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FOREWORD

The present paper is based on notes of the lectures of S. Mazur
“Computable Analysis” in the academic year 1949-1950 at the Institute
of Mathematics of the Polish Academy of Sciences in Warsaw. These
lectures present a systematic exposition of the results obtained by
S. Banach and S. Mazur in 1936 -1939 and contain a detailed examination
of recursive real numbers, recursive sequences, recursive functionals and
recursive real functions. The authors never published their results, except
for an abstract [2], because the Second World War made this impossible.
The results concerning general recursive mathematical objects are obtain-
ed by Mazur himself after the war. In the meantime some of the results
here presented were obtained independently and published by other
authors. However, the clearness and simplicity of the lectures has induced
us to elaborate the notes for publishing in the present form.

Helena Rasiowa and Andrzej Grzegorczyk



1. RECURSIVE AND COMPUTABLE NUMBERS

There exists a well known correspondence between the set of functions
defined over natural numbers and assuming natural values, and the set
of real numbers. A positive real number a can be represented by a func-
tion f such that

f(n)
— for an n=0,1,..
1) (a, n+1 n+41 y P
Other representations are expressed by:the formulae
f(n)

(2) 0= Do
(3) o< _=fp,q=0.

g+1

It is understandable to call a number primitive recursive (or general re-
cursive) if a function f satisfying (1), (2), or (3) is primitive recursive
(or general recursive (!)). We start with a study of recursive numbers. The
considerations of this section show that in the case of recursive numbers
formulae (1), (2) and (3) lead to three different notions of recursive real
numbers (Theorem 1.12, 1.13). In the case of computable numbers the
three notions are identical (Theorem 1.26). In the sequel we shall be con-
cerned with the recursive numbers defined by means of condition (1).
All algebraic numbers are recursive (1.16). The set of recursive numbers,
and the set of computable numbers constitute fields of numbers (1.3,
1.19). These two fields are algcbraically closed in the ficld of real numbers.
But these results require the notion of recursive (computable) sequence
and are proved in the next section (2.56).

We shall nse in the sequel the following operation-symbols and
function-symbols:

() To be short we shall say recursive instead of primilive recursive, and com-
putable instead of general recursive.
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0 if there is no natural number # such that R holds,

(pr)(R...) = [ the least natural number z for which E holds, if such
2 number exists,

[a] = the integral part of the real number a,
[a] = (un)(ne " and n+1 > a),

Ty =
| 0 if y>uo

x|y means: y is a divisor of z,
exp(m, k) = (uz)(~ (m|kz+)).
J, K, L and P,Q, R are two triples of pairing functions:

J(@,9) = (24+9)2+2, K@) =2=[Vz]?, L(z)=[Vz]=K(z),

z+1
' . oR@) —1
P(z,y) = 2°2y+1)+1, Q) =exp(z+1,2), R@E =—3—-

These functions satisfy the following equations:
J(K@),L@) =2, K@ y)=2 LJ@) =1,

P(Q(z)i R(z)) =z, Q(P(x’y)) =T, R(P(mv?/)) =Y,
[ —1 if a<0,
0 if a=0,

sgna =
l+1 it a>0.

The letters z,y, 2z, k,l, m,n will stand for natural numbers. The
letters a, b, ¢, d for real numbers. Some exceptions to this rule cause
no misunderstanding.

The logical signs, quantifiers: [], (for all z), }', (for some z), and
connectives: =, \/, A, —(equivalence, alternative, conjunction and im-
plication) will often be used.

1. Recursive numbers. Let .47 and R denote always the class of all
non-negative integers and the class of all recursive functions, vespectively.

1.1. A real number a is called recursive if therve exist iwo functions
f'y [ eR such that

fog—frmy 1

—  for every neA".
n+1 n+1

The class of all real recursive numbers will be denoted by .
1.2. For cvery real number a the following conditions are equivalent:
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(i) ae,

< : . : f(n) 1

(ii) there exisis a recursive function feR such that o la] | < ntl
for each neA;

(iii) there exist two functions f, geR such thai f(n) —la|| < !

g(n)+1 n+1

for each ned";

, . : f(n)

(iv) there exist three functions f, ¢, heR such that ‘m —la]| <
< ] for all non-negative integers m, m such that n 2= h(m).

(v) there exist three functions f, g, heR and noe A" such that
f(n) . Ial ' < ’no
g(n)+1 m+-1
To prove the implication (i) — (ii) it is sufficient to put f(n) =

= (F(n)=f" () +(f" ()= f (n)).

The implication (ii) - (i) is obvious.

for all integers n,m such that n = h(m).

To prove the implication (ii) — (iv) it is sufficient to remark that the
recursive functions f(n) (of (ii)), g(n) = n and h(m) = m satisfy (iv). In
fact, we have
1 1

—Ia|l<n+1<m+1 for n>=m.

fn)
g(n)+1

In order to prove the implication (iii) — (ii) suppose that a real
number « satisfies condition (iil). Then we have

fen+1) 1 f@n41) 1

gt +1 2t D) - S YD+ T2mr)

@)

We shall prove that the function

f(2-n+_1)“ 4 1 ]

frn) = [(”'+1)' g2n+1)+1 " 2

fulfils condition (ii). In fact, the function f’ is recursive since f, g ¢R
and the function [n/m] is a recursive one. Furthermore, from (1) (by
adding 1/(n+1)) we obtain

fCn+1)

9
(2) dCnt+1 2t =
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whence

fen+1) 1
+?1

®) B”+1*ymn+1»+1

C f@r+1) 1
<+1) Gy g < lalk )41
On the other hand, from (1) we obtain
1
() aj—— < SCFD 1
n+1  g@2n+4+1)4+1 2(n+4+1)
Hence

_ J@r+1)(n+1) 1 [f(2n—|—1)(n+l) l]
(6) laj(n+1)-1< on i1 2 < TEn i) 1 +5 |

Inequalities (3) and (5) give

(6) la|(n+1)—1 < f'(n) < |a|(n+1)+1,
whence
f'(m) ' 1
n—l—l—lal <n+1’

which completes the proof.

The implication (iv) — (v) is evident. To prove (v)—(iii) let us set
f/(m) = f(h(ne(m+1)—1)), and g¢’(m) = g(h(ne(m+1)—1)}. The func-
tions f’, g’ satisfy (iii).

1.3. The set #Z is a field of numbers.

I. The set # is closed under the operation of addition.
Suppose that a, be £. Then, by definition, there exist functions f’,
f'yg', 9" R puch that

_Fe—rem|_ 1
n+1 | n—+1
for all net”. Hence
£ (n) = (0)+¢" (0)— g’ (n)
n+1

Thus, on account of 1.2 (v) a+be #.

II. The set # is closed under the operation of multiplication.
Suppose that a, beZ. It follows from 1.2 (ii) that there exist two
functions f, ge R such that

)
n+1

g’ (m)—g'(n) < 1
o n+1 n+1

(1) }a and ~b

)

n+1

for all neA .

(2) a+b—

la|

(3)

!

1

and [|b|— g(») < for all neAt .
i n+1 n+1

n-+1
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Consequently
1 f(n) 1
(4) lal—n_l_1 < r1 <Ial+n+1,
g(n) 1
3 — ib| +————  for all .
(3) |b} o < g < |+,'H_1 or all ned”
From these two inequalities we obtain
la]+1b] 1 J(n)g(n) la| 4 |b] 1
bl — — < |a-b .
©) eV = " orr < e - TR Thrae
Ilence b L ; .
P PR (O (0] R I < lal+ itz

(n41)2 n+1  (m4+1)2 T a4l
The number [|a|+4|b|] is constant. Hence, according to 1.2 (v), a-beZ.

III. The set & is closed under the operation of subtraclion.

This follows immediately from I, IT and the remark that every ration-
al number, in particular —1, is recursive since it fulfils 1.2 (iii). In fact,
if |[a| = p/(g+ 1), where p, g4/, it is sufficient to put f(2) = p and g(n) = ¢.

IV. The set # is closed under the operation of division.

Let the number a 3 0 fulfil condition (iii). Then there is & number
NoeA” such that

(8) 1 < |
Ng+ 1 2’
Consequently
n—+n 1 1
9) a flnnd) < < < o an ned .

- N~ ny+1 ;—{-7,,——{— 1 Mo+ 1 2

Putting g(n) = f(n+n,)—1 and h(n) = n+n,+1 we infer from
(9) that for all ne s

g()+1 _ lal
10 -
(10) o) >
Hence, by (3),
g(n)+11 1
11 — el
() !la\ h () = n+1"
(10) and (11) imply
Tg_(n_)j-_l 0 |] 1 1
‘ 1 h(n) n+1 w1
(12) |———— | =" M _ < .
ol gHT T g1 T g1 T
h(n) h{n) h(n) ol 5~
Hence, on account of (8),
1__ ko ’< _F 2 (1) (1)
Vel gOm)+11 ~ (n4+1)alz2 = 241 L n+1
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Since f, geR the number 1/a fulfils condition 1.2 (v), which completes
the proof.

We shall prove in the sequel (2.56) that the field of recursive numbers
is algebraically closed in the field of real numbers.

The class # is identical with the class %, of recursive numbers defi-
ned by Specker [49]. We assume besides the definition of the class #
the following two definitions, analogous to the definitions of Specker:

1.4. By #* we shall mean the class of all real numbers a which fulfil
the following condition: there erists a function feR suoh that

- I( n)_
ku

la] =

Nl

and O f(n)y<kforn >0, net .

1.5. By &, we shall mean the class of all real numbers a for which the

following condition is satisfied: there exists a function feR such that
la] < q—i—Ll if and only if f(p, q) = 0 for every p, qgeA".

The class %, is identical with the class #, of Specker (the class
of numbers which have recursive decimal developments). The class Z,
is identical with the class %, of Specker (the class of numbers which deter-
mine the recursive section in the set of rationals).

In the sequel we shall congider for each real number a > 0 the func-
tions h,(n) = [n-a], ha(n) = [ky-]a]]. If these functions are recursive,
a is a recursive number. Indeed, we have the following theorems:

1.6. For every real number a and any ket , k >1, the following
conditions are equivalent:

(i) a‘-'%f)
(il) [%"-]a|]e R.

. . p ¥13 p ol
I. If a is a rational number, then |¢|] = —- and [k —] 18
’ a g+1 q+1

oo
obviously a recursive function. On the other hand, |a| = }f(n)/k", where
n=0

f can be recursively defined as follows:

fw>=[3$3], 9(0) = 0,

fin+1) = [(q—]lil —[;f_1])'7¢"“—9('1i-)'k]7

g(n+1) = g(n) k+f(n+1).
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IL. If @ is not a rational number and

1) la| = —k’;—, where 0 <f(n) <k, f(n)<R,
n=0

then for each neAd”

(2) [Zf (”,:,,Zﬁ)] ~0

m=1

because the function f represents the proper development of the number
la] with the basis k.
From (1) we obtain

@) 0B = fO Q) o eyt 3
From (2) and (3) it follows that for each n )

(4) [lal-&*] = f(0)- K"+ f(1) k""" +... +f(n),
whence

(5) [lal-&"*'] = f(0)- k™' f(1)- K" +...+ f(n+1).
In consequence, on account of (1),

(6) [la] k"+'] = [la]- E"]-k+f(n+1).

Now suppose that [|a|-k"]JeR; thus also feR because according to
(6) we can put

f0) =a, fln+1) = [lal-k*]={la]-"] k.

Conversely, if feR, then on account of (4) the function [|a| k"] is
recursive, for

[lal-%"] = D'f(i)- k"
i<n
and the clags R is closed under the operation of limited summation.

1.7. For every real number a, the conditions

(i) acZ,,

(i) [lal-n]eR
are equivalent.

(i1) — (i). The condition |aj < p/(¢+ 1), where p, ge4", is equivalent
to laj-(¢g41) < p. This holds if and only if [la|-(¢+1)] <p. The last
inequality is equivalent to the condition ([|a|-(q4-1)]+1)—=p = 0.
Hence, if

[le]-n]eR, then ae#,.
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(i) - (ii). Suppose that there is an feR such that

p o, ) _
(1) la| < T+ 1 if and only if f(p,q) =0.

Since for all real non-negative numbers « and b there is

[a]+[b] < [a+0] <[a]l4[b]+1,
we have

(2) [lal-n]+[la]] < [la|(n+1)] < [la|-n]+[lal]+1.
Now, we distinguish two cases:
[7:|a]]+ [laj]+1

LIf je| > y then [a]-(n+1) > [la]-n]+[|a]]+1,

n+1
and
(3) [lal-(n+1)] = [la| n]+ [laj]+1.
By (2) and (3) we infer that
(4) [lal*(n+1)] = [la]-n]+ [a]]+1.
IL It |o < WAt o
n+1
(8) [lal-(n+1)] < lal-(n+1) < [la|-#]+[la|]]+1.
Hence
(6) [lel-(r+1)] < [|al-n]+[lal].
From (2) and (6) it follows that
(7) Clal-(n+1)] = [lal-n]+ [la[].

From (4) and (7) we obtain
0 when lof < Lol lall+1

[lal-(n41)] = [la|-n]+ [|e]]+ n+1 ’

1 in the other case.

Hence
[lal-(n+1)] = [|a|-#]+ [|a{l4-sgn (f({lal 21+ [lal]]+1, n)).

Putting
F(k,1) = k+[jal]+sgn(f(k+ (lal]+1, 1)} we can define recursively

the function [|a|-n]:
[la]-0] =0, [la|-(n+1)] = F([la]-n],n)
also [|al-n]eR provided that feR.
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1.8. For every real number a the following two conditions are equivalent:

(i) [la|-n]eR,

(i) [|e}-»!]eR.

For any real number b we have b = [b]+7, where 0 <r» < 1.
Hence, for m >0, [m-b] = m-[b]4 [m-r], where 0 < [m-r] < n. Thus

[ﬂ] = [b]+ [qﬂ], where _Eo_n_-z;]_ < 1. Hence
n m m
[b-m]]
= for 2 >0.

(1) [b] [ - or n >
From (1), putting b = |a|-n, m = (n~1)!, we obtain

_ [|a.i-n!]]
(2) [la n]—[—(n—'-l) .

Hence the condition [[a|'n!]eR implies [|a| -n]eR.
The converse implication is evident.

1.9. By &#; we shall mean the class of all real numbers a which fulfil

the following condition: there exists a function feR such that |a| = 2’ f(n)/n!
where 0 < f(n) < n for n > 0. et
Clearly, the class %23 is the class of real numbers which have the
Cantorian recursive developments,
1.10. For every veal number a, the conditions
(i) ae 2y,
(i) [|a] - n!]eR
are equivalent.
We shall distinguish two cases.

I.If @ is a rational number, then |a| = _]; I where p, qet,
q .

=]
~ f(n
[q-Ii)- 1 -n!]eR and |a| = Z% where f can be defined recursively as

follows:

Ne=0

foy=|-? g0y =0,

paey|

flnd1) = Uq-jij-l — _qf_l_)'(n.—|—1)!—g(-u,)~(-n—|-2l.) ,

gn+1) =gn)(n+1)+f(n+1).
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II. If a is an irrational number and

= <]
1 f(n)
{1) la] = A\J T where 0 < f(n) <n for n >0, nes,
n=—0

then for cach =

n4-m)!
#—-{ (n+4m)!

) [ %[(nﬁ— m)n!] o

It follows from (1) that

! ) it )

@) lalnl = OS5 7 5 g TR
M =<1

Consequently, by (2),
4 1] = £(0) ml4f(1) 2 Y10y 2
{4) [lal-n!] = f(0) nl+f( )F-l----‘l—f('"-') = ﬁf(")‘a'-
Hence
(5) [lal - (n4+1)1] = (n41)-[lal-n!]+f(n41).

