

An interesting special case of this corollary arises when B is a Hilbert
space and T' is a (contractive) representation of A (') determining by
a given completely non-unitary contraction V (i.e. such a 7 that T(w,) = V
for u,(#) = 2). Then it is known that T is contractive and I-pure. Hence,
by Proposition 2, (y), T is a I-pure representation. Corollary 1 gives
us I <m. This yields that the spectral measure of a unitary dilation
of V is absolutely continuous with respect to m. So we have arrived at

the well-known theorem of Sz.-Nagy and Foiag (see th. 2 of [8, IV] and
also [7], p- 78).
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(b) Suppose now that the algebra A satisfies (*) for every proper
closed subset o of X. Such an algebra is said to be pervasive. For pervasive
algebras the converse version of Theorem 2 is sufficiently interesting to
be stated separately.

COROLLARY 2. If T is not an X-pure representation of a pervasive
algebra A, then the representation T is not o-supported for any proper closed
subset o of X.

There is a theorem of Sz.-Nagy and Foiag (cor. 2.2 of [8, IIT] and
also [7]) which says that the spectrum of the unitary dilation of non-
unitary contraction convers the whole unit circle. This theorem may be
deduced from Corollary 2 in the same manner as the preceding theorem
of the above mentioned authors. In addition, note that Corollary 2 gener-
alizes a result of Khanh ([6], Prop. 1b) concerning dilatable represgnta-
tions.

3. Suppose T is a X-representation on the Hilbert space B. Let F
be a spectral measure of 7. From a theorem of Sz.-Nagy—Dixmier [1]
if follows that there exists an invertible operator § such that the
measure ¢ — S~' F'(0) 8 is a self adjoint spectral measure. Consequently, 7
becomes similar to a *-X-representation. We may formulate the following.

ProrosiTioN 3. Fvery X-representation 4s similar to a *-X-repre-
sentation.

But we now show by an example that the representation which is
similar to a *-X-representation need not be an X-representation.

Exampre 1. A contractive X-pure representation similar to a *-X-
representation.

Let B be a two-sided sequential Hilbert space I? and let f = {f,}
and ¢ = {g,} belong to 2. Next, let U be a bilateral shift that is Uf = g,
where g, = f,,,. Define 8§ by 8f = ¢, where g, = 4f,ifn >0 and g, = f,
if n < 0. Let T, be a contractive representation of 4 (I') such that T';(u,)
= U (u,(2) = 2). Ty is a #*-I-representation of course. Set Tg(u) =
87! Ty (u)S. We show that the representation Tg: w — Tg(u) of A(I') is
contractive but I™-pure. To this end, by Proposition 2(y), it is enough
to prove that V = T(u,) = S~'US is a completely non-unitary contrac-
tion. Write V explicitly. We have Vf =g, where g, = f,;, for # # 0,
go = 3f,. One sees that V is a contraction. Suppose f satisfies the fol-
lowing condition:

(10) |Vf| = |Vf] = |f] for every integer k.
An easy calculation shows that equations (10) may be explicitly
written as ... = |f_y[t+|fol* = |fol* = [fol*+|fil* = = 0. Hence f = 0.

Note that, as was proved in [7], p. 9, condition (10) characterizes
contractions which are completely non-unitary.
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ExaMPLE 2. A representation which is an X-representation and
x-X-pure.

Let B be a 2-dimensional space C* and let 4 be an algebra A (I).
Define the representation T of A (") on C* as follows:

() =(u(l) %(1)—‘%(73))'
0 % (%)

The extention of 7' on C(I') is given by the same formula a8 T.

Tt is clear that |T'(u)| = f(u(1), (%)), where f is a continuous function
(which may be computed explicitly). Let z,,2, be the points at which f
attains its maximum on the set {(f,s): || <1, |s| < 1}. Denote by 4
a polynomial such that @(1l) =e,, #(4) = 2,. Then the supremum of
|T(u)| taken over all functions u from C(I') with |ju]] =1 is equal to
f(#1, #,) and is attained for 4. But % belongs to A(I"). Thus T' is a I*rep-
resentation. A direct calculation shows that T has no reducing subspaces.
This implies that T is a *-I'-pure representation.
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