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Stability of a transport equation

by J. Kraczak (Katowice)

Abstract. An application of the lower bound function method for proving the asymptotical
stability of solutions of a transport equation is presented. This result contains as a special case
the stability theorem for the Chandrasekhar-Miinch equation given in [2].

1. Introduction. Let G be an unbounded, Lebesgue measurable subset of
R". By D we denote a subset of L' = L' (G) which consists of all normalized
non-negative functions, i.e.,

D= feL': [20,|Ifll=1], [fll=]f(xdx

G

Any function feD is called a density. A linear operator P: L' — L! is called
a Markov operator if P(D) < D. Let a family |P',., be a continuous
semigroup of Markov operators [4]. A semigroup |P'},,, is called asymptoti-
cally stable if there exists a density f, such that

Pfo=f, fort=0
and
lim [|P'f—foll =0 for every feD.

r—x

A function V: G — R will be called a Lapunov function if it 1s measurable
and satisfies the conditions

(1.1) lim V(x})=o and Vix) =20, xeG.

|x| =%
If ¥V is a Lapunov function and f is a density we set
(1.2) E(V| f)= | V(x) f(x)dx.
G

Given r >0, we denote by D, the subset of D which consists of all
densities satisfying

f(x)=0 for |x| >r (ae).
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By D, we denote an arbitrary dense subset of D. An important role in our
further considerations is played by
inf P(D,) = inf {P' f: feD,},

where the infimum is understood in the sense of the partial order in L'(G).
The following proposition, proved in [2], played a crucial role in our
considerations.

ProrosiTioN 1.1. Let V: G — R be a Lapunov function such that

(1.3) limsupE(V| PPf)< N for feD,,

[ - 3}
where the constant N is common for all f. Further, let ro > 0 be such that

(1.4) inf V(x)>N.

|xI>rg

If for some ty = 0 the function inf P'O(D,O) is not vanishing (a.e.), then the
semigroup {P'},», is asymptotically stable.

2. The transport equation. Let Q = [0, o©0)". We consider the integro-
differential equation

(2.1 éu((;, x)+ Z": 0 (@ () u(t, x)+ult, x) = [k(x; yyul, y)dy,
t = 0 ;

i o

t 20, xeQ, with the boundary value conditions
u(l‘,x,,.‘.,x,-;l,O,x,-*_l,...,x,,):O, i=1,2,...,)1,1>0,
u0, x) = f(x), xeQ.

The coefficients a = (a4, ..., a,): R — R" are assumed to have continuous
second order derivatives and to satisfy the inequalities

(2.3) O0<g(x)s<M for xeQ,i=1,...,n,

(2.2)

where M is a constant. In addition we assume that the equation x'(t)
= a(x(r)) generates a C? dynamical system 7: RxR" —R" such that all
coordinates increase to infinity as ¢t — co. The kernel k is measurable and
stochastic, i.e.,

(2.4 [k(x;y)dx =1 and k(x;y») >0, x,yeQ.
Q

3. A semigroup corresponding to the transport equation. Define a family
T, (1) (t = 0) of operators on L' = L'(Q) by setting
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3.1y Ty e(x)

t n aa,'
=1,[n(=t, x)]e[n(—1t, x)]exp{—j Z ET[n(s~t, x)]ds}.
0i=10X; .
We will prove the following lemma.

Lemma 3.1. The family \Ty(1)},5 o defined in (3.1) is a continuous semigroup
of linear operators on L'.

In order to apply the semigroup theory of linear operators we are going
to consider the problem

(3.2) %:(A—I+K)u, u(0) = f,

where

(33) lo=¢ Ko(x)=[k(x;pe(ydy for pel!
2

and A is an infinitesimal generator of the semigroup |T,(1)},>0. For ¢
sufficiently smooth, we have

= Z __( (x) ().

The following identity will be used in our posterior considerations:

(34) cxp)f }i n(s z))d }
0is

where |0, (¢, 2)/x)l; j=,,. .. denotes the determinant of Jacobi’s matrix for the
function x+->n(t, x).

on(t, )
x;

i, j=1,..., n

Proof of identity (3.4). The derivative, with respect to r, of the left-
hand side ol (3.4) admits the form

L2 G ¢ lom(t, 2)
_ hebac Nds | — -
C‘Xpé gigl x; (s 2 \}[& Lo b=

' da

_y S

i=1 "N

om; (1, 5)\ ]
)) 6.’(_’- =1, n .

The second factor appearing in the product is equal to zero. This follows
from the rule of differentiation of determinants,

([ g ). gy, 1) ) ( g ()...g1, (1) A
d | e
L det| g0 gu0 ) = Y det | gii(6)...ginlt)
i=1
L gnl([)--'gnn([) Yai (I)...g,,,,(t.)
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and the equality

i&(t, ) _ & Ca,(n(r, z)) omy(t, 2)

N - v o
0t ix; = cx, CX;

, Lj=1,...,n

Thus the left-hand side of identity (3.4) remains constant for all r > 0. On the
other hand, for t = 0, equality (3.4) is obvious.

Proof of Lemma 3.1. For every feL! and t > 0 with the use of (3.4)
we verify that

1T f1l = [1oln(=t, )]If [n(—¢, X)]ICXP{ f Z -, x)]ds}dx
n .

Qi= 1
t n an ,
= .Hﬂy)lexp{ IZ } 3(; y’[ _dy =,
Q Oi= j ij=1,...n
The equality
(3.5) IS =/, 20, fel

means in particular that T,(r) is an operator acting in L'. The identity

1o(n(—t—s, x)) = 1y(n(—1—s5, X)) 1o(n (-1, X))

implies that the semlgroup condition for [Ty(1)!,50 holds true. It remains to
show the continuity of |T,(1)!,5,. more precisely that for every fel' the
function r+> T, (t) f 1s continuous at t+ = 0. Let us estimate the difference

I1To () f—11

= {{loln(=t, )] f[n(—t¢, x)]exp{ [Z -——[n(s—t x)]ds} —f(x)|dx
)

011

n(t,0) ny(6,0)

= { 1S X)dx,...dx,+

0 0

X

+T...[

7(t.0) 7 (1,0)

fln(—t, x)]exp{—ffi %[n(s—r, x)]ds}—

0i=1

—f (%)

We will concentrate on the second integral, denoted by J. For a continuous

dx, ...dx
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function f with compact support we have

i , .
J < [\,/'[n(—l. x)] (exp%— Py (;C—l-‘-[zr(s—t, .\')](i&‘%—l)lr[.\‘-%—
o! \ 0i=1CY ,

+ {1/ (=1, ) =f (x)] dx.
18]

From the mean value theorem we have |n(r, x)—x| < M ( njt|, where
l(zy.....z,)] denotes the Euclidean norm of the vector (z,....,z,)€R". The
expression integrated in the first component converges uniformly to zero as
t = 0. The second component is small due to uniform continuity of f. Now,
approximating an arbitrary function fe L' by a continous function g with
compact support, we have

I To () f=S1I S 1 To(n) f= To gl +11To (g —gll+llg /1]
=2l =S+ Ta (g — g
what means that ¢+ T, (r) f is continuous at zero: this completes the proof.
In the end of this section we are going to deline a semigroup T(1)!, 50
such that every T(r) i1s a Markov operator and A—I+K, (3.3). 15 an
infinitesimal generator of T(f)},54. It is obvious that an operator A—1/
generates a semigroup e ' Ty(1)),50. Let us note that (e " Ty(1)!, s and the

operator K, defined in (3.3). fulfil assumptions of the Phillips Perturbation
Theorem [3]. Indeed, by (3.5)

IKe “T,(0) fil <IIKe " [To() flll = e NI To) fll =€ "Il

for e L'. So, by virtue of the Phillips theorem, A —1I+ K is the infinitesimal
generator for the semigroup

(3.6) TS =e' Y T,
i=0
where
(3.7 T f={To(t—=)KT,. (s)fds, [felL'.
0

The semigroup |7T(t)},5, is stochastic, L.e., every T(t) is a Markov operator.
In fact, the non-negativity of T(¢) f for f= 0 is obvious. Further. using (3.7).
(3.5) and the stochasticity of K, it is easy to prove by an induction argument
that

(3.8) IT@ A=A >0, felt.
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Finally, from (3.8) and (3.6), it follows immediately that

ITO Al =e* Y INTOS =S, f=0, feL
i=0

4. Stability of the semigroup |T(:)],>,. We are going to show, under
some additional assumptions concerning the kernel k, that the semigroup
{T(t)),50 is asymptotically stable. We will use Proposition 1.1. We shall
restrict ourselves to some special class of Lapunov [unctions. A Lapunov
function V: Q@ — R will be called admissible if the following conditions are
satisfied
(4.1) sup V(s) <0, Vx+) < V@+V(),  x, ye®,

Isl<1
and

(42) if x;<y; lor every j=1,...,n, then V(x) < V(y).
Our first result concerning the asymptotical behavior of |T(1)},5¢ is
given by the following

ProrosiTioN 4.1. Let V be an admissible Lapunov function and let

(4.3) \ Viyk(y; z)dy < aV(z)+f, :zeQ
Q

with some real constants a, 8, 0 <o < 1. Then there exists a constant N
such thai

(4.4) limsupE(V| T(t) /)< N

| s &

Jor every feD with compact support.

Proof. Using (3.6), we may rewrite the expression E(f) = E(V| T()f)
in the form

(4.5) E()=e"

i

M=

e, el = ‘ V(x) T;(1) f (x)dx.
0 Q

]

We are going to show that ¢; satisfies a system of integral inequalities, which
in turn imply (4.4). Setting

Jis=T-1()f and g, () = jV X) To (t =) fis(x) dx

and using (3.1), (3.4), we obtain
4 (1) = [ V) Kf, [n(=t+s, )] 1p[n(—1+5, x)] x

Q

xexp{— [ ’[n(r—l+s Y))d‘t}d

OJl

= J‘V[T[(f_sa y)] Kf.s()’)d,"
(9]
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From the mean value theorem it follows that
mr—s, )<y +M@i—s), j=1,...,n.
Now, using (4.1), (4.2), we have
Gis (1) < ;’)V(yl M =5), ..., yut M(t—5)) Kfis(y) dy

< (VWKW dy+M [V(t—s, ..., t—s)Kfi(y)dy

Q 22
= [V [k 2) fisl2)dz}dy + MV (t—s, ..., t=s){| fil.
Q 0

From this, changing the order of integration and using (4.3) and (3.8), we
obtain

g1
() S [ V(D) fiu(dz+(B+ MV (s, ..., r—s))(: i
Q - .
The above and the definitions of ¢; and f,, give
di—1
Gis(D) S g1 () +(B+MV(i—s, ..., t—s))(:_l)',

or finally

1 ri t Sif 1
46) e <ale_(s)ds+p_+M([V(t—s,...,1—5)— ds,

o i o (i—1)!

i=1.2
Analogously, we may derive the inequality
(4.7) eo() <Km(f)+MV(t—s,....t—s),
where
m(f) = [V (0 f (0dx.
2
As a result of (4.6) and (4.7) it follows that the functions
E=e"Y elt)y, r=1,2,..,
i=0
satisfy
(4.8) E()<afe " YE(s)ds+m(f)e "+c, 120
0

with

c=pf+Msupe 'V(t,...,00+M e *V(s, ..., 5)ds.
1 0
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Conditions (4.1) imply that V(x) is bounded by the function y = a|x|+b.
Consequently the values ¢ and m(f) are finite for every f with compact
support. Now, from standard results of the theory of integral inequalities. it
follows that E, (1) is bounded by the solution of the integral equation
corresponding to (4.8). Thus an elementary calculation shows that

B <5 rmipe

which immediately implies (4.4) with N = ¢/(1 —x) and completes the proof.

Now, in order to establish the stability of the semigroup |T(1)},>, given
by formulas (3.6), (3.1), (3.7), it sufficies to verify that for some t, > 0 the

function ian'O(D,O) is not equal to zero. The first step in this direction will

be done by studing the term T, (1) f appearing in series (3.6). For every 14 > 0,

we have
o

T(to) f(x) = e T, (10) f(x) = co | Tolto—s)KTo(s) f(x)ds
0

and using (3.3), (3.1)
o

T(o) f(x)=co | [h[m(=to+s, ) y]lg[n(~s, »]f[n(—s, y)] x

0

.\. n ai

xexp%—j > Ta-[ﬂ(T—S, y)]df}lg[ﬂ(—'o+8, x)] x
oi=1 X
0~s p aai

xexp%— [ Y = [r(t—ty+s, .\‘)]d‘[}dydb'.

0 i=1 00X

Changing the variables, we obtain

o
T f(x)Zco | [k[r(=to+s, x);n(s, 2)]f (@ 1g[n(—to+s, )] x

0

o™ n o
xexp%— j Z C—i[n(r—r0+s, x)]dr}d:ds,

0 i=la'

Let eq(x) > 0 denote minimum of the function

’0?3 " O
sn—»exp{— (D) -(,,—_'— [m(t—to+s, x)]dr}

0 i=1 X
attained on the interval [0, t,]. We can also define

0
@9  hy(x)=inf{[1o[n(—=to+s, )k[r(—1o+s, x); n(s, 2)]ds:
0

0<z<rg, i=1,...,nj.
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where ro >0 is a constant such that (1.4) is satishied. Then, whenever
JeD,,. we verify that

T(1o) f(x) = coeo(XVhy (x) | [(2)dz = cqeq(x) Iy (x).

[

From Proposition 1.1 we obtain the following

Turorem 4.1, If there exists an admissible Lapunov function V' satisfying
(4.3) and if there is a 1o > 0 such that I, does nor vanish (a.e.) in Q, then the
semigroup \T(1)!,5o corresponding to the transport equation (2.1) is asymptoti-
cally stable.

ExampLe 1. As a first example we shall consider the equation

n

+ Z :C—(ai(x)u(t. X))+ u(t, x) = @(x),

Ct S Oxg

Cu(r, x)

(5.1)

t 2 0, xeQ with condition (2.2). Let the coeflicients a; (i = 1, ..., n) satisfy all
assumptions formulated in Section 2.
The function ¢: R" — R is assumed to be measurable and to satislv

(5.2) fex)dx=1, o@(x)=0 for xeQ
Q2

and

(5.3) \ Vix)e(x)dx < 7.

together with some admissible Lapunov function V. Semigroup (T(1)!,5,
generated by (5.1) is asymptotically stable. In fact, the kernel k(x: 1) = ¢ (x)
is stochastic for (5.2) and satisfies (4.3) because of (5.3). Formula (4.9) admits
the form

10
(54) hy(x) = [1o[n(=to+s, Y] @[n(—to+s. x)]ds.

0

Because of (5.2) there exists an open set U = Q with positive Lebesgue

measure such that ¢(x) >0 for xeU. Il s is sufficiently close (o 1,. then
n(—ty+s, x) €U which in turn implies that h,(x) > 0.

ExampLe 2. We are going to apply Theorem 4.1, in the case where n = 1.
to the kernel

Ab(Ax—y), 0<y<ix,
0, 0<2x <y,

Here 4 > | is a constant and b: R — R i1s a measurable [unction satisfying

(5.5) k(x;y) = {

x

(5.6) b(z) 20, [b(z)dz =1,
0
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(5.7) | zh(z)dz < .

0
Thanks to (5.6) the kernel k is stochastic. In this case equation (2.1) has the
form

2 Cu 5
W0 W) e ) = i | bx—ult, vy
0

(5.8) -
ct cx

and generates an asymptotically stable semigroup. In fact, condition (4.3) 1s

satisﬁed [or the Lapunov [unction V(x) = x with constants 2 = 1/4 and f
o

=(1/4) \ zh(z)dz. Let & > 0 be such that jb( )dz > 0. To define the function

hy (x) 11 is sufficient to fix 1y > ((5+;0)/().—]) (see (2.4) and Proposition 2.1).
Now we are going to check that for x satisfying (& +r,+1t,)/4 < x <1, the
function /1, (x) is positive. To show this, it is sufficient to consider the integral
appearing in (4.9), which now can be calculated as follows:

‘0 to
(1.0 (x—to+9)k(x—to+s;z+s)ds = [ k(x—to+s;z+s)ds
0 tgp—x
o
=/ { b[A(x—ty+s)—(z+s)]ds.

[z+Atg— (A= 1)

Changing the variables, we obtain
1) /L ).x—:‘—lo
[ Lo, (x—to+ ) k(x—to+s; z+5)ds = P [ bOdy
0 - 0
) ).:(*7'0"'(0

[ b)dy 2

g
> [b(})dv>0
A—1 0 0

So h, does not vanish a.e. and we have the asymptotical stability of the
semigroup ,7T(t)},>, corresponding to (5.8).

Remark. The strict inequality x <1 in (4.3) 1s necessary for the
asymplotical stability of the semigroup [T(1)},», given by (3.6), (3.1) and
(3.7). To note this consider the following example. Let

cult, x) ou(r,: p
(5.9) utt D) ) = e {erult, y)dy.
cr 0x o

Here the kernel k, given by

5.10 k e "t 0Ky <y,
(5.10) (x, y) = 0, x <y,
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1s stochastic and for every admissible Lapunov function V

[ Vixk(x, pdx = [ V(x)e " dx = [ V(z+y)eds
0 ¥ 0
< (V@ eTd4 V() [eTdz = V(I+B.
0 0

It is easy to see that the function h, defined by (4.9) does not vanish. But now
the semigroup corresponding to (5.9) is not asymptotically stable. Suppose
the contrary. Then there exists a stationary density f, of this semigroup. This
density is a fixed point of the operator A—/+ K. It means that f, is an
absolutely continuous solution of the equation

(5.11) f1(¥) = —f()+e [ f () dy.
0

But any absolutely continuous solution of (5.11) must belong to C”*. So.
differentiating both sides of (5.11), we obtain the identity f”(x) = —2f"(x),
from which it follows that

Sx)=3f(0)e™*+35 f(0)

1s the only solution of (5.11). Now it is evident that there is no density in
D(A) which could be a fixed point of A—I+K.

ExampLe 3. We shall show the stability of semigroup corresponding to
the equation

cul(r, x "oou(t, x R | R
( )+ ( )+u(r, X)=[—e XTIy v dy.
“Xi ‘!) W Y

(5.12)

1 =

It 1s easy to check that V(x) = Z \/x_,- 1s an admissible Lapunov f{unction
i=1
satisfying condition (4.3). For given x =(x, ..., X,), let X = max.y;. We are

going to estimate the integral appearing in (4.9). For an x such that x; > 1o,
i=1,...,n we have

10
[ Tolxy —to+8, ..o Xo—=to+8) k(X —lo+S, ..., Xy—1o+S!
0

Zy+S, o T+ 8)ds
_-l([) 1 ex _Xl—t0+s\) | exp(/_.\',,_(o’f's ds
oz +s P 7 +s oS LA '
0 X—to+s 1 X—1o+s
> | exp(— 0 ) exp(——-0—>ds=J.
01+ oy +s Z,ts B o
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The [unction

N S—tlg+s TR
J = | s:;,'e)(p" . \‘__,_)ds = ii.—-T»in-1 ‘ (}_ l)n— Z()—"y dy.
0 ' ’ A7 lo

XM 0

Since the last itegral is positive for 1, > 1 and ¥ sufficiently large, we can
use Theorem 4.1 (o verify that equation (5.12) with conditions (2.2) generates
asymptotically stable semigroup.
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