Thus, if feR, then by (4) the function [|a|-2!] may be defined by means
of the operation of limited summation which does not lead out of the

class R.
Conversely, if {|a|-n!]eR, then on account of (5) the function f(n)
may be defined recursively as follows:

f(0) = [laf],
f(n41) = [la] (n+1I)N]—(n+1)-[la}-n!].
Hence feR.
1.11. ‘@3 = n%;'.
This theorem is an immediate consequence of theorems 1.7,
1.8, 1.9, 1.10.
1.12. %, C %, C# for cvery ket and k >1.
Indeed, the condition [|a|-n]eR implies that [|a}-k"]eR. Hence,
by 1.6 and 1.7 we have
Hy C A%
Obviously for cach a >0
[@a]—1 < a < [a]+1.
Hence
el &"] 1 [la]-k"] 1

- < XTI
" 1" < lal I T I
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Consequently
1

n4-1"

lal 76”]

n- =

1ol

Since the condition [|a|-k"]<R implies that the functions
f(n) =[le|"¥*] and g¢(n)=~Ek"=1

satisfy the condition of 1.2 (iii), we infer that %5 C 4.
Specker has proved [33] that,

Hy + Ry #A.

It follows from the example of Specker [49] and from theorem 1.6 that
1.13. There exists a positive real number ae# such thal

[10™-a]l¢R.

On the other hand, we have the theorem:

1.14. Let aeZ and ket", k > 1. Then there exists a weakly increasing
function feR such that f(n) >0, f(n) - oo and [K'™-|a|]R.

For the proof of this theorem see Mostowski [37].

1.15. The conditions

(i) ae®, ke and k >1,

f(n)

(ii) la| = 2 ol

(iii) geR,

(iv) g(n) =2 n+1,

(v) flg(n)) < k—1
imply that feR and a<Z-.

From 1.2 (ii) it follows that there exists a function heR such that

h(n) ' 1
1 A . call e
(1) Wil la]| < gl for all nedt
Hence
h(A"—1

(2) e

Thus

(3) RE —1)—1 < k" |a] < h(k"—1)41,

(4) (&% ]al] <A(K"—1) < (I o]+ 1.
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Thus by substitution we obtain

o0 jai) | _ [AEP—1)] _ [0 jaf)+1
() _WT < 70(n)—n JIm)—n .

Now it is possible to show that if f(g(n)) < k—1, then

ko) 1
|t | < .

(6)

Indeed, from our assumption it follows that

o f(m+n)

(M) E*-lal = f(O)K"+ f(L)E" "+ -I—f(?)-l- o

for every ned .

Since g(n) >n+1 and flg(n)) <k—1, there exists such an m,
that g(n) = n+my, my 21 and f(my+n) < k—1. Thus

(8)
By (7) and (8)
(9) (" |a]] = f(OK"+f(1)E" ' +...+f(n) for every ne .
Hence, on account of g(n) = n+1 we infer that

(10) (&™) al] = KOO (F0) A"+ F()E" .. .+ fn))+

o(n fint+1
e 25

By (9) and (10)

(11) [0 fa)] = B0 [ o) ] k0 (;il) 4. +f(£a$z))).

Thus

ku(")- 1 1 1
az FDMEL g (I0ED T

1 1
= [k"-|a]]+ k"(f(;::l ) 4.4 ”L,ﬁ?,*—)

f( 1) | f(n+2),

= [k lal]+ % L. Jlotm)+1

ot e < R lall+ 1

Formula (12) involves (6).
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On the other hand, it follows from formula (1) of 1.8 that

oy [Elal ]
(13) e oy = [ 121
Hence
7”(”").
(14) - joiy = | Loall |

From (5), (6) and (14) it follows that

("™ —1)
(%" a]] = [_,;r')(n')-‘-‘m— -

Consequently, on account of g, heR, we infer that
(k" |al]eR.

This implies that ae¢# and by 1.6 that feR.
1.16. Every algebraic number is reoursive.
Consider a polynomial

w(z) = Aga" + A, 25 +...+4,.

Suppose that A; are integers, w(a) = 0, and k is the degree of poly-
nomial w(z). This implies that the derivative w’'(a) # 0. Suppose that
w'(a) >0 and o > 0. We shall prove that ae#.

The polynomial w(z) will be represented as a difference of two poly-
nomials P(z), @(x) with non-negative coefficients:

w(z) = P(2)=-Q(2),
P(@) = Poa*+Pia" ' +... 4+ P, Qo) = Q2"+ Q2" + ...+ Qs

where P;, ); are non-negative integers.
Let F(m, n) be a function defined as follows:

F(m,n) = (Pym* +Pym* (n+1)+... 4P (n+ 1)) =
~(Qom* +Q,m* " (n+1)+...4-Q,(n+1)").
It is evident that for every rational number m/(n+41) > 0 we have

) m
j

@ w ( n-1
This follows immediately from the equation

) >0 if and only if F(m,n) > 0.

m

n+41

F(m,n) = u( )(n+l)"'.
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If w'(a) > 0, there exists an open interval 4 = (L, —p—), where

t+1’ ¢+1
8 i
te#”, such that w'(2) >0 for o
Py q,8,teN, () or +1<$<q+1 and t+l<
P
< aq < —,
q+1

The function w(x) increases in the interval A. Hence

m $ m
ii —- if ly if :
(i) e < g and only w(n+1) >0 for 1 < ——] <
P
< —.
q+1

From (i) and (ii) we infer that a = |a| < n—::”T if and only if

8 < m < P or m P
t+1 a4+l g1 nt+1 7 g+1°

F(m,n) >0 and

- - ~ m - .
Hence the relation R = (m, n) (|a| < —y 1) is recursive, and ae4,.

In the case of w'(a) < 0 the proof is similar.

2. Computable numbers. Let C always denote the class of all com-

putable functions.
1.17. A real number a is called computable if there exists two functions

'y e C such that

f f'm)—f"(n) 1 '
‘a— ] < ) for every neA.

The class of all computable numbers will be denoted by %.
By a similar method to that used for recursive numbers we can point

out that
1.18. Ior cvery real number a the following conditions are equivalent:

(i) ae¥;
(ii) there erxisis a function feC such that

or every neA;
l 0 +1 — |a I’ f Yy ety
(i) there exist two functions f,yeC such that

fin) i
— _ . . Y
g(n)+1 la} | < | for every neA";
r\

Rozprawy Matematyczne XXXIII i el
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(iv) there exist three functions f, g, heC such that

p ({z()qfl)-i —lal| < Y for all non-negative integers n = h(m);
(v) there exist funciions f, g, heC and noet" such that

h%()n_')_—f —~laf| < -—:_"—1 for all integers m,m such that n = h(m).
n

1.19. The set € is a field of numbers.

The proof is analogous to that of 1.3.
Now we shall introduce the notions of the classes ¥* and %, in a way
similar to that of the classes #¥ and %,.

1.20. By %% we shall mean the class of all real numbers a which fulfil
the following condition: there exzists a function feC such that |a| = ) f(n)/k"
and 0 < f(n) <k for n >0, =0

1.21. By €, we shall mean the class of all real numbers a for which the
following condition is satisfied: there exists a funoiion feC suoh that

la] < q—i]—. if and only if flp,q) =0 for every p,qeA .

1.22. For every real number a and any ket and k > 1 the following
conditions are equivalent:

(1) ae®s,
(if) [%*|a]]eC.
The proof is as in the case of 1.6.
1.23. For every real number @, the conditions
(1) ae¥,,
(i) [lai-n]eC
are equivalent.
The proof is analogous to that of 1.7.
1.24. Let o be a real number; the condilions
(1) aed,,
(ii) [|a|]-n!]eC
are equivalent.
The proof is as in the case of 1.8.
1.25. ¢,C¥*Cw.
The proof is analogous to that of 1.12.
1.26, ¢ = ¥f = @,.
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In order to prove this theorem it is sufficient to show that ¥ C %,.
Every rational number ¢ belongs to #,. This follows from the fact

. Ao M P )
that the relation R 2 ( ) computable.
(»;9) 'n+1<q+1 is computab
Let @ be an arbitrary non-rational number. Then for every rational

number p/(¢g+1) (where p, ge.#") there exists such an ne4" that
p

2
(1) L oc——— o e+

qg+1 n+1 w41 < q+1°
Suppose that ae?. Then there exists such an feC that for all net
f(n)
2 — < .
(2) el n+1 < n41 o+ n-+1
Hence
2 fn)—1 fin)4+1 2

3 — 1 @ ——-- .
(%) o] n+1 < n-41 ane n+1 < lal+ n+41

It follows from (1) and (2) that for all p, ge#” there exists such an
neAd” that
P f(n)—1 f(n)+1 p
4 : .
(4) q+1 < n+1 or n+1 < q+1
Thus the following function g is computable:
p__Jfm=1 _jm+1 _ p )
qg+1 n+1 n+1 g+1
Indeed, by (4) the operation of minimum is effective.
By (5)
p _Jow,o)-1 flolw, 9))+1 o P
g+1 g, )+1 g(p, q)+1 ¢+1

Now by (2)

(7)

(5) gy, q) = (#”)(

(6)

flg(p, 9)—1 flo(p, 0)+1
g(p, )+1 <lal< g(p, )-+1

Formulae (6) and (7) yield

f(g(p,q))+1< P
g(p,q)+1 g+1°

laj < qf"_;l if and ouly if

Hence the relation

L s - P
-R—(p)(I)(|a'|<q+1)

is computable and a«%,. This completes the proof.
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It is evident that 2 C¥. We shall prove that

1.27. # #¢%.

Let h(n) be a computable function for which the following condi-
tions are satisfied:

(i) h¢R,

(ii) h assumes only two values: 0 and 1.

We then put
0 if » is odd,
)

j(n) = o
h ) if # 18 cven,

-

and

The number a is computable but not recursive. To prove that ae¢#,
guppose that aeZ. Then from 1.15, putting g(n) = 2n+ 1, we infer that
jeR. Indeed, j(g(n)) =0<2—1 and g(n) >n+1.

On the other hand, since h(n) = j(2n), h is recursive. Hence ae.

1.28. There ewist two functions f,f R, for which the following con-
ditions are satisfied:

(i) putting a, = M we have a, < a, < a; < ...,
f'(m)

(ii) lim @, = a,

(ili) a¢¥.

There exists a recursive function k(m,n) such that the funetion
(1) §(m) = (ua)(h(m, 2) = 0)
15 not computable. Now we put:
(2) gim,n) =1= ” h(m, 1),

1<

(3) a(m) = lim g(m, n);

A -»00

the functions g, j, ¢ have the following properties:
4) if gm,n)=1 then g(m,n+1)=1,
0 if g(m,n) =0 (h(m,n) £ 0) for all nest,

(8)  a(m) = _
1 if g(m,n) =1 (h(m,n) = 0) for some ne.At .
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From (1) and (5) it follows that

(6) j(m) = (uz)(g(m, z) = 1) = (uz)(g(m, z) = o(m)),
(7) for all meA” there exists smch an z that g(m,z) = o(m).

Consequently, j may be defined by means of the operation of effective
minimum, by the use of ¢ and o. Hence j is computable provided
that ¢ i8 computable. Thus ¢ is not a computable function. We put

n

fn) = 3 (9%, n)-2"%). Obvionsly f(n)eR. Let

k=0

= o(n) Y g(k, n) 1.
o - and a, = _——,~— = -‘)—ﬁ' f('n).
moo - k=0 <

On account of 1.22 and 1.20 we infer that a¢%. Now we shall
demonstrate that ¢ = lim a,. Indeed, it follows from (3) and (4) that

n=e0

g(m, x) = g(m) implies g(m,2+1) = o(m). Hence, by (6),

a =

gim,n) =a(m) for n =j(m).

Put z(m) = the maximal value of the funetion j(k) for ¥ < m. Thus
g(k,n) = o(k) for each meA , ket and k < m, and ned” and n > z(m).
Hence (a—a,) <1/2™ and e = lim a,.

00
(3) and (4) imply that g(k, n) is a non-decreasing function of n and
a(k) = the maximal value of the function g(k,n) for all ne.4#". Hence

aO ga’l <"' \<\:a‘u \'\:»n. ga.
vy — IR 2 L_fo
Let = . for ned”, and a; = ——. It is eas
et f(n) zé: — or neA”, and a > v
a,+a +a,
to see that a, = Bttt and

n+1

(i) im a) = a,

Nn—00

(i) there exists an nget” such that af < af,, for every tet
and 17 = an,.

Put f(n) = f*(n+n,), f(n) = 2""™"; clearly, f, f'<R.

The functions f(n), f (n) fulfil the conditions of the theorem. This
completes the proof (1).

() It remained some problems not solved in Mazur lectures concerning recur-
sive numbers and sequences. This provocated two papers of A. Mostowski [37],
[39] and indirectly of R. 8. Lehman [33] and A. H. Lachlan [30].



II. RECURSIVE AND COMPUTABLE SEQUENCES

Analogously to the three definitions of recursive (computable) num-
bers we introduce in this section three notions of recursive (computable)
sequences (Definitions 2.1, 2.19, 2.20). These notions are non-identical
even in the case of computability. In the sequel we shall be concerned
with recursive functions defined by means of a condition similar to con-
dition 1.1 (p. 5) for recursive numbers. The set of computable sequences
is closed under the four erithmetical operations: +, —, -, : (2.7, 2.10,
2.11, 2.18). However, the set of recursive sequences is not closed under
the operation of division (2.13).

In this section the notion of recursive (compulable) convergence is
also considered (2.31). The four arithmetical operations performed on
the sequences recursively (computably) convergent give the sequences
recursively (computably) convergent to the limits obtained by the four
arithmetical operations (2.35). The limit of a sequence recursively (compu-
tably) convergent is recursive (computable) provided that the sequence
is recursive (computable) (2.38). There exists a recursive sequence which
converges to 0 in a non-compufable manner (2.36). But for each com-
putable sequence convergent to a computable number there exists a com-
putable subsequence computably convergent (2.43). There exists also
a recursive monotonic convergent sequence which does not converge to
a computable number (1.28). Hence the theorem of Bolzano-Weierstrass
is not satisfied in the domain of computable sequences and numbers.
There are also many other anomalies in the set of rceursive (computable)
sequences. For example the functions “signum” and the “integral part”
lead out of the class of computable sequonces (2.28, 2.30). These anoma-
lies are studied in this section. Some of them are open problems.

2.1. A sequence {a,} of real numbers is called recursive (computadle)
if there exist two functions f', "' eR (C) such that
“(ky,n)—f(k,n 1
g LW =Sl ) |
' n+41 n+1

The class of all recursive (computable) sequences will be denoted
by R (C).

for every k,neA".
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2.2. For every sequence {a,} of non-negative real numbers the following
conditions are equivalent:

(i) {a}<R (C),

(ii) there ewists a function fe R (C) such that

(k, n) a,|< 1
n+1 | g1

for every k,neA",

(iii) there  ewist two  functions f,geR (C) such  that
fkyn) 1
g(k,fn)-l-l_ n+1

(iv) there em;st three functions f(k, n), g(k, n), h(m)eR (C) such that
f(k,m)

1
— — Led ar .
b, m L1 akl < p—— for every ket and n > h(m),

(v) there ewist three functions f(k, n), g(k,n), h(m)eR (C) and nyet”
k
f( y 1) —al < Ny
gk, n)+1 | n+1
The proof of this theorem is analogous to that of 1.2.

ay for every k, neAt",

such that

for every ket and n > h(m).

2.3. For every secquence {a} of real numbers the following conditions
are equivalent:

(@) {m}<R (C),
(ii) there exist  functions f', ', ¢, jeR (C) such that
£y m—fCym) | _ )
g(k,n)+1 1 1
(iii) there exist  functions f', f', ¢, h, jeR (C) such that
fl(k,n)_f(k;'n)_ j (k)
glk,n)+1 m—+1
The proofs of the implications (i) — (iii) and (iii) — (ii) in the case
of j(k) =1 are analogous to those of (ii) — (iv) and (iv) — (iii) in 1.2.
We prove the implication (ii) — (i) first for j(k) =1 for any ZeA .
Suppose that {a,} fulfils condition (ii). Then we have

for every k,neA",

a, for every ket and n = him).

fk,2n4+1)—f(k, 21}-}-1)_ 1

(1)

g(2n+1)4-1 2(n+1)
flk, 2nt 1) —f(k, 2n+1) 1
<G < st 1)+1 2n+1)

We shall prove that

ik, 2n41y—f"(k, 2n+1) 1] _ _
[(n-l—l)' ~ SNt +1 tg | = filky n)=Falky 7).
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where f;, foe R (C). Obviously

I:('”"i'l)f’(k’ 2n+1)—f(k, 2n+ 1)+i] — [f;(ka “)—fé(ks %)]
. g(en+1)+1 2 g'(k,n) ’

where f,, f2, 9’< R (C) and ¢'(k,n) # 0. It is easy to see that
[f{(k, n)—fa(k, n)] _ [ﬂ_@_ﬁjé_(fm_)]_([fé (k, n)—fi(k, n)] 4 oGk, n))

g’(kl n) g'(k,n) g'(k,m)
where ’ ’ ’
o i Jilm)=fitk,n) _ [fgﬂﬂs n)—1i(k, n>]
8k, n) = I g'(k,n) g' (%, n) ’
1 in the opposite case.

It remains to show that 6(k, n)eR (C). Indeed, let

2(k, )= f1(k, n
R e

' ' fé(]‘, 77*)“—.7.{(7‘5 n)
+{g (s m) [ g' (%, n)

= (50 m=sice, my).
Hence §(k, n)eR (C). That is

_[filk, n)=fi(k, n)
filk, n) —[ 9 (%, n)

and

_ [fé(k, n) = fi(k, n)

Fally ) = | BRI ]—I—é(k,n).

From (1) by adding 1/(n+1) we obtain

F &k, 2n4+1)~f"(k, 2n+1) 1 1
2 g(2n+1)+1 +2(n—|—1) < Gt n1
Hence
- y ky 2n+1)—f"(k, 2n+1)) ]
3 k,/ -~ k’.= n, l(f( R _
3) o' (kyn)—e"(k,n) [(n+ TR o1 +3
(f' (T, 2n+1)—f"(k, 2n+1)) 1
< 1) Y22 ! < 1.
(n+1) JEnT 1 ap(n+1)41
On the other hand, from (1) we obtain
(4) g L B2 D) —f (R, 204 0)) 1

n-1 g(2n+1)+1 2(n+1)"
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[ 3]
o

Hence

(3) ap(n+1)—1< (f’(k’2'n+1—)—f”(k’2'n+1))('"+1)._}_

g(2n+1)+1 2
(n+1)f (k) 20+1)—f"(k, 2n4+1) 1 ] . .
g[ - 9(211,—{-1)4-]_ —- —|——2— =@ (k,’n)—q) (k, 7).
Inequalities (3) and (5) give
(6) ae(n4-1)—1 < @' (k, n)—¢" (&, n) < ap(n+1)+1.

Hence

1
—a| < Py for every %, neA",

which completes the proof. For j(k) non-constant we prove conditions
(ii) and (iii) in the same way as formula (v) from (iii) in 1.2.

2.4. If a sequence {a,}eR (C), then a,e# (€) for every ket .

This follows immediately from 1.1. and 2.1. .

2.5. A function f(k) where k runs over A" is recursive (computable) if
and only if the sequence {a,} = {f(k)} 8 recursive (computabdle).

Necessity. Suppose that f(k)eR (C). Let {ay} = {f(k)}. Then the
function ¢(k,n) = f(k)-(n+1)eR (C) and we have

gk, n)
n+4+1

Hence the sequence {a,} = {f(k)}eR (C).

Sufficiency. Suppose that {a,} = {f(k)}eR (C); then there exists
& function h(k, n)eR (C) such that

1
-—la, || < ——  for every k,neA.
| 1 very k,ne

h(k
If(k)——z-;(ii?ll)"l < o] for every k,net .
Hence
Wik, n)—1 << f(k)y(n+1) < h(k,n)+1.
Consequently,

flk)-(n+1) = hik,n).

This implies that f(k)eR (C).

2.6. Let a, = ¢ for every keA", where ce (€). Then the sequence
{a;}eR (C).

This follows immediately from 2.1.

2.7, If sequences {a,} and {b} are rocursive (compulable), then the
sequence {a,-b,} is recursive (computable).
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By 2.1 and the hypothesis there exist four functions f', ', ¢’, ¢"«R
(C) such that

Ik, n)—f"(k,n) 1

(1) !a.,,—— n+1 ) n4+1
and

"By,n)—g' ' (k,n 1
(2) br— g' (%, fo)z+£:,|. (k, n) ] for every k,nef".
Hence

Fyn)—=1"{kyn)+g'(k,n)—g" (k,n) 2
@) Ot b n4-1 n41°

Hence, by 2.3 (ii), the sequence {a;+ b} R (C).
2.8. If a sequence {m}cR (C), then the sequence {|ax|}<R (C).
Suppose that {a,}eR (C). Then there exist two functions f', f"¢ R
(C) such that

f(kyn)—fkyn)| < 1
B n+1 n+t

Let g(k,n) = (f (k, n)=f" (k, n))+ (£ (k, n)=f'(k, n)). By (1)

gkyn)| 1
n+1 |< n+1

Then, by 2.2 (ii), the sequence {|a;|}¢ R (C).

The inverse of this theorem is not true.

2.9. There exisls a sequence {a;} such that {a,} ¢ R (C) but {|a;|} R (G).

Let f(k) be a function where % runs over.4” and the values are 0 and 2.
Let f¢eR (C). Let a, = f(k)—1 for every ke#". Then a, assumes only
two values: —1 and +1. Thus |a;) =1 for every ket and, by 2.6,
{lax|} R (C). The sequence {a;}¢R (C), according to 2.5.

2.10 If sequences {a;} and {b,} are recursive (computable), then the
sequence {a,-b;} is recursive (computable).

By 2.1 and the hypothesis there exist four functions f', f, ¢’, ¢"' R
(C) such that

1)

@y

T for every k, ned".

@] — for every k,ned".

) LT m—frew)| 1
y n+1 a1’

g9'(kyn)—g"(k,n) 1
2 b,— .
@ * n+1 < n+1
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It follows from (1) and (2) that
3) gl < f'(k, 0)+F" (k, 0)+2,
(4) |bx] < g’ (%, 0)+ 9" (k, 0)42.

Putting h(k) = f'(k, 0)+f"(k, 0)4-2, j(k) = g'(k, 0)+g'(k, 0)+2
we have

(3) &) < h(E),
(4) 6] < j(k).
Using (1) and (2), we obtain

£/ (e, m) =" (k, n)
(5) | < M
g(k,n)—g"'(k,n)| .
(6) ’ e <j(h).
Let

W (k, n) = f;(k’”’:;{'(k’"),

Now we shall estimate the product a;-b,. We have

g'(k,n)—g" (k, n)

W'(k,n) = ]

() ap-b—W(k,n)-W(k,n)
= ay-bp—a W' (k, n)+ap,- W (k,n)—W(&k,n)-W(k,n)
= ay(b,—W'(k, n))+W'(k, n) (a—W(k, n)).
With the aid of (3) and (6) we obtain
8) lagby—W(k, n)- W (k, n)
< lay: (be—W' (&, )|+ | W' (k, n)(a,— W (&, n))|
< h ()b — W' (&, 0)| 4 (k) | — W (&, n).
Consequently, by (1) and (2),
(9) U — W (k, 0)- W (k, n)] < (h(E)+5 (k) -n—iT.
Now, let
' (kyn) = f(kyn) 9"k, n)+f" (e, n)-g" (k, n),
7' (k, ) = f' (e, m)-g" (k, m) +-1" (&, )-g' (k, n).
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Hence formula (9) gives

7 (k,n)—7r"(k,n) < h(k)+35 (k%)
(n—+1)2 n+1

which ecompletes the proof according to 2.3 (ii).

2.11. If sequences {a,} and {b;} are recursive (compuiable), then the
sequence {a,— by} 18 recursive (computable).

This follows immediately from 2.7 and 2.10.

2.12. There exists a function f with arguments running over A~ and the
values belonging to A such that f ¢R but the sequence {a,} = {1/f(k)} <R.

It follows from the general theories of recursive and computable
functions that there exists a recursive function g(m,n) for which the
following conditions are satisfied:

(i) the values of g(m,n) are 0 and 1,

(i) g(m,0) =1,

(iii) if g(m, z) = 0, then g(m,xz+1) = 0,

(iv) for every meA” there exists an zeA” such that g(m, z) = 0,

(v) the funetion f(m) = (uw)(g(m , &) = O) is not recursive.

Indeed, it is known that there exists a recursive function A(m, n)
for which the following conditions are satisfied: for every m there exists
an z such that h(m, z) = 0, and j(m) = (ux) (h(m,z) = 0)¢R.

Let h*(m,n) be the function defined as follows:

ay-bp— for every k,ned",

B*(m,0) =1, &*(m,x+1) =h{m,x).

Clearly, h"'(m, n) e R. Moreover, for every m there exists an « such
that h(m,z) = 0. The function j*(m) = (ux)h*(m,z) = 0 is not recur-
sive. This follows from the fact that j(m) = j*(m)—1 and j(n) ¢R.

Let

g'(m,n) =1~ nh*(m, i).
l<n
Obviously, ¢*(m,n) assumes only two values, 0 and 1. ¢*(m,0) = 0.
If g*(m,z) = 1, then g*(m,z41) =1.
Now, let
0 if g¢g*m,n)=1,
g(m,n) =
1 it g¢*(m,n)=0.

It is clear that g(m, n) fulfils conditions (i)-(iv). To show (v) it is suf-
ficient to remark that
fim) = (uz)(g (m, 8) = 0) = (uz)(¢*(m, z) = 1)
= (uz)(n* (m, 2) = 0) = j*(m).
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Clearly,
1 for z<f(m),

g('mﬂm):I
0 for =z = f(m).

Moreover, f(m) > 0 and f(m)eC.
We shall demonstrate that the sequence {1/f(k)} is recursive. Since

. n+1 ] s .
the function [g 0 .. g 18 recursive, it is sufficient to show
on account of 2.2 (ii)) that
okl
1 gk, 0)+...+g(k,n) 1
(1) 0 PN | 1 forevery k, neA".

Consider two cases:
I. n <f(k). Then g(k,0)=g(k,1)=...=¢g({k,n)=1 and

1 > 1 . Hence
n+1 — f(k)
[_ o on+l ]y
1 L, 0y, 112
f(k) n+1 k) w1
1 1 1
n+l  f(k) <a¥1
II. n > f(k). Theng(k, 0) = ... = g(k, f(k)) = 1 and g(k, f(k)+1) =

=...=g(k,n) = 0. Hence

el
L Lok, 0.+ gk, n)

Flk) ntl

- lf(lm - nil [1}?1;)1]’

1 -n+1_[n+l])!< 1
n+1 \ f(k) f(k) ' n+1’

In this way we have proved that (1) holds for every k&, neA". This com-
pletes the proof.
2.13. There exists a sequence {a,} ¢ R such that the sequence {1/a;} ¢ R.
Let f(k) be the function described in 2.12. We have established in
2.12 that the sequence {a,} = {L[f(k)} is recursive. Since the function
f(k) ¢R, it follows from 2.5 that the sequence {1/a;} = {f(k)} ¢R.

2.14. If a sequence {a,}eR (C), then there exist three functions f', f",
geR (C) such that

|
|
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(1) g(k, n) # 0,
. ' (kyn)—f"(k,n)
e T ) =
(iii) f' (%, n)—f"(k, n) # 0.
Indeed, since {a,} <R (C), there exist two functions g'(k,n), ' (k, n)
¢eR (C) such that

_9'(1‘31"%)—'9”(1‘3’”)‘ < 1
n+1 n+1

Let e(k, n) be the function defined as follows:

1

— g for every k,ned ",

for every k&, net .

(1)

Qy

. I 0 in the case of ¢'(k,n)—g" (k,n) # 0,
n) =
(k, ) 1 in the case of ¢'(k,n)—g" ' (k,n) = 0.
Obviously ¢(k, n)eR (C). By (1)
g'(ky, 2n+1)—¢"(k, 2n+1) 1
@) % 2(n+1) S m+1)
Hence
g'(ky2n+1)—g" (k, 2n41)+1 1
@) 2(n+1) el %
< g'(k,2n4+1)—g" (k,2n4+1)+1 1
2(n+1) n41"

From (2) and (3) it follows that

_g’(k,2n-|-1)—g”(k,2n~|—1)+e(lc,2n—|—1) < 1
2(n+1) n-+

Let f'(k,n), f"(k,n) and g(k,n) be the functions defined by the
following formmulae:

(4) oy T for j, nedt".

Fyn) =gk, 2n+1)--e(k, 2n+1),
J'(kyn) =g¢" (%, 2n+1),
gk, n) = 2(n41).
Obviously conditions (i) and (ii) are satisfied.

2.14 is a lemma for the following theorem:

2.15. Let {ay}eR (C) and a, # 0 for every ke Then {1/a,}eR (C)
if and only if there exists a function h(k)eR (C) such that 1/|a,| < h(k)
for every ke,
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Necessity. Suppose {1/a;}eR (C). Then there exist three functions
Ik, n), [ (k,n), g(k,n) ¢eR (C) such that

1 flem—fkm|_ 1

for every k, net .

aj, gk, n)+1 |  n+41
Hence
(Eyn)—f"(k,n) 1
g(k, n)+1 n4+1’
Consequently,

1
| \ <14|f'(k, n)—f"(k, n)|
k
for every k%, nest . Putting » = 0 we have 1/|a| < 1+ |f'(k, 0)—f" (%, 0)].
Thus the function %(k), defined by the formula
h(k) =1+|f'(k, 0)—f"(k, 0)],
fulfils the condition of theorem 2.15.

Sufficiency. Suppose that there exists a function i(k)eR (C) such
that 1/|a,| < h(k) for every ke . Since the sequence {a,}eR (C), we see
by 2.14 that there exist three functions f'(%,n), f(k, n), g(k,n)e R (C)
such that ¢g(k,n) # 0 and

_f’(k, n)—f"'(k,n); <

(1)

for every k,ned".

g(k, n) n+1
Putting
F(kyn)—1"(k, n)
. = - o N

(2) Ak, n) GG ) for every k,ne
we have by (1)

1
(3) || — |4 (F,n)| < PR
Thus

1
(4) |4 (k, n)| >]ak]—_ﬁ
Since 1/la,| < h(k) for every kedd”, (4) gives
. 1 1
(8) |4 (k, n)] > vk gl
Hence
G) |A(k h(k ! ! > ! -
©) |4k, n+r®)] > 30— a1 W) AR

1

T h(k)- (R +1)
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Now we shall estimate |1/a,—1/A(k,n)|. Since

—A(k,n)|
|axl |4 (%, n)| ’

1 1
a, A(k,n)

we have, by (1) and (2),

1 1

a Ak, n)

~_ 1
n+1 ol |4k, n)|’

(7)

From (6) and (7) it follows that
|1 ) < ‘
la, Ak, n+h(k) n4+1  |ay

Consequently, on account of 1/|a;| < k(%) for every ke,

(8) h(k)-(h(k)+1).

RN S DRI
ay —A(k, n+h(k))| ~ (n+4+1)

Hence, according to 2.3, {1/a,}eR (C)

2.16. For every sequence {a,} of real numbers, if {a,}eR and |a;| =
=>e>0, then {1/a,}e R.

This follows immediately from 2.15.

2.17. If {a;}eC and a;, #* 0, then there exists a function h(k)eC such
that 1/|a| < h(k) for every ke .

Since {a;}C, there exist by 2.14 three functions f', f', g«C such
that g(k,n) # 0,

(9)

-h2(k)(h(k)+1) for every k,nes .

"’ e ' f’(k)ln’) —f”(kl “’) 1
fyn)—=f"(k,n) #0, Gp— — o (%, n) < 1

for every &, ne". Hence

1) (gl >|f (k ) f”(k__w_ 1

y(lc, ) w41
_(n (n+1) -If_(k ") f”(lu, w)| — gk, n)
- (n+1 (/o 71)

For every ke there exists such a positive n, that

|f (k, 'n)—f"(k n)]| 1 )
glk,n) w1 >0 for every n >u,.

Consequently

(2) (41))f (kyn)—f"(kyn)|—g(k,n) >0 for every = > n,.
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The relation

S(k,n) = (n+1)f (k, ) —F" (k, W) —g(k, n) >0

is computable.
Let h*(k) be a function defined by the formula

R*(k) = (un) S (k, n).
Obviously, h*(k)eC. It is easy to see that putting

niiy = (O IF (b, 10 B) = b, 1" () — g (B, B(R)
(W %)+ 1) g [k, ™ (%))

we obtain, by (1), |a;| > h(k) for every kes”, which completes the proof,
gince h(%)eC.

2.18. If a sequence {a} of real numbers is computable and a, # 0
for ke A", then the sequence {1/a;} is also computable.

This follows immediately from 2.15 and 2.17.

Now we shall introduce the notions of the classes R? (CI), R; (C,)
of recursive (computable) sequences by a method similar to that used for
the classes %% (%¥%) and %, (¥,) of recursive (computable) numbers.

2.19. By R} (C3) we shall mean the class of all sequences {a;} of real
numbers which fulfil the following condition: there exist two functions f, geR
(C) such that

oy = Z(f%fﬂ)—g(k).

2.20. By Ry (C,) we shall mean the class of all sequences {a,} of real

numbers which satisfy the following condition: there exists a function feR (C)
such that ap < %_:_1‘1_ if and only if fk,p,q,7) =0 for every k,p,
q’ ?'E./’/-. ,

2.21. If [a,-n] 8 a recursive (computable) function, then {a,} <Ry (C,).

It is evident that

(1) (a < 3—‘—*’) = ((r+1)-ay < p—q) = ([a (r+1)] < p—g).

r4+1
Let [a,-n] be recursive (computable) and let us put
(2) gk, 1) = [ae'r], geR (C).
Hence, from (1) and (2)
_q .
(a’k < —}:Tl_) = (9(70,7‘+1)~1I9+€H‘1 = 0),

Rozprawy Matematyczne XXXIII 3
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=

Putting h(k, »,q,7) = g(k,r+1)=p+q+1, We obtain (u,c < %)
= (1(k,p, q,7) = 0) where heR (C). Thus {}eR (C).
2.22. If {a,}eCy and a, 2> 0 for ket then [a; n]e C.
Since {a;}¢C,, there exists a function feC such that
p—q

(1) (ak < m) = (f(k,p, q, ')") = 0).

By a method similar to that used for theorem 1.7 we obtain

_ [wen]+[a]+1

0 if @y n —|- 1

’

(2) [arl.,('n"l'l)] = [a’lc'n]-l" [%:H-

1 in other case.

The function [a,] is computable. Indeed, we can put [a,] =
(up)f(k,p,0,0) = 0. The function [, n] is also computable, since it
can be defined recursively by means of the formulae [a,:-0] = 0 and
[ap 0]+ [a]+1

n+1

(2), and the condition @) < can be expressed by means of

the function feC.
2.23. C,CCY for ¢ =2,3,...
Suppose that PeC and

(1) o < f;m if and only if F(k,p,m,r) = 0.
Let p(k) and m(k) be two functions defined as follows:

(2) p(k) =(,up)(F(k,p,0,0)=O),

(3) m(k) = (um)(F(k, p(k), m, 0} = 0).

Now we put

(4) fk,0) = p(k),

l 3
f(k, 14+1) = (maxn < q) (-— a, <= nyl’, g - qzu,l - "”'(/0))-

10 q

The relation which appears under the sign of the operation of limited
maximum can easily be expressed by means of the funection 7. 1lence,
on account of m(k)eC, it is evident that f(k,1)eC. Clearly we have

e =12 f(%,1)/¢—m(k), which completes the proof.
=0
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2.24. R} (C))CR (C) for k=2,3,...
Since {a,}eR; (C3), there exist two functions f, geR (C) such that

a k’ B
o= DD g,

Then we put =
gk, 1) = f(k, 0)-¢'+F(k, 1)g " +...+1(g, 1),
gk, 1) = g(k)-¢.
ak_f"(’””)‘l-"”("’_”‘<i, <1
q q 1+1
It follows immediately from 2.23 and 2.24 that
2.25. C,CC.
2.26. The conditions
(i) {a}<C,
(ii) a; are non-rational numbers for ke

Hence

imply {a}eCj.

Since @, are non-rational numbers, then for each rational number
P—q
r+1

(1)

there exists such an meA” that

P—gq 2 2 P—q
<@p——— or a < -
r+1 ¥ m-+41 k m+4+1 r+1
Since {a;}eC, there exist two functions f', f’¢C such that
1 "(y m)—f"(k 1
<f(, ) f(a'm)<ak+_.
m+1 m+41 m-+1
Hence, for all k,p, q,ret" there exists such an meA” that
p—g _ (f(kym)—f"(k, m)—1
r+1 m+1

(2) a—

or
{f'(ky m)—f"" (&, m)}+1 O el

m+1 r+1°
Thus the function ¢ defined by the formula

(3)

(4) gk, p,q,7) = (um) (m satisfies condition (3))
is computable. By (1), (2), (3), (#) we obtain

(f’(k,g(k,p,q,r))—f”(k,g(k,p_,__g,_?‘_)_)‘ < p—q)
g(k,p,q,7)+1 r4+ 1/

p—q)

(ak< r+1
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Hence the relation

8= (icyf” é:":)(a'k < f)_l_]q.)
is computable and {a;}eCj.

2.27. Let {a,} be a sequence salisfying

(i) @, = 0 for each keA",

(i) a;, are non-rattonal numbers.

Then {a;}eC if and only if [ar-n]eC.

The necessity follows from 2.26 and 2.22, the sufficiency — by
2.21 and 2.25.

2.28. There exists a sequence {a,} of real numbers for which the follow-
ing conditions are satisfied:

(1) {ak}ER,

(i) 0 < a, <1 for every ket

(iii) {sgna;}¢C.

Let g(k,n) be the function defined in 1.28, by formula (2). This
function has the following properties: (1) g(k, n)eR, (2) g(k, ) assumes
ounly two values, 0 and 1, (3) if g(k,n) =1 then g(k,n+1) =1, (4)
the function o(k) = lim g(k, n)¢C.

n—o0
Let {e,} be the sequence defined as follows:

= gk k, 0 k,1
akzzg;nﬁz) :y(z, )+0(2:I )_|_”

n=0

It is evident that 0 < a, <1 for every kest’, and, on account of

2.19 and 2.24, {a;}<R.
It is easy to show that

o(k) = sgna,.

Indeed, if @, = 0, then 3 g(k, n)/2"*' = 0. Hence g(k,n) =0 for

7n =0

all net” and in consequence o(k) = limg(%k,n) = 0. If a, 5= 0, then

N—00

D gk, n)[2"* 0. Hence g(k,n) =1 for n» >m, where m is some
n=0

positive integer. This implies that

o(k) = limg(k,n) = 1.

N—00

Since o(k)¢C, by 2.5 the sequence {o(k)} = {sgn a,}¢C.
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It is easy to see that the sequence {a;} cannot be expressed in the

¥
form {a;} = {fl( f1(70)-}
fa(k) fa(k)
where f;,f,eC. Then sgnf,(k)eC. Hence o(k) = sgua, = sgnf,(k)C,
contrary to the supposition.
2.29. Is {ay}eR (C) and if there exists a real number ¢ > 0 such that
lag] > & for every ked”, then {sgna,}eR (C).

Since {a,}eR (C), there exist two functions f',f’¢R (C) such that

} where f,, f,¢C. In fact, suppose that {a;} = {

I (kyn)—1"(k, n) 1
1 - : : .
(1) a n 1 nr1 for all &, net”
Let m be a positive integer such that ——1 < . Then either a;, >
1
1 :
=& > 1 or a, < —e < — m:l—l In the first case we have by (1)
"k, m)—F"(k,m 1 1
m-+1 m—+1 m-+1
In the other case
(% —f"(k 1 1
m—+1 m—+1 m+1

Hence we have

I (&, m)—f"(k, m)

(4) >0 1in the first case,

m—+1
(b) Ik 77Zn+f; (k, m) < 0 in the other case.
In consequence
(6) sgnay = sgn(f (&, m)—f"' (%, m))
and
(7 sgnay, = sgn(f' (k, n)—f"'(k,n)) for every n =m.

Let ¢’, ¢’ be the functions defined by the formulae
1+n if f'(k,n)=f"(k,n) >0,
0 it f'(k,n)=f"(k,n) =0,
0 it f(k,n)y=f"(k,n) >0,
1+m it f'(k,n)=f"(k,n) =0.

g'(k,n) = |
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Evidently, g'(k, n)—g¢" (k, n) = (sgn(f’(k, n)—f"'(k, 'n))) (n+1) for n= m,
since f'(k,n)—f"(k,n) # 0 for » > m. Hence, by (7),

g'(k, n)—g" (k, n) 1
n41 n+1

(8) |sgna,— for ket and n>=m.

Since g’, 9"’ eR (C) this completes the proof.

2.30. There exists a sequence {b,} for which the following conditions
are satisfied:

(i) 0 < by €1,

(i) bpeZ,

(ii1) {{ba]}eC.

There exists by 2.28 a sequence {a;} such that {a;}eR, 0 < @a, <1
for all ket” and {sgna,}e¢C. Consequently

(1) {1—sgna,}eC.

Consider the sequence {b,} = {1—sgna,}. Obviously {b,} fulfils condi-
tions (i) and (ii) of 2.30. Moreover, it is easy to see that

(2) [b]‘] =1— sgna,.

(1) and (2) imply that {[b,]} ¢C, which completes the proof.

Now, we shall be concerned with the notion of recursive (computable)
convergence, which we are going to define:

2.31. The sequence {a,} is said to be recursively (computably) conver-
gent to a if there exists a function heR (C) such that

lap—al < for k >h(m).

m—+1
Then we shall write {a} > a ({a)} o> a).
2.32. Given a sequence {ay} we have {a} — a ({ar}) 3> @) if and only
of there exist a positive integer ny and a function heR (C) such that
Mg
m+1
The neccesity of this condition is obvious.

Sufficiency. Let a*(m) = h(ng(m+1)—1). Clearly, h*(m)eR (C)
and

la,—a| < for I >h(m).

ol < o _ 1
(ro(m+1)—1)+1  m+1

lax— for Lk >h*(m).

Obviously we have
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2.33. The inequality k& > h(m) in 2.31 and in 2.32 can be replaced
by k& = him).

2.34. The function h of 2.31 and of 2.32 can be regarded as a strictly
inecreasing one.
The necessity is obvious.

Sufficieney. Suppose that conditions of 2.32 are satisfied. Let A*
be the function defined as follows:

h*(0) = h(0),
h*(n+1) = max(h{n+1), h*(n)+1).

Since the function max(n,m) (the largest of the integers n, m) is recur-
sive, the function h*eR (C). It is evident that

R*(n+1) = h*(n)4+1 > ¥ (n).

Hence, h* is strietly increasing. Moreover, since h*(0) > h(0) and
R*(n+1) = h(n+1), we have

B*(n) = h(n) for every ned .
In consequence

1
—a| < — - for Ik >h*(m

which completes the proof.
2.35. If {ay} i and {b.} E(_E)b’ then
(1) {@r+ b} Y b,

(i) {a- by} R(0) ab,

(iil) {a—bi} > a—b,

(1iv) {@e | bryr} mja/b for some kyeA", provided that b + 0,

() {lacl} > lal.

n(©)
Suppose that k,, hyeR (C), ky is strictly increasing and

(1) la,— a] < | for k = I,(m),
1
(2) lbh—bl < m‘i for k = hz(m).

Let h(m) = max (hy(m), hy(m)). Obviously i(m)eR (C). (1) and (2)
imply that

2
(3) |(ak+b;,)—(a+b)| < m for k> h('m).
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(i) follows from (3) and 2.32. By (1)
lag] < la]+1 for &k = h(0).

Let M = max[|aol, la.l, .-y [ax,9)l, |&]+1]1+1. Obviously |a:| < M for
every keA#". Now we prove in a familiar way:

@g-bp—a- b} = |ay (be—Db)+ b (ar—a)| < |agl-be— bl 10]"|a,— al

1
< Mo b+ (IBI1H1) Jae—al < (M+[bII+1) 2 for & > D).

Hence, on account of 2.32, (ii) holds. (iii) follows from (i) and (ii).
To prove (iv) suppose that b # 0. Then for some integer 7, > 0

4 L)
(4) < 1ol

By (2), [bp—b| < for & > h(2n,). Hence [b]—|b <

2n,+1

1
|b— byl < ——. Thus, on account of (4),
2’";0

5 b .
(5) o > 5,

(2), (4) and (5) involve that
1 1) [b—0 1 1 2n;

— — —

= : <
by b byl 1Bl m+1 lbel[b] T m+1

for & >max {hy(2n,), hy(m)}. Putting %k, = h(2n,) we have by, # 0
and

®) bl R(©
vk, RO

1
x

Formula (iv) follows from (ii) and (6). In order to prove (v) it is suffi-
cient to remark that

|lax] — lal| < lax—al < for & > h,(m).

m-+1

2.36. There exists a function feR for whioh the following conditions
are salisfied:

(i) f(k) >0,

(if) {1/f(k)} ~ o0,

(i) {1/f(%)} #~0.
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Let g be the function defined by formula (2) of the proof of theorem
1.28, and let g* be the function defined as follows:
9*(m,0) =0, g*(m,1)=g(m,0), and
My N if m,n—1) =0
for n>1, ¢*(m,n+1)= g(m, ) ] glm, ) ’
0 if g(m,n—-1)=1.
Obviously
(1) g <R
and

(2) if m is an arbitrary but fixed non-negative integer, then either
g*(m, n) = 0 for all neA" or there exists such an ., that g*(m, n,)=1
and g (m n) = 0 for n # n,.

The function
if g¢g*(m,n) =0 for all ned,
(3) h(m) = i .
if  ¢*(m,n) # 0 for some neAt”
is not computable. In fact,
h (m) = a(m),
where o(m) is the funection defined by formula (5) appearing in the proof

of 1.28, and o(m) is not computable, which was proved in 1.28.
Now consider the function

flk) =1—g"(0, )+ (1 —g*(0, k) (1 —g* @, B))+...+
+(1—g*(0, B))(1—g* (1, 70))...(1——g"'(k,‘n)).
Clearly, f(k)eR and f(k) > 0. For any integer x of the closed interval
<0, k) we have
(4) f(k) >=z+1 if and only if g*(0,k) =... =g*(2, k) = 0.

Let # be an arbitrary integer (x > 0). Since for an established m
the function g*(m, k) assumes the value 1 at most once, there exists such
a k >z that

g*(0, k) =g*"(1L, k) = ... =g"(x, k) = 0.

Hence f(k) >x+1. This implies that {f(%k)} > oo. Consequently
{1/f(x)} > 0.

To show (iii), suppose that there exists a funetion i*(m)eC such that

1 1

. *
) < p— for k >h"(m).
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That is
(5) fk) =m+1 for &k >h*(m)

and 2*(m) > m—1. Indeed, f(k) < k+1.8Since f(k) = m+1fork > h*(m)
we have k > m for %k > h*(m). Consequently, 2*(m) >m—1.
By (4) and (5)

g* 0, %) = g*(1, k) =... = g"(m, k) =0 for every k > h"(m).
This implies
(6) g (@, k) =0 for k >h"(»).
Consequently,
(7) h(z) = ¢" (@, 0)+g"(, 1)+ ...+ g"(z, " (2)).

On account of (1) and (7) we have h(x)eC, contrary to (3).

The next theorem shows that the notion of recursive convergence
is narrower than that of computable convergence.

2.37. There exists a function feR for which the following conditions
are satisfied:

(i) f(k) >0,

(i) {ﬁ} o0,

(iii) non {-L} -0,
fk)) ®

(iv) if h(k) is o strictly increasing function and heR, then non

{m};o.

Let a be a number of the open interval (0,1) such that
(1) aeZ but the funetion [10"-a] ¢R.

A number satisfying those conditions exists by 1.13. In consequence,
the sequence {[10™-a]}¢R (by 2.5). On the other hand, by 1.14 there
exists a weakly increasing function geR, such that g(n) >0, ¢g(n) »> o
and [10“™.g]¢R.

We shall prove that the function f(k) = [10"®.4] fulfils conditions
(i)- @v).

(i) is obvious.

(ii) Let h(n) be the function defined by the formula

= 1 1
(2) h(n) = (uk) T < K{-i)
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1 1
[107%). 4] < n+1

1 1
[10°®.q] < n+1
(iii) follows immediately from (iv).
(iv) To prove (iv) suppose that

Since the relation is computable, h{n)¢C. Obviously,

— . 1
for k > h(’"-), that 18 {—[_]_OUT-‘,,]-! E> 0

1
{['1oa(h(k>)‘. a]} =
This implies that
1 < 1
[10°*™).q7 = n41

for k> Ti(n)eR

Hence

1 1 —
(3) L0 4] < 0" for = h(10™—
Let O(n) = g(h(k(10"—1))). Since g,k, h(10*—1) are recursive func-
tions, O(n) is also one. By (3), [10"¢D.q] > 10" for % > R(10"—1),
that is [10°™.a] > 10" for every net’. Hence, 10°™.q >10" Since
0 < a < 1, this implies that O(n) > n. In consequence, by 1.8 (1),

[ 00(") a]
100(?!) e

[10"-a] = [
Hence the function [10"-a] is recursive, contrary to (1).
2.38. If {a;}eR (C) and {ay} A then aeZ# (¥).

Since {a,}eR (C), there exist two recursive (computable) functions
f'(k,n) and f“(k n) such that

[ “(kyn)—f"(k 5 1

n+1 n+1

On the other hand, since {a;} Pl there exists a function z(n)eR (C)
such that '

for k,neA.

(2) |a, — a) <

: for &k > h(m).
m—+1 (m)

It follows from (1) and (2) that
L f Ry )= (k) 1 1
() | “ = n4-1 + m+1

for & > h(m) and net .
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Let f,(n) = f'(n,n) and fy(n) = f""(n,n). Then, by (3),

Ji(n)—fa(n) | 2
- S A g / .
(4) P al < m1 for n>h(m)+m

Hence ae¢Z (%).

The problem arises under what conditions a computable sequence
which converges to a computable number is convergent in a computable
way. An answer to this question will be given in theorem 2.40. We first
establish the following lemma:

2.39. Let {a,} be a sequence which fulfils the following conditions:

(i) {a}eC,

(ii) {ax} 78 monotonic,

(iii) {ax} — 0.

Then {a} = 0.

Suppose that a, >a;,, for keAt”. Obviously a, =>0. By (i) there
exists a function feC such that

f(k,n) 1
— i p A
(1) ay. w1 —— ] for every me
Consequently
(2) |(n+1)a,—f(k, n)] < 1.

Hence f(k,n) <1+ (n+1)-a,. If n is a fixed non-negative integer, then
lim (n+1)-a, = 0.
"™ Dhis implies that there exists such a ke that
(3) fk,n) <1 for & >k&,.

Let h(n) be the function defined by means of the following formula:
(4) h(n) = (uh)(f(k, n) <1).

Since feC and by (3), the operation of minimum is effective, h(n)eC.
Clearly we have

f(k, n) 1
5 '
(6) g < T tor &k >Nh(n).
By (1) and (5)
2
a; < _——Y for k& > h(n).

Hence {a,} e 0.

Now consider the case of @, < a,,,. Evidently ax < 0. Obviously
{—a}eCy, —ap > —ay,,, —ap >0. Thus {—ay} o 0. By 2356 (i)
{Gk} ? 0.
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2.40. Let {a,} be a sequence satisfying the following oconditions:

(i) {a'k}‘ca

(i) {ay} is monotonic,

(iii) {ap} — a,

(iv) ae¥.

Then {ay} o> a.

Since the sequence {a,} is monotonic, the sequence {a,— a} is also

monotonic. By 2.6 and 2.11 the sequence {a;— a} is computable. More-
over, {a,—a} — 0. Hence, on account of 2.39, {a;—a} 70 Consequently,

by 2.36 (i), {ak}t—;a.
The following two lemmas will be used in the proof of theorem 2.43.
2.41. For every sequence {a;} satisfying the conditions
(i) {a}eC,
(ii) {ax} -0,
(i) @ =0,
there exists a strictly increasing funmction feC such that {a;u} 7 0
It follows from (i) that there exists a function geC such that

g(k,m) 1
n+1 n+1

Hence ¢g(k,n) <1+4a.(n+1). Since a, — 0, it is easy to see that for
an established n there exists a k,eA4" such that

for k,neA".

(1)

Qg

glk,n) <1 for Fk >k,.
Let f be the function defined as follows:
f(0) =1,
fo+1) = (uz)((g(@, n+1) S 1) A (2 > F(m)).

The relation R(z,n) = (g(z,n+1) <1 A (# >f(n) is computable.
Thus feC.
It follows from the definition of f that

g(f(n),n) <1  for = >0.
Hence, on account of (1),

Gy (0 +1) < 14g(f(n), n) < 2.
Consequently
2

—— for n >0.
n4+1 -

a’("‘) <
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Consequently, by 2.32, {as.,} & 0.
2.42. Condition (iii) of 2.41 can be omitled.

Indeed, consider a sequence {b.}e¢C which converges to 0. Hence,
by 2.8, {|bl}«C. Moreover, |b;| >0 and {|b;|} — 0. By 2.41 there exists
an increasing function feC such that

{lbywl} & 0,
or

for &k > h(m)eC.

b <
| ’(")l m—+1

Hence, {byn} 5 0-

2.43. For every sequence {a,} which fulfils the conditions

(i) {ax}eC,

(i) {ax} — a,

(i) ae?,
there exists o strictly increasing function feC such that {40} & a.

Suppose that {a,} fulfils the conditions of this theorem. Let b, = a
for ke #". The sequence {a, — b,} «% by 2.6 and 2.11. Moreover, {a,— b;} —0.
Then, by 2.42, there exists a function feC such that {a— by} o 0.
Evidently {b,(,,,}ga,. Hence, by 2.35 (i), {a,(,,,}‘—;a.

In view of further applications we ghall need the following lemmas.

2.44. If {ax}eR (C) and {b}cR (C), where bye A", then {¢,} = {a,}
«R (C).

Indeed, since {a,}eR (C), there exist two functions f,f <R (C)
such that

“(kym)—f" (%, n 1
—f( Sk, ) < for k,ned.

i
n+1 I |

(1)

ay,

By 2.5 the function h(k) = b, is recursive (computable). Let ¢’ (k,n) =

= f'(h(k), n) and g"(k,n) = f"(h(k),n). Obviously ¢',¢” <R (C) and

by (1)

_.‘J’(ky'"')—g“(ky"%_) 1
n+1 n+4+1

2.45. If {a;}eC, ae¥ and {ay} +> a, then there ewist such an mye N
and such an increasing computable function h(k) that

Cr

for k,n eA.

1
AGin—a| > —— or evert ke .
| @2y — @] g+ 1 f ) €
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Consider the sequence {b,} = {a,— a}. Obviously {b,} »+ 0 and, by
2.6 and 2.11, {b,}<C. Hence, there exists such an mye 4" that for every
me A there exists an leA#” and I >m such that

1 b .
1) ol > g
On the other hand, there exists a function feC such that
flg, n)

(2) !|bq|— 'n—l’-l | for every q,ne .
Consequently,

flg,n)=1 flg,n)+1

< b —_— .
(3) w1 < |be) < | or g,neN
Hence, for every me.4", there exist ke.#", I >m and an ne.4" such that

4 =1 1

> .
n+1 my+1

Evidently (4) implies (1).
Let | = K(2), n = L(2), 2 =J(l,n) be the pairing functions of
Robinson and let

K(z), Liz)~1 _ 1
(5) . g(m)=K {W)((K(z) >‘m)"‘(f( _(Lzzz)—l—(i) >m.,,+1))}'

Obviounsly, geC and ¢ assumes arbitrarily large values.
Let R (k) be the function defined as follows:

h(0) = ¢4(0),
h(k+1) = g(um)(g(m) > h(k)).

Clearly, h(k) is a computable increasing function, and

[brgyl > for every ke .

Mo+ 1

1
Consequently |a,,—a| > 1 for every ke f.

My
2.46. For {a,}eC if the relation R il (k)(a, = 0) is computable,
then the relation 8 = (k) (a, < 0) is also computabdle.

From the definition 2.1 it follows that there exist two functions
Iy ' €C such that for all n, keA”
P A LT et M TR0 D

1 T .
W laﬁ n+1 n-+41
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It is evident that
(2) if a; # 0, then there exists such an n that either

1
oT
n+1 n+1
From (1) and (2) it follows that the following condition is satisfied:

< ag.

ak<-—

(3) for every ke, there exists an n ¢ 4" such that the condition a;, # 0

implies 1 # |f'(k, n)—f"(k, n)] # 0.
Then the funetion

(4) g(k) = (un)(R(A)VL % |f (k, n)—f" (%, )]  0)
is computable. Thus it is evident that
(8) @ <0 if and only if non R(k) and f'(k, g(k))—f"(k, 9(k)) < —1.
Indeed, let us notice that according to (1)
g J ey g®) ="k, g(®)| 1
k— .
g(k)+1 g(k)+1

If a, < 0, then a; # 0 and non R(k), whence, according to (3), 1 #
# If (k, () —F" (k, g (k)| # O; but it 7 (k, g(k)—f"(k, g(k)) >1, then

1
O >g(k) 1 >0 by (6). Hence it is possible only that f'(k, g(k))—
J"(k,g(k)) < —1. Consequently, if f'(k,g(k))—f"(k,g(k)) < —1, then

(6)

from (6) it follows that a, < —

- <0
g(k)+1
From (5) it follows that the relation S is computable. The impliea-
tion inverse to 2.46 is not true.

247, If {a}<C and ap #0 for any ke, then the relation =
(k)(ar, < 0) is computable.

Indeed, if a;, 7 0 for any ke.4, then the relation RE (k) (ax = 0)
is always false and hence computable. Thus 2.47 is an immediate con-
sequence of 2.46. The condition a; # 0 is necessary (see the example
of 2.28). From 2.47 it follows for example that if W (z) is a polynomial
with irrational roots and with computable coefficient, then the relation

82 (5,4 W(—’L) 0
(P, 9q) g+1 <
is computable.
2.48. If {a;}eC and b < ¢, then there exists a computable number
d such that b < d <c and d # a; for any ket .
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12
Let m, be such a number that ¢—b >-——. Suppose that
My+1
0 <b. Let
(1) b <

We set
§(0) = J ((u)(po < & < o+ 10A [f(0, m)— x| > 2, m,),

Po Pe+10
mo+1< mot 1 <e.

(2)
jn+1) = (;w)(L(ac) > L{j(m)|A If (n+1, L(z))—K(z)| >2A

K (j(n)—1 - K(z)—1 < K(z)+1 K(j(n))+1)
L(j()+1 ~ L(@)+1 ~ L(@+1 " L{jm)+1/’

g(n) = E(j()), h(n) = L{j(n),

where J, K, L are the pairing functions and the function fe C satisfies
the condition

flk, n)\ 1
- f k N
(3) lay] | < ) or any k,ne
Let us set
(4) 4 —1im 2™
noo R(N)+1

From definition (2) it follows that b < d < ¢ and

N l g(n) 1 1
(.")) - < y
h(n)+1l h(n)+1 ~ =41
©) fleyh(R)  g(k) 1
h(k)+1  h(k)+1 h(k)+1 "~

(3), (6) and (6) imply that a, # d for any k. From (5) it follows
that de%.

2.49. If {a;}eC (R) and b, =sup(ag,...,a;), then {b}eR (C).
For any two sequences {a,} and {d,} it is true that

|sup(Co, -y Ce)—sUD(do, ...y &)l < sUD(ICy—dhol, -.- |er—dil),

J'(ny, k)y—f(n, k)

1
whence if .a,,.———— —-~— | < ——, then

| n+1 n—+1
0 —f 0 f(n, k)—F (n, k))l 1
!b,,.—aup( n 1 T <—n+1 .

Rozprawy Matematyc¢zne XXXIII 4
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Thus

maX(f’(n,O)—f”(n,O),.--,f’(ﬂ,k)ﬁf”(n,k))< 1
- n+1 n+1’

by,

which completes the proof.
2.50. If {ay}eC, a, < a for all ke and a = lim {a,}, then there
n—oo

g(k)

/i
AR such that

erists a rational computable increasing sequence b =

a = lim {b;}.

k—c0

We set a;, = sup(a,, ..., a;). Hence {a;} is non-decreasing. We also

set ¢ = 7—|1-1(a"’+"'+a;‘)' The sequence {¢;} is strictly increasing,
(]
a = lim {¢;} and {¢,}C. Suppose that
k—oo
f(k,n) 1
(1) f— ’
n+1 n+1

where fe C. We get

h(k) = (pn) (f(k, n)+1 < f(k+1,2)—1),

(2)
g(k) = f{k, h(k))+1.
. : g(¥) : )
From (1) and (2) it follows that ¢; < GRS < €p41, Which comple

tes the proof.

2.51. If {a;}eC and {by}eC, a = lima, = limb, and a; < a < by

k—eoo k—o00

for all ke A", then ac €.

From 2.50 it follows that there exist four functions h,%’,g,g'¢C
such that

k k+1 "B+ 1 ‘(%
1) ge) g4l g(+)<g(),
h(k)+1 h(k+1)+4+1 R'(k+1)+1 h'(k)+1

\ 1 N ()
%) “= {-ﬂh(k)+1 = pm B (k)+1°

From (2) it follows that the following condition is satisfied: for every
neA there exists a ke such that

g(k) g'(k) 1

) A1 RE)+1|  ntl
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Hence the following funetion is computable:

. g(k) g' (k) 1
*) i) = b A +1 WL ‘ <ar1)
From (1)-(4) it follows that
_ | g(im) ’
? PO FSE =y

From (5) by 1.18 it follows that ae %.

2.52. If {a,}e C and there exist infinitely many different numbers
of the sequence {ay}, then there exisis a sequence {b;} € C such that {b;.} enume-
rates the elements of the sequence {a;} without repetitions.

Let us suppose that a; >0, whence there exists a function fe C
such that for any n,keA”

k 1
_.f('"" )l < .
n4+1 | n+1

The following equivalence is true for every %:

(1) ay,

(2) for every ¢ such that ¢ < ¥ we have a; # a, if and only if there

exists an n such that for every ¢ < k we have |f(n, i)— f(n, k)| = 2.

Indeed, if for some <k, a; =a; then, according to (1),
If(n,3)—f(n, k)] < 2 for any neA#". Conversely, if a; ¢ a; for © < k, then

10
there exists such an ne.# that, for 1 < &k, |a;—a;| > paRE whence from

(1) it follows that |f(n,2)—f(n, k)] > 2.

From (2) it follows that the set K of the numbers % such that a; # a,
for ¢ < k is recursively enumerable, and hence can be enumerated without
repetitions by @ computable function, Thus there exists a funection geC
such that

(3) for every i < k we have a; # a, if and only if there exists an »
such that g(n) = K.

Moreover, the function ¢ enumerates K without repetitions. Now
we set by = ayy). From (3) it follows that b; # by for 7 < k.

2.53. If {a,}eR (C) and b, = max(0, a,), then {b,}eR (C).

Suppose that

5 for, kB)y—=f'(n, &) 1
1 _
(1) | G K+ 1 <%xr1’
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where f,f'eR (C). We put
(2) gn, k) = fin, k)= f'(n, k).
From (1) and (2) it follows that

g(n, k) 1
(3) O k+1 nt+1"
Indeed, if @, < 0, then b, = 0. From (1) it follows for all ke A" that
(4) fln, k) < f'(n, k)
and
(5) g(n, k) =0  (from (2), (4)).

Formula (3) is also fulfilled.
If a, >0, then b, = a,. From (1) it follows that for all ket

(6) f(n, &) = f(n, k).
Hence according to (2)
(7) g(ny k) = f(n, k)—f'(n, k).

Formula (3) is also fulfilled.

Now we shall prove that the field of recursive (computable) numbers
is algebraically closed in the field of real numbers. We start with the fol-
lowing two lemmas:

2.54. Let f(n,pyy...,Pn)eR (C) and g(n)eR (C). Let
Fo(@yy ..., 2) = Z fn, Pl)"'vpm)"r?l)]"'wgtm
Pl A0 <a(R)

and let oy, ..., a,e#_ (F).
Then {F,(ay, ..., a,)}eR (C).
It follows from the theorem on the mean value that

m

. o
1 F'u Lyeoadyy, —-Fu- R Rt - T ﬂ) .
( ) ( 1 ) (aq, y@yn) ;;’( i al)( ami G o)
Tt is easy to see that
aF, A

|lr; —a;] <1 implies H < h(n),

ami )('r]. Ty 5,]],)
where h(n)eR (C). Indced, suppose that

ey —ail <1 for ¢=1,2,...,m.
Hence
|zl —loy] <1 and || < |oql4+1 < npet.



II. Recursive and computable sequences 53

Obviously, also |%;| < n,
oF,\
(2) F‘ (Fry- ooy Tiyp)

V T, Pry vy Do) D Z0L. . ZPIY ZPCN - Z0HT | Fhn

’+.. +Dm<a('n)

< D (s pus s Pu) B,

Pr+... +?71n{0(n)

where 7, is a suitable positive integer. This integer can be chosen on
account of |7;| < n,.
Since f(n, P1y «+ey Pm), 9(1) eR (C)v
(3) R(r) = Y (1, D1y .ees D) pimi €R (€).
Dy-ba = <o)
Consequently, by (1), (2), (3), n
(4) P (@151 @) — Fo(any ooy 3] <R(0) D lEi—ail.

t=1

Since u; e (¥) (i =1, ...,m), there exist f;,f; eR (C) such that

L k41 k+1

for ket .

On account of (4) and (5) we have
6) | (fn(’v) —fi' (k) Fon () — Fon (K)
I “n k+1 RN k+1

Let A*(n) = m(n41)-h(n). Putting 2*(n) for %k in (6) we obtain

ot [HET () =S (h*(n)) Fu (B*(0) = fou (" () \
(.‘) lFﬂ ] b] L | »
| L (n)—l—l ¥ (n)41

) m
)_Fn (aI’ seey am)l < h(n)'];"_'___i

m 1

<hO) w0 T < a1

_F‘n(al) ] am)

On the other hand,

fi(r* ) =A (1" () fm(h*(n)) —fm (B ( n)))
B*(n)+41 T B*(n)+1

(8) Fn(

_ " N (h"‘(n)) £t )\
- Z f("’Pla"'v.pm) ( - (n)+1 ) ..

M+ hsan)
(fm (" (n)) — Fm (B* ('n)))”m
R (n)+1

-ﬁ_('f)* f: ("), where f7, fy, 5" <R (C).
g*(n)

It follows from (7) and (8) that {F,{a;,...,a,)}eR (C)
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9.55. Let W(x) be a function of the form P(z)[Q(), where P(x) and
Q(x) are two polynomials satisfying the following conditions:

(i) the coefficients of P (w) and Q(x) are recursive (computable) numbers,

(ii) the degree of P(x) is not smaller than the degree of Q(z),

(iii) |Q(2)] = & for zed, where ¢ is a positive real number and A is
an interval.

Let {£,} be a sequence defined by the formulae

Eo = 5, §n+1 == W(En)

such that &,eA for every ne A"y, and EeZ (¥).
Then {&,}eR (C).
Let
P(z) = agt” + aya® ...+ ay
and
Q(z) = ey 2%+0 %1 +...+q, ,

where ag, ..., ap, @y y ..., a5 €& (%), and p > q. Consider two sequences
of polynomials defined as follows:

F.',(a;{,, ey m;n (B(;’, very a’:z,ﬁ m) = mémp'l'w;mp_l"" ...-I-.'L‘;,,
By (G voey Ty B4y vey @ 5 0) = @y @140y T 42
Frp1(@0y ey Tp) Ty yeeny &g *T) = F, (wo B, + o FP 7 By 4.+ xp B,
Ty (@y ey Ty @y g oeey B 5 @) = FrP(xg Fi+ 2/ Fi ' Fy 4 ...+ 2/ F,).
These sequences can be defined by means of some recursive functions:
f'(ny m.’,, veey 'm';n m,;', ey 'm-(',', m)7 f”(n, m’(n T mz’.n mll)'1 tevy 777':1,5 'm');

as in the theorem 2.54.
Let
g(0) =p+1, g7 (0)=q+1,

g(n+1)=g"(n)-g+g'(n)p+1, g'(n+1)=g"(n)p+g(n)g+1.

Obviously, g¢'(n), g''(n)eR. These functions determine the degree of
polynomials ¥, and F, , respectively. The functions f* and f"’, the values
of which determine the coefficients, can also be defined in a recursive way.
We shall show by induction that

’ ! 4 1t !
Fr(agy ooy @py @y 5 .oy g 4 £)
rr ! ’ r: tt
T (agy ooy @py @g'yoovy g 4 &)

=én+1.
Indeed,
F(’)(ai’n ceny a;n “t,)'; very aé,7 §) :P(E)
FllJl(al;y'“7a;naé’7-“7acln£) Q(¢)

= W (&) = &,.
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Suppose that for some =

F,’;(a‘;, seny a-;:’at'il, srey a;', &)

7, 7 7 17 77 =En .
Frlan, ..y ap.agy.ney g, &) *
Hence
r o b " (@ PP+ ay PP Py + ...+ a, F,.?
Fu+1(an---1amao1---:%,5) F ¥ (a %
F;l’+1(a(;! ey a;” al’J’i RS a:: E) F],-'u ( :1’ +‘11 F’q-lF,l:-l- + HFH(T)
(Bl
B ay F'n’ + ’I"I e aﬂ _ aésrp"+1+a1£1i;i+ +a;’ _
AT EA S v G &L +ar 881+ tag
% (F—:.’)"'“ (T) +ota 0 ?
P(&ny)
= 1" =W =En--'."
Q(Ens) (fn) |

On account of theorem 2.54 the sequences
{F,';(af,, crey a;n 03’1 ceey ‘1;'7 £)} and {F;,'(a,;, sevy az’n 'y e a:, £)}
are recurgive (computable). We can assume that |@(z)] ># >1. In

fact, W(z) = -'S—E:—;- where [Q(z)| >¢. If e <1, then W(z) = %—SE:;,

where 2,e >1, and Ae#. Then |[1Q(z) >1. We shall show by
induction that
’F;;'(at;y seny a;,, a,;', ceny al’l’! &) > .
In fact,
Q(8)] = |ag &4 ... 4 ag| >7n >1.
That is
IFS'(HS, caey a;,, reey ‘1(,)’; a.',',&)] >17.

Since §,¢4, we have

' e+ o E7 g > > 1,
consequently

1 : 1 1q o u
Puq (Ug f] a; Ful 1F + Q) > n >1

"
On the other hand, by the induction assumption |F,| > >1. Hence
|F+7| >y >1. That is

1B P (ag' Pl 4. o+ af Fp¥)| > 1.
Thus
lFf,'.i.x(ﬂér ceey “1’1’ aé’s ceey a:llr &) > 1.



56 (C‘omputable analysis

Since {F,(ag, .-y @ps @'y ...y g, £)} and {F,'L'(a,',,,..., a,',’, g’y .-y agy E)}
are recursive (computable) sequences, and |[F,, (g, ...y @y, @y ..., gy &)
> g, then by 2.15 and 2.18 the sequence

? ’ ’ 17 1
Fo(agy ...y apy @y ooy gy &)

ts ’ ' ts X4
F, (a, ey @y Oy g eeny By y £)

is a recursive (computable) one. Consequently, {£,}eR (C).

2.56. Any root of a polynomial whose coefficients are recursive (com-
putable) numbers is also a recursive (computable) one.

Let us consider a polynomial with no multiple roots. Consider w(z) =
= 0" 4 alwk‘1+...+ak, where ay # 0, aq, ..., a e ® (F).

Suppose that k >2 is the lowest degree of this polynomial and
w(&) = 0. It follows from the assumptions made that

(1) w'(€) #0
and

(2) w' (§) # 0.
Suppose that

(3) w'(§) > 0.

In the case of w'(£) < 0 the proof of the theorem is analogical.

Consider an interval 4 = <a, d) for which the following conditions
are satistied:

(i) @, b are rational numbers,
(i) a < £ <D,
(iii) w’'(2z) > 0 for zed,
(iv) w''(z) # 0 for zed,
M M
(v) 2—m(b— £) <1 and —5—(£—a-) <1, where M = sgp lw"’ (2)]

and m = infw’(x).
4
An interval <a,b) satisfying conditions (i)-(iv) always exists on
account of w’'(£) >0, w''(£) # 0 and the continuity of w'(z) and w' ().

The fulfilment of condition (v) can always be obtained by a suitable dimi-
nuation of the interval assumed, satisfying conditions (i)-(iv).

Now we shall consider the case where
I w”(x) >0 for zed.

In the case where
IT. w"(z) < 0 for zed

the proof is similar,
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Let

(4) fo = b’ £n+1 = &, — W(Gn)

W' (£a)

Now we shall prove by induction that
(5) 5 < En < b fOI‘ ‘ne./V.

For n = 0, inequality (5) is obvious. Suppose that (5) holds for
gome 7. If follows from (4) that

W (£n)
w (£,)

Applying the formula of Taylor to the function w(w) we obtain

(6) E_ Eﬂ.-{-l ‘E En'i‘

(M) w(£)=w(fn+(£—5n))=w(En)+(5—5n)w'(En)+ (E Ea) " (Zn),

where & < Z, < £,. Since w(f) = 0, it follows from (7) that

~ w(m:__ " (Z,)
(8) N T (= 8 ey

Making use of the inductive assumption, we infer that ¢ <z, < &, <b.
Hence w''(Z,) > 0. On the other hand, since ¢ < &, < b,

w'(£,) >0.
Hence
(9) E—bnt it .
w' (£n)
By (6) and (9) we obtain
(10) £— & < 05
that is
(11) § < lnp1-
It i3 easy to see that
(12) 'fn.r,'—l < Eu'
Indeed,
w (&)

i =& — where ¢ < §,<0b.

w'(£,)’

Hence w’'(&,) >0 and w(&,) > 0. That is £,,, < §,. By (11),(12) and the
inductive assunption

§< ‘S;H-l < En < b

which completes the proof of £ < &, < b for ne A
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Now we shall prove that

(13) g

It follows from (4), (8) and the definitions of m and M that

M) bl = b "((Zl)) S
Let ‘;;‘ ;n = w, that is

(15) |€—Epal < w(E— &)

Hence, it is easy to see that
n41

(16) |E—&, ] < ol+ere+ .+ g p)2
= aﬂf+l__ _ o +1 — _1 __ om+l _ i (i _ )a‘u+1
w 1({—b) - (w(£—1)) =5 (E—b)
M
By (v), ..,—m(b—E) < 1. Hence

(17) lim = (£(5 b))z’le = 0.

n—->00 w

1 (M a1
0n=z(%(§—b)) .

We shall show that {c,}

Let

O 0. Let w(b— &) = p. Consider two cases:

(a) w10g~—— =1, (b) 0 < wlog— <1.
e e
In case (a) we put 2,(k) = k+1. In case (b) we put h,(k) = (k+ 1)3,

where
1
P = -|— 1
wlog —

Obviously, h,, h,¢R (C). Let n > hl(k) in case (a), and let 7 > h,(k)
in case (D). Then in both cases

k+1 kl—l

(18) n > K+l = 1

1 1
wlog—  log-- log —-
0 0 e

Hence
k+1

1
nlog— > log
e
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that is

{1\* s
log(z) >10g—+1

w

Consequently
1 n
w* (—) >k4+1.
e

Hence, on account of o <1,

1 1 n 1 ,,n+] .
]+1>—9>)g = C,.
Thus it is proved that
1 n > (k) in case (a).
C,<—— for
k+1 n > hy(k) in case (b).

Hence {C,} 0] 0. It is easy to establish that {&,} 5iS &. Indeed, since

1
{Cn) 50+ thero exists an k<R such that €, < ey for n > h(k). Hence,

on account of |£—&,,,| < C, we infer that

1
|E—Eppn] < —— for a > h(k).

k+1
In the last part of the proof of 2.56 we shall show that
(19) {&.}eR (C).
The sequence {&,} fulfils the conditions of theorem 2.55. Indeed,
let
W (z) — w-w'(a;’)—w(.v) _ P(x) .
w' () Q(2)
Then

fo = b’ En+1 = W(En)'
The coefficients of polynomials P(z) and @ (xz) are recursive (computable):
Q@) = [w'(2)] = e=

On account of (5), &,e4 for neA”. Hence, by 2.55, {£,}eR (C).
It follows from (13), (19) and 2.38 that £eZ# (¥). This completes the
proof (1).

(*) See footnote on p. 21.



III. RECURSIVE AND COMPUTABLE FUNCTIONALS

A functional @ defined over natural computable functions and assum-
ing real values is computable if for a computable sequence {f,} of functions
the sequence {a,} of values a, = @ {f,> is computable. Starting from
such a definition of computable functionals and from a similar definition
of recursive functionals, we prove many properties of these notions. In
the first place many auxiliary theorems are proved. Namely the theorems
stating that the class of computable functionals is closed under the same
operations which do not lead out of the class of computable functions on
natural numbers (3.10-3.13). In the second place we prove that computa-
ble functionals are continuous in such a sense thatif {f,} — fthen {D(f,>} —
— ®f> (3.36). This theorem implies the theorem stating that a com-
putable functional depends on a finite number of values of the function
considered as an argument (3.43) and the thearem which presents a kind
of a “general form” of computable functionals (3.43). For the recursive
functionals it is possible only to prove the weaker theorems (3.33, 3.47,
3.40). For other notions of recursive functional see footnote on p. 79.

The notion of recursive (computable) functional is necessary for prov-
ing some theorems on the recursive (computable) real functions. '

3.1. A sequence {f}} of recursive (computable) functions of one natural
argument 18 said to be recursive (computable) provided thal there exists a
Sunction FeR (C) of two arquments such that

fx(n) = P(k,n) for all n, ket ".

The class of recursive (computable) sequences of functions will be
denoted by the same symbols as the class of recursive (computable)
functions.

3.2. A functional @ defined over the set of recursive (compuiable) natu-
ral functions of one argument and assuming real numbers as values is said
to be recursive (computable) if for each sequence {f.}eR (C) there exists such
a sequence {a;}eR (C) that

Dfi> =ap  for all ke A"
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The class of recursive (computable) functionals will be denoted by
Ge (Fr).

The class of such functionals @G, (Fp) that & (f)e A for all feR (C)
will be denoted by Fr (F2).

3.3. PSR (FC) if and only if for each {f.}eR (C) there exists such
a geR (C) that

Dfi> =g(k)  for all ke

It follows from 2.5 and 3.2 that if a; = g(k), then {a,}eR (C) if
and only if geR (C).

34. If nge N and {a,}eR (C), and D) = af(n,) for all feR (C),
then ®eFp (Fo).

If {fi}eR (C), then @ f;) = afi(n,). This means that for some F,
g<C (R), g(k) = fu(no) = F(k,n,) and D(fy> = ayp. Hence {agy)}
eR (C), and ®«Fr (Fo) by 3.2. For instance if nge A and @ ) = f(n,),
then @E%}R (go).

3.5. Another, more complicated, example of functionals Fr (Fc) s
the functional @, defined as follows:

¢1<f> =

fﬁ |f () red mod 10|
o 10° :

=0

If {fi}eR (C), then, by 2.19 and 2.24, @, {f;><R (C), whence, by
3.2, @1651; (gg).
36. Let P, YeFn (Fe); then

D+ eFr (Fe)y, PO eGr (o),

DT eFr (Te)y, 19D Fr (To).

From: 2.7, 2.8, 2.10, 2.11 and 3.2.

3.7. A sequence {D,} of functionals is said to be computable (recursive)
({@,}eFr (Fc)) provided that for each sequence {fi}eR (C) there exists a
sequence {a;}eR (C) such that

D, (fr> = apuyy for each n,ke A,

where P(n, k) = 2"(2k+4+1)—1.
If ®,(f>eN for each feR (C), then we say that {@,}e Fr (FC).
3.8. The double sequence {D,} 15 satd lo be recursive (computable)

provided that there exist a sequence {¥,}eFr (Fc) and a function geR (C)
such that

q)n,m <f ) = Tg(u,m) (f D-
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3.9. Let B, (f>eN for all feR (C) and net"; then {D,}e«Fr (Fe)
if and only if for each sequence {f.}eR (C) there exists a function geR (C)
such that

(1) D, iy = g(n, k) for each n, ke A

From 3.7 and 2.5.
3.10. If {¥um}, ReTFr (F5) and

(1) g”'o <f> =0 <f> y ¢n+1 <f> = !Pn,cp,,(f) <f>7

then {@n}eg}g (GO').

If {f;}eR (C), then there exist functions 2, leR (C) such that ¥, ,.{f:)
= h(m,n, k) and Q> = I(k) according to 3.3. We shall prove that
there exists a function jeR (C) such that @, {f;> = j(n, k). Indeed, such
B function can be defined recursively:

(2) 0, k) =1(k), j(n+1,k) =h(n,jn,k),%.
From formulae (1) and (2) it follows that
(3) Do fu> = Qo> = 1) =§(0, k).

Now suppose that P,{f.> = j(n, k); then
(4) Brir <o) = Yoty Fi> = b, j(n, k), k) = j(n+1, k).
From (3) and (4) it follows by induction that for each ne A
Do lfu> = j(m, k).
Hence, according to 3.9, {®,}eTFr (F%).

3.11. If {®,}eFe, and for each fe C there erists such an ne A that
D, {f> =0, then the functional

(1) YL = (un) [Pulf) = 0]
belongs to Fo.

From 3.9 it follows that for each {f;}<C there exists a function geC
such that

(2) ¢n <fk> = g(“; 7") .
Let us put

(3) h(k) = (un)[g(n, k) = 0].

From (2) it follows that for each k there exists such an n that g(n, k) = 0.
Hence heC. On the other hand, from (1), (2) and (3) it follows that

Y {fr> = h(k).
Hence Y&, according to 3.3
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312. If f,geR (€) and &,(h> =f(h(g(n)) for all LeR (C), then
(@, T (Fe).

Indeed, if {k:}<R (C), then there exists a function jeR (C) snch that
&, (hy =j(n, k). Namely we can put j(n, k) =f(h,, (g(n))) =f(h(k, g(n)))
when h(k,n) = h(n). Then {®,}Fg (55 by 3.9.

3.13. If feR (C) and {D,}<Fh (FF) and

(1) Y, by = f(Pu b)),
then

{!pn} € sR (GC) .

Suppose that {I;,}e¢R (C); then by 3.9 there exists a function geR (C)
such that
(2) D, ) = g(n, k).
Hence ¥, <> = f(g(n, k)) by (1) and (2). Thus {¥,}«Fr (To) according
to 3.9.
3.14. If {¥in}eFr (52) and PeFr (Fc), setting for each feR (C)
(k) = Prnlfd and 2> = S{Cul>>, we have {2n}eFr (Fo)-
If {¥m}eFr (32), then by 3.8 there exist such {¥p}eFk (F2)
and jeR (C) that
(1) Pl = ¥jem <
If {fu}eR (C), then by 3.9 there exists a function heR (C) such that
i lf> = h(k,n). Hence

(2) Wk,m<fn> = h(] (ka 'm’)! n)'

Putting

(3) B (k) = h(j(k, m), n)

we obtain ¥, (f,> (k) = hpm(k), whence

(4) Qm(.f'n.> = @(W;L(fn» = ¢<h:,m> .

Putting %;(k) = hoe pe(k), we infer from (3) that {i;}<R (C) and

(5) hpn,m (k) = hnm (k).

From 3.7 it follows that there exists such a sequence {a,}e¢R (C) that
(6) @ () = a,.

From (4), (5), (6) we obtain
-Qm <fn> = a’P(n,‘m)-

Hence, by 3.9, {'Qm}ng (SC)°
As a special case of 3.14 it follows that
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3.15. If {¥:}<3% (Fo) and PGy (Fc), where ¥ {f>(k) = ¥ulf)
and Q<fy = OV >y for each feR (C), then 2<Fr (Fc).

3.16. If Ty (Fc), then there exisis {¥,}eFn (Fe) such that if {f,}
eR (C) and F(2) = f),(Rz), then

(0) Dfnd> = ¥ <KF>.

For each FFeR (C) we put
(1) Q(F(y) = F(P(w,y)) = Qe y <F),
(2) Y, (Fy = {2, ().

The double sequence {f.,} of functionals is recursive (computable)
according to 3.8, because there exists a single sequence {6,}¢Fr (Fc)
such that Q;,(F) = Opay <F>. Namely 0,(F) = F(n). Hence {¥.}
«Fr (Gc) by 3.14. From the fact that F(2) = f,,(Rz) it follows that

(3) F(P(my 3/)) =f:::(y)-
Hence from (1) and (3)
(4) Q<P (y) = f=(¥).

(4) and (2) involve formula (0).

317, If DcFR (F¢) and feR (C), then D(f)e€ (#

From 2.4 and 3.2.

3.18. A sequence {f,} of natural functions is said to be convergent to the
funetion f (in symbols: {f,} — f) if for each xe A there exisis such an noe NV
that for all n = ny we have f,(x) = f(z).

This definition is evidently equivalent to the following:

3.19. {f.} = f if and only if there exisis such a function g(z) that for
all z,ne N
(1) if n>g(x), then f,(z)=f(z).

3.20. If for the funciion g of 3.19 we have geR (C), then we shall
say that {f,} is convergent computably (recursively) to f ({f.} = 0 - f).

3.21. {fu} > f ({f.} 1—”—‘3 f) if and only if there exists a non-decreasing
funetion h (heR (C)) such that for all z,y,net :

(2) if nzhx) aend y<az, then [,(y)=7F(y).
The first imp].ication is evident. To prove the second we put
h(0) =g(0), h(z+1) =max(h(z), g(z+1)).

Hence for y <z, hi(r) >g(y), and if » >h(z), then n > g(y), and,
by (1), faly) = f(w).
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3.22. {fu} = f ({fou} === N if and only if there exists an inoreasing

R (O)
function j (jeR (C)) such that for all z,y, neAH":
(3) if n>j@), ond y<z, then fo(y) =f(y).

From 3.21 it follows that there exists a non-decreasing function
k which satisfies condition (2). We put

3(0) = k(0),
i (n)+1 h ] 1) <j
1) = jm+1, when h(n+1) J'(%),
h(n+1), when h(n4-1) >jn).
Hence j is strictly increasing and j(n) > h(n); thus condition (2) invol-

ves (3).
The inverse implication is evident.

3.23. If Q assumes only natural values and Q2 (f> = 0 if and only if,
for each neN', f(n) = 0, then Q¢F% (Fo).
From theorem 1.28 we infer that there exists a function heR of

two variables h(k,n) = h;(n) such that function & defined by
0 if h(k,n) =0 for each neA,

(1) (k) = :

1 if A(k,n) # 0 for some ne A

is not computable.
If 2<(f> = 0 if and only if, for each ne4", f(n) = 0, then, by (1),
(2) sgn (2 <hy)) = 8(k);

hence, by 3.3, 2¢Fr (Fo) because {h,}eC (R) and 4¢C.
3.24. Let us put

: ) 0 when m<n,
an,m) =
’ 1 when m>=n,

a,(m) = a(n, m).

3.25. A function f is said lo be normal provided that f(z) = 0 for all
xeN, or for some y : f(z) = q,(z) for all z e A
A sequence {f,} is said to be normal if, for each ne 4, f, is normal.

3.26. If T (Fe) and V) =min(; ¢D(f)), then Ye3r (Fo).

ko+1°
_ 1 _ min(1,(k,41) P(f))
min (—ko-l-l , ¢(f)) = Tt 1
_ —Lmax(—1, — (k1) @<H) _ max(0,(= (ke t1)-0(H)+1) -1
B kg1 B ko+1

Rozprawy Matematyczne XXXIII 5
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Hence, if {f,}¢R (C), then, according to 3.2, {®(f,)}<R (C); thus the
gequence

max (0, (— (ko+1)- @ <f>)+1)—1
o+ 1

belongs to R (C) according to 2.53, 2.10, 2.8 and 2.11.

3.27. If ®<Tp (5C) and $0> =0, {f.} is normal and {f,} -0,
then there exists such an ngeA” that for n >n,

(b(fn) = 0.

3.27 is a spécia.l case of 3.28 having a simpler proof.
From 3.3 it follows that there exists such a function jeR (C) that

g’(fn> = -

(1) d{a,> =j(n) for all mneA,
Putting

(2) <> =sgn( Diw)- 1)),

<k e<y

(3) T (k) = PP,

(4) Q<> = sgn(@ YD)

we infer from 3.10-3.15 that

(5) QeFr (50).

Indeed, the sequence of functionals 6,¢h) = h(2) is computable (recursive)
by 3.11 (if we put f(x) = g(z) = z). Hence the sequence of functionals

B, Chy = D) 6,¢hy

<y

is computable (recursive) by 3.10 because 0, can be defined recursively:
ﬂc’i <h> = 0, <h>; 0;;-}-1 <h) = 6n+1 <h> + 0’,; <h> .
The sequence 6; <) = > {j(y)-0,<h)>} can also be defined recursively.
<k

Hence {¥,}¢Fr (F¢), by 3.10 and 3.13. And 2F% (F5) by 3.15, from
(2), (3), (4). Notice that 6,<0) = 0 for each ye.#", whence

(6) w0 (k) = 0(k) =0,
(7) £2¢0> =0 (from (4) and (6)).
Now let us suppose that our theorem is false; this means that

(8)  Foreach n,c A there exists such an n e that n > nyand @ (f,)> #0.



IIT. Recursive and computable funetionals 67

On the other hand, the formula {f,} — 0 implies (by 3.21) that for each &
there exists a number n, = k(z) such that for each n,yeA":

(9) If » > n, and ¥y < z, then f,(y) = 0.

Combining (8) and (9) we infer that for each x there exists a number
neA” such that

(10) D{fp> #0 and fo(y)=0 for y<u.

Hence, for some =, f,(z) # 0, because d0) = 0. Let v = (u2){f,(2) # 0].
From 3.25 it follows that

(11) fa(n) = a,(u) for all ue s,

because f, is normal. From ( 0) and (11) it follows that a,(y) = 0 for
9y < z, whence, by 3.24, z <v. From (10) and (11) we infer that:

(12)  For each z¢ A4 there exists such a ve 4" that v > 2 and P<a,) # 0.
Hence from (1) it follows that:
(13) Tor ze 4 there exists such a ve " that » > x and j(v) # 0.

Now we shall prove that condition (8) implies the following:

(14) If, for some z, f(x) # 0, then Q{f) = 1.
Put

(15) zy = (ux)[f(x) +# 0],

(16) Yo = (uv)[v > @, and’ j(v) # 0].
From (14), (15) and (16) it follows that

(17) Yo =29 and  j(y,) #0,

(18) Y f(z) #0  (from (15) and (17)).

Hence =

(19) é{j(y)- g:f(z)} #0 for @2,

On the other hand, if z < y,, then, by (16), ¢ <z, or j(z) = 0. But
if £ <, then, by (15), D f(z) =0.

Z<T

Hence for z < y,, {j(®): Y f(z)} =0 and
Z<T

(20) i) Df@)=0 for =<y,
<T

) gV
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From (2), (3), (20), (19) it follows that

for =<y,

(21) Y () = for o>,

(21) means that Y {f)(x) = a,(v) (by 3.24). Hence from (4) and (1)
it follows that

QL) = P<Lay> =7(0)-
From (17) we have j(y,) # 0, whence, by (4), 2{f) = 1. Thus condition
(14) is proved. From (14) and (7 ) it follows that, if supposition (8) is true,
then

(22) Q> =0
if and only if f(z) = 0 for each . But this is impossible by 3.23 because
QT (30).

3.28. If ®¢TFp (Fc), DO) =0, {f,} is normal and {f,} — 0, then

D> —0.
From 3.2 it follows that there exists a sequence {a,}¢R (C) such that

(1) b(a,> = a,.
By 2.1 there exist two functions g, g'<R (C) such that

g(n, k)—g'(n, k) 1
@) % k+1 <1l
Hence
(3) [a,.-(k—}-l)—lg(n, k)—g'(m, k))l <1.
Let us put
@ ¥ = 3 [P0 R), Zf(z)}
V<T
where [z—y| = (z-y)+ (y~2),
(5) Wk<f>(m) = !Fz,k (f))
(6) Qi = oW,
1
(7) 0.<f> = (k+1)1mn(k+ ’ a(f))

From 3.10-3.15 it follows, as in the preceding proof, that
(8) {21} «Fr (Fc).

From (4), (5), (6), using the fact that ®(0) = 0, we obtain
(9) 2:{0> =0 for each ke .
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Let us suppose that 0  lim @ (f,,>. This means that there exists a
number k, such that:

(10) For each nye 4" there exists such an n> n, that |9(f,D| > i1
0

On the other hand, the formula {f,} — 0 implies by 3.21 that, for each z,
there exists a number n, = h(z) such that for each n,ye":

(11) It n > n, and y < z, then f,(y) = 0.
Combining (10) and (11) we infer that:

(12) Tor each x there exists an ne.#" such that

1Dl =

Tey+ 1 and f,,(¥) =0 for y < .

Hence, for some 2z, f,(2) % 0 because P0) = 0. Let v = uz[f,(2) # 0].
From 3.25 it follows that

(13) fn,(u') = au(u) for all 'll«e./‘V,

because f,, is normal. From (12) and (13) it follows that «,(y) = 0 for
y < z; hence, by 3.24, 2 < v. From (12) and (13) it follows that

(14) For each we 4" there exists such a v ¢4 that v >z and

3
| P (a,| = k_o-i—_l-.

Hence from (1) and (14) we infer that
(13) @] (ko+1) =3 and  [g(v, ko) —g'(v, ko)| 2 2.
From (14), (15) and (3) it follows that:
(16)  For each re A4 there exists such a ve. 4" that v > z and |g(2, ko) —
—g' (v, ko)l = 2.

Now we shall prove that condition (10) implies the following:

(17) If f(xr) #0 for some z, then 6, {f) =1.
Put

(18) ry = pr[f(x) #0],

(19) Yo = po[v =y and lg(v, k) —g' (v, ko)| 2 2].

From (16), (18), (19) it follows that

19 {(Yoy K0) — 9" (Yo, kn)|] % 0.

(20) Yo = 2o and [ 5
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Hence ) f(z) # 0 (from (18 and (20)) and

2<uy
(21) }:{[lg(y’k°)_g'(y’k°)l]-2f(z)}aeo for @ 3> yo-
y<T <y

2

On the contrary, if # < y,, then, by (19),

(22) g <m or |g(x,ke)—g (@ k)l <2.
Hence
ko)—g'(x, K
2 flz) =0 or [lg_(u_o_y_ (_ai’._coll] = 0.
e<x =
Thus
ko)—g' (z, ky)

(23) it @ < g, then {['g(m o g( ] Zj(z}

‘!IQI 2T
From (21) and (23) it follows that

0 for =<y,
Yy x) =

(24) ko <P () ll for @3>y,
Hence
(25) iy (@) = ay(x) for all zeA.
From (25), (1), (6) it follows that
(26) Q4 <> = PLay)> = ay,.
From (19), (3), (26) we deduce that
(27) @y, " (Bo-+-1)| 21
Hence min (m, 2,,< f)) = P and, from (7),
(28) O, <f> =

Condition (17) is also proved. The functional §, assumes only 0, 1 as
values according to (7), (9) and (17), and

(29) 01,<f> =0 if and only if f(z) =0 for cach zeA .
From (29) and 3.26 we obtain
(30) Okye Fr (5C)-

On the other hand, we can prove the formula inconsistent with (30).
Indeed, let us notice that from (7), (8) and 3.26 it follows that

(31) Ok, T (Tc).
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31) implies by 3.3 that
(32) by e Fr (50)
because Bko agsumes only 0, 1 as values by (7), (9) and (17). Also suppo-
gition (10) leads to a contradiction.

3.29. If PeFr (Fc) and {fa} =20 and {f,}eR (C), then ®(fo) —~
— $0).

From 3.22 it follows that there exists a function jeR (C) such that
for all z,y,neA":

(1) If n 2j(z) and y <@, then f,(y) = 0.
Let us put

2) vl = ) {fa@)-gm)-e( X g (w)},

where e =

(3) e(0) = e(1), e(n+2)=2,

and

(4) Yig> (@) = Yo i,

(5) 2<gy = PP,

(6) Qg = lzlgd>—P<0>|.
From 3.10-3.15 we obtain

(7) {¥2}, @, 2eFr (Fc).

Now we shall prove that ¥, {(a;) = fi(z). Indeed, by (3) it is
evident that

(8) ag(n)-o ( 2 ay (n)) =

ugn
From (8) and (2) it follows that

fel) itk <j(z),
0o if k>j).

1 for n=k%k,
0 for =n #k.

(9) Vi =

But from (1) we infer that

(10) if & >j(x), then fi(z) = 0.
Hence

(11) Ve lw = fe(xr) (by (9) and (10)),
(12) x{a,y = D> (by (11), (4) and (3)).

From (2) it is evident that
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Hence
(14) Q<0y = |P0)>—P0)| =0 (by (B), (6), (13)).
It follows from 3.28 that
(15) Q<a,> — 0.
This means that
(16) z{a,y—>0 (by (6) and (15))
and
Dfpy > D(0) (by (12) and (16)).
3.30. If DeTFr (Fo) and {f.} E(_c))f and {f,}eR (C), then Df,) —~

>,
We put

) Iu(@) = oin()=1(2) . g1(@)~1nl®) - 7 ’
(2) .<h) = (f(W)—}‘ ex) (h ()+1, 2)) - exp (h ({E) 11 ’ 3),

where ex)(m, k) = (uz)[m is not divisible by 4**']. From 3.22 we infer
that there cxists a funetion jeR (C) such that for all z,y,nef":

(3) If n>j(z) and y < =, then f,(y) = f(=).
IHence
(4) f(&) = fyz)(2).

It follows from (3) that feR (C), and hence
{g.}eR (€) and  {r;}eFr (Fo).
From (1) and (3) it we infer that:
(5) If n 2 j(x), and ¥ <o, then g,(y) = 0. This means that

(6) @}z 0 (by (5) and 2.25).
Let us put

(7) T<h) (@) = T (b,

(8) ' <hy = DTk,

®' ¢ Fr (Jc) by 8.15, whence from (6) it follows by 3.29 that

(9) P’ {gn> > D'<0).

On the other hand, we infer from (1), (2) and (7) that

(10) 70> (z) = f(),

(11) 7 ¢ () =fn(a7)'
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Thus
(12) D' {g.> = P(fn> (by (8) and (11)),
(13) P'<0> = d(f)  (by (8) and (10)),

D fu> = B> (by (9), (12), (13)).
Let us put

331 Tuplay = T oS
0 for =z >mn,

332 (TPl -

From 3.31 it follows that if n> o and y <, then I, (fH(y) = f(y),
whence by 3.21 we obtain {I,{f)} =i f.

3.33. If feR (C) and ®eTr (To), then LTy~ D).

From 3.31. it follows that {I,{f)>}eR (C), whence by 3.30 and 3.32
we obtain our theorem. Let us put

3.34. 4,,(x) =exp(m+1,p,;) where p, = the z-th prime number
(po = 2).

3.35. For each natural function f and ne A" there exisis an me A" such
that for all xe N ":

I (H(x) = 4d,.(T).
Namely let us put

(1) m = 21(0)'3!(”'5“2)'--~'P{L(")—1;

it is evident by 3.34 that
flz) for o<,

2 ,_'_1, ry =
@) m (@) 0 for 2z >n.

But (2) implies by 3.31 that I, {f)(z) = dn(=).
3.36. If DB, fe C, {fn}eC for all ne A", and {f,} - f, then D> —

- D,
Suppose that & {f,> — D<f). This means that there exist an & =
= 4/(ry+1) and an increasing function s(n) such that

(1) l¢<fs(n)>_¢<f>] = E.
From 3.33 we infer that for all ne 4/
(2) 2 <Pm<fa(n)>> — @ <fs(n)> .

This means that for all n < 4" there exists such a k,e A4~ that for all m = k,

. £
(3) I@ \/\I‘m<fs(n)>>_¢<fs(n)>[ < E .
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And from (1) and (3) we have
€ 2
(4) |¢<Pm<fs(n)>>— (p(f)l = 3= '%—_i_'i‘v
The number %, depends on n. Hence let us consider the function %,(n).
ko(n) can be understood as an increasing function such that for all n, me 4

)

(5) it m > ko(n), then [BTpfundP— PP = —
rot+1

(8) implies that for all ne#

(6) ]¢<Fka(n) (fs(n)>>_¢’<f>’ = 7,0+1 .

By theorem 3.35 it follows from (6) that there exists a function m(n)
such that for all ne

(7) [¢<Am(n)>"‘¢<f>| =

where
ko(n
(8) m (,n) — 2)'8(11)(0) ) 3f3(n)(l) .. .p?go&)( o(1)) —~1.

.7'0+I’

On the other hand, from the fact that {f,} —> f it follows by 3.22 that there
exists an inereasing function j(z) such that for all z,y,neA":

(9) Ifn = j(z) and y <z, then f,(y) = f(y).

From (9) we infer that fy,,(y) = f(y) for y <z if #» > j(»). From (8) it
follows that fym)(¥) = dmpy(y) for n > ke(z) and y < z. Hence (8) and
(9) imply

(10) if % = j(ky(2)), then dny(y) = f(y) for y <.

Now let us consider two cases:

(«) The set M of values of the function m () is finite: M = {my, ...,
.., my}. Then putting m, = max[m,, ..., m,] we infer from (8) that

(11) if » >m, and y = m,, then f,,(y) = 0.
Conditions (9) and (11) imply that
(12) if ¥ = m,, then f(y) = 0.

Because the function j is an increasing one, then y > m, implies j(y) = m,

and by (9) we have f(y) = fusu(y). From (9), (11) and (12) it follows
that

(13) if m 2j(my), then fy,(y) =f(y) for all yes .
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The number j(m,) is constant, whence, by (13), {fyn} < R and {f,} T f,
hence D{fony> = P<f> by 3.30, which contradicts supposition (1). The

second possibility remains:
(B) The set of values of the function i (n) is infinite. By 3.34 it is true
that {4,} « R; then by 3.2 there exists a sequence {a,}¢C such that

(14) l¢<An>__¢<f>l = Op.

By 2.1 it follows from (14) that there exists a function geC such that
n, k 1

(15) 1D (40> =D — g(n, b))

k+1 | k+1°

From (15) and (7) it follows that

g(m(n), k) o 1
E+1 7 ret+1

From (p) it follows by (10) and (16) that for all x, u e A there exists such
a ket that

(16)

for &k =r,.

gk, B) _ 1
= ?
E+1 ro+1

a7 kz=zu, and A4.(y) =f(y) for y <=

Hence putting

_ g(k, k) 1 _
h(0) = (nk)( PR and 4;(0) ~f(0)),
(18 k, k) 1
h(z+1) = (pk) (k > h(z), g,£+’1 | and  4x(y) = f(¥),

for y <a9+1),

we infer by (17) that k<C. From (18) h is an increasing function and, for
n 2, dym(y) =f(y) for y <z, whence {4y} fTE)f and {4dpm}eC.
From this we infer by 3.30 that

(19) D Apmy> = B
From (19) it follows that
(20) | (A —BLFH| > 0.
Hence there exists such an n, that for » > n,

1
(21) !¢<Ah(n)>—¢<f>| < E)J,ro+2 .
From (15) and (21) it follows that, for & > 2r,4-1,

1 1 1

(22) g(h(n), k) N <

k+1 E+1 @ 2rp+1 T re4+1°
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Since % is increasing, then there exists such an n, > ng that h(n;) > 27,41,
and hence from (23) we have

g(h (1) h(nl)) 1

h(n,)+1 ro+1"
But from (18) it follows that
g(h(n), h(”l)) > 1

= .

h(ng)+1 ro+1

Thus the supposition & (f,> - @ (f) leads to a contradiction.
3.37. The analogon of 3.36 for recursive funciionals (Fr) is not true.

Let h(z, y) be a recursive function and j(z) a computable function
such that 1 and j satisfy the following conditions:

(23)

(24)

(1) h(z,y) =0 or 1,

(2) for all z, h(x,0) =0,

(3) for all z, there exists such a y that h(z, y) =1,
(4) j(@) = (uwy) (h(z, y) = 1),

(5) the function j increases faster than any recursive function.

The construction of a function % satisfying these conditions presents
no difficulties. Let j’(2) be the computable function of Ackermann, or
of Robinson, which increases faster than any recursive function. The
function j'(#)+41 can be presented in the canonical form:

(6) i'@+1 = E((uy) (b (=, 9) = 0)),

where & is a recursive function, K is the pairing function and 7 satisfies
the condition of effectivity, i. e. for all e there exists such a y that
h'(z,y) = 0. The function h defined as

(7) M@, y) = 1=k (2, y)

satisfies conditions (1)-(5). (1) and (3) are evident by (7). In order to
prove (2) and (5) let us notice that Kz < 2z for all z. Hence, by (4),

(8) j(@) =(uy)[h(z,y) =1] 2 i (#)+1 > 0.

From (8) it follows that h(z,0) = 0 for all zeA4". If feR, then there
exists such an nge A4 that

(9) J@+1 >flx) for =z >mn,

because j'(z)+1 increases faster than any recursive function. From
(9) and (8) it follows that

(10) i@ >flz) for z >ny
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condition (8) is also satisfied. Put

(11) > = Y hiz,flz) for feR.

=0
We shall prove that the functional @, defined over the set of recursive
functions is recursive. First notice that &@,(f) is a well-defined number
if feR. Namely from (4) it follows that h(z,y) = 0 for ¥ < j(z). Hence
from (10) and (4) it follows that for > n, we have h(=, f(z)) = 0. Thus
for each feR there exists such an =, that

(12) Gof> = D) h(z, f().

T=(

Let {f;} «R; putting
(13) g(z) = max[f,(z)] for Kk <=,
we infer from (10) that there exists an ny e 4" guch that

(14) g(z) <j(®) for =z >=m,.
From (13) and (14) it follows that
(15) felz) <j(z) for o >=n,and z =k,

Hence from (4) we have h(z, fi(x)) = 0 for z > max [n,, k]. Thus from
(4) and (15) it follows that

max [ng, k]

(16) O lfiy = D, hlw, fil2),

Ta0

whence @,{f,> is a recursive function (a recursive sequence of natural
numbers) because the operation of limited summation does not lead out

of the class R. Also @,¢ Fp.
Let f, be the following sequence of recursive functions:

(1) £ (@) j(k) for %k ==z,
r) —
* 0 for % #z.
It is evident that {fi} = 0. #,<0> = 0 according to condition (2). From
R

a7), (2), (3) and (4) it follows that
(18) Wz, fulz)) = ‘1 for « =k,

0 for z #Ek.
From (18) and (11) we infer that

(19) D, {fr> =1 forall FkeA.
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Hence @y{fi> —1. Thus it is not true that &,{f,> - #<0), and the
functional &, cannot be extended to a computable functional.

3.38. If ®eF%5 and feC, then there exists a number ne A such that,
if, for all geC, g(u) = f(u) for u < n, then

Dy = DLg>.

This theorem means that the value of @ depends on a finite number
of values of function f. (The class & does not have this property. The
functional &, of 3.37 is a counter-example.)

Suppose that the theorem is not true. Hence for each number »
there exists a geC such that

(1) gu) =f(u) for u<nand D) = D).

Let &, (z) be the universal function for the class of computable functions
of one argument. We get @G(n,z) = G, (z) and

(2)  gn(@) = G((p2)(R(w) = f(w) for u <n, and DL # P@GD), ).

From (2) it follows that ¢,¢C for each n. From (1) and (2) by 3.22 we
infer that {g,} - f. Hence using theorem 3.36 we find that

(3) PG> > PL).

But this means that there exists such a z that ®(g,> = ) for y > 2.
On the other hand, from (1) and (2) it follows that @ (g,) # D) for
each y. We obtain a contradiction.

Let us set
3.39. A, <f> = ([] pi)=1.
k<n
3.40. For each PeFy (Fg) there exists a sequence {a,}eC (R) such
that
(0) ¢<f> - ]j.m a'An(f)'

If &eFe (Fr), then by 3.34 and 3.2 there exists a sequence
{ax} e C(R) such that .

(1) DA = ay,.

From 3.31, 3.34 and 3.39 it follows that for any ze 4
(2) A4,y (@) = TP ().

From (1) and (2) we obtain

(3) B = Bay sy

From (3) and 3.33 it follows that (0) is true.



1II. Recursive and computable functionals 79

Theorem 3.40 establishes a mapping of a subclass of the class of
computable sequences into the class & (Fc). Hence the class T (Fo)
is enumerable, because the class of computable sequences as well as the
class of computable functions is also enumerable. This mapping is a one-
-to-one correspondence. Suppose that a; # b, and

(4) D> =lima, 4, P =limb, .
From 3.34 and 3.39 it follows that, for n >k,
(5) An<Ak> =k.

(4) and (5) imply that P{4,) = a; # b, = ¥<{4,), whence P # ¥.
From 3.40 it follows that each computable functional ¢can be extended

to a functional defined by means of the quantifiers bounding only the

number variables, i. e. to an elementarily definable functional ().

(*) For other notions of recursive (computable) functionals see S. C. Kleene
[24]—[268], G. Kroisel [28], K. Godel [15] and A. Grzegorczyