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Abstract. Let f(s)= Y a,exp(sd) (s=o+it, 4,4y >4, 4,20, limA = and
1

n=r
n=

lim supl?ig—l = 0) define an entire function. The Ritt-order ¢ and lower order for f(s) are

Ry n

defined as:
i suploglog M(s) ¢
el @ Py

where M (o) =sup{|[f(c+it)}: —00 <t < a}.
We have defined the following means of f(s):

1 T
(1 Is(0) = 1(0,f) = lim {ﬁ- j If(0'+l.fx6dt}
T -T
and
2 myu(0) = my, (0, ) = e * [ I(x, f) ¥ dx,
1]

where 0 <d < oo and 0 <k < 0.

In this paper we have obtained a few properties of the product of any finite number of
mean values, defined by (1) and (2). The main result of the paper is:

If f,(s) (@w=1,2,...,n) are n entire functions of regular growth, of orders’g,, ¢;,...,0p
respectively, then so is f(s), of order ¢ and

e=0,t+0;+ ... +0,.

1. For an entire Dirichlet series

(L) S =Y ayexp(si)

n=1

s=0+it,A;, 20, 4,4, > 4,, 4, o0 with n)
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we define the maximum modulus over a vertical line Re(s) = o as:
M(o) =sup {[f(e+it)]: —o0 <t < 0],
the maximum term as:

#1(0) = max {|a,| exp(c4,)],

nz1

and the rank of the maximum term as:
Aﬂ'v(a) = max {}‘u: [.1(0') = |an| CXP(O').,.)} .

Finally, the Ritt-order ¢ and lower order 4 (in the sence of Ritt) are defined
as [4], p. 78:

log log M
i SuPloglog M(g) _ e

, 0<A<9<K .
s - Inf o A SASes®

Let us introduce the following mean values of f(s):

T
(1.2) I;(0) = I;(o, f) = lim {L _f Lf(a+it)l"dt}
- (2T 25
and
(1.3) m,,'*(a)=m,,_k(a,f)=e"“’jl,,(x,f)e’“‘dx,
0

where 0 <éd < oo and 0 < k < 0.
It is known that [3]:

. suplogiogl;(a,f) ¢
1.4 ] -
( ) aljr:: lnf a ,{
and
(1.5) lim suploglogm,, (s, f) _e
g cx inf g )'.

In this paper we have obtained a few properties of the product of any
finite number of mean values, defined by (1.2) and (1.3). Throughout this
paper we shall assume that the function f(s) is of finite non-zero order.

2. TueoreM 1. Let f(s) be an entire function of order ¢ and lower order .
Then

(2 l) lim sup log {m:ﬁ.k (a’f)/md,k(a,f)} _ 0
| o~ inf pu It

where mjy, (o, f) is the derivative of my,, (o, f).
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Proof. Since log m;,(s,/) is an increasing convex function of o ([6],
Lemma 1), therefore log m;, (0, f) is differentiable almost everywhere with an
increasing derivative. This enables us to write logm,, (s, f) in the following
form:

(2.2) logm,, (0, f) = logm;, (g, )+ j' [ maa (X ) ————2dx, @ > 0,.
M (X, f)
Thus
108 140, ) < loR s (0, ) + 22 T =)

Proceeding to limits, we get

23)  fim SUPloBlo8Mas(a, /) . suplog imj(o, f)mss(0. 1))
o ol o oo INf o

Again, for an arbitrary n > 0, we have

a+n
log my 4 (6 +1, f) = logmy 4 (0, )+ | My (. f) f)
a 6&( f)
m;. (o, f)
” Myn(0.)) my, (0, f)
This gives
(24) i sup log logm,, (o, f) > lim SP log {mjy,(c, f)/ms,(a, )
. o~ inf o 7 g inf o

From (2.3) and (24), we find
25  lim suploglogmy,(0.f) _ . suplog M (0, f)/man(o, 1)}
a—ad ln-r g ag @ ll‘lf g
On using (1.5) in (2.5), we get (2.1).
CoRrOLLARY 1. For almost all values of o > gy,
my (0, f) €479 <mj, (0, f) < my,(a, ) e*™,

where ¢ is an arbitrary small positive number.

THEOREM 2. Let f,(s) and f,(s) be two entire functions of orders g,, 0,
and lower orders A, A,, respectively. Then, if

(2.6) loglog m; (o, f) ~ log[{log m, s (c, /)] {log m,, (o, 211
the order o and lower order A of the entire function f(s) are such that

(2.7) M+i, <Ai<e<o+eo
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and if

(28)  loglogms,(a, f) = [{loglogm,, (s, 1) {loglog my,(a, £2)]1V2,
then

2.9) (L4 <A< o <(010)"?

where my, (0, f), my, (0, f,) and my, (o, f;) are the mean values of f(s), f,(s) and
f>(s), respectively. -

Proof. Since the entire functions f; (s) and f, (s) are of orders g; and g,,
therefore from (1.5), we have '

log | ,
lim sup 28108 Max (0. S) _ 0,
o= g
and
lim sup log log m; 4 (0, f3) — 0,.
o— o
Hence, for any ¢ > 0 and o > g,, we get
log1
(2.10) 0808 '?-‘(a"f ) ot ke
and
1
(2.11) log °g":'*(“’f’) <oy +le.
Adding (2.10) and (2.11), we get
(2.12) log[{logm, (o, 1), (logm,,(a, f3)}] <o0,+0;,+¢.

o
Proceeding as above for the limit inferior, we find

log[{log ms, (o, f1)] {log my x (e, /2)}]
o

Now, if (2.6) holds, then from (2.12) and (2.13), for any ¢ >0 and
sufficiently large o, we have

(2.13) > Ay +A,—¢.

loglog m,, (g, f)
g

ll+}'2_£< <p,+g,+¢.
Taking limits and using (1.5), it leads to (2.7).
Again, multiplying (2.10) and (2.11), we get

Nog log my (5, 1)} loglogm;, (o, f3)!
(2.14) Jog log my ; ( f1;21 g log m; fz’<(g,+-‘2-8)(92+%£)
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for any ¢ > 0 and sufficiently large o.
Similarly, we have

| 1 1
(215) k IOg log m“‘ (U, f] ;;qu_log m&.l‘. (O', fZ)l > ()il _ is) (,12_ 58)

for any ¢ > 0 and sufficiently large o.
Further, if (2.8) holds, then from (2.14) and (2.15), on taking limits and
using (1.5), (2.9) follows.

CoroLLARY 2. If f,(s) (@ =1,2,...,n) are n entire functions of orders
01,02,---,0, and lower orders Ay, A,,...,A, and having the mean values
My (0, 1), M5, (0, f2),-..,ms, (0, 1), respectively. Then, if

log log m, 4 (g, f) = log [{log m;, (o, f,)} {log ms,(a, f3)}... {log ms . (o, f)}]1,

the order ¢ and lower order 1 of the entire function f(s) having the mean value
my, (g, f) are such that

Mmtia+ .+, <A<e<oi+or+ . 0
and if
log log m; (0, f)
~ [{log log m; (s, f;)} {log log m;x (o, f3)} ... {log log ms . (a, £,)}1'",
then
(A142...4)" <A< 0 < (0102 ---02)'™

CoroLLARY 3. If f,(s) (x=1,2,...,n) are n entire functions of regular
growth, of orders g,, 01, ..., 0., respectively, then so is [(s), of order ¢ and

e=01trert ... +0n

Remark. We know that log I;(0) is an increasing convex function of
g [3] HCDCC, if we replace mb.t(a’f)! m&.k(oyfl)v-', m6,h(a’fn) by Id(oaf)9
I5(0, f1), ..., Is(o, f,), respectively, in theorems first and second, the results
remain same in view of (1.4).The details are omitted.

3. THEOREM 3. Let f(s) be an entire function of order ¢ and lower order A.
T hen

G.1) tim sup 2B+ @S 50/
o~ Thvou)

and

(32 lim sup—28"ex(@S) s 1),

a—x A'v(a.f) log )'v(ﬂ‘.f)
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Proof. From (1.3), we have
‘ 1
mau(o, f) = e * [ I;(x, f)e**dx < Ela(o',f),
0

where I,(c, f) is a positive increasing function of ¢. Hence

log I,(o,
(3.3) lim supl—o—gM < lim sup o8 ,(a_[_).
a—x alv(aj) a—x O-J‘V(OJ)

We know ([1], p. 15; [2]), p. 45; [5], p. 84) that for 0 < ¢ < o0,

(3.4) tim sup 2872 51 _2/0)
oo O vos)

and

(3.5) lim sup— 28120 s,

o—~® A‘\c(a,f) logl,(,J)
Thus (3.1) follows from (3.3) and (3.4).
Similarly, we can easily derive (3.2), if we use (3.5) instead of (3.4).

THEOREM 4. Let f(s) be an entire function of order ¢ and lower order A.
Then

. . mﬂk(a')f) logm&i(a’f) 1 1

3.6 i nf — - <-<=

6.6 m i mye (@ f) oS 1
< lim supma"‘(a'f) log md,k(a’f)'

o— @ m'd.k(ayf)

In order to prove this theorem, we need the following lemmas:
Lemma 1. If

3.7 lim suplogf(a) = A,

where (o) > 0 and continuous almost everywhere for o, < ¢ < o0, then
1 9 1

38 lim inf—— x)dx € —.

G9 i gy J A<

LEMMA 2. If @(o) satisfies the conditions of Lemma 1 and

(3.9) lim inflOg;p(a) - B,
then

i i
(3.10) lim sup—— | @(x)dx >

g~ ® ¢‘p(a.) %, E'
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The proofs of the above two lemmas are given by Srivastav [5], p. 88.

Proof of Theorem 4. Since logm;,(a,f) is an increasing convex
function of ¢ [6], the function [mj, (o, f)/m;s, (0, [f)] obviously satisfies the
conditions of Lemma 1, i.e, (my, (g, f)/m,, (0, ) is a positive real function,
continuous almost everywhere for 6, < ¢ < . Hence, we can take

_ msi (o, f)
”10.1 (O', f)

in Lemmas 1 and 2. Then in accordance with Theorem 1, inequality (3.6)
follows.

¢(0)
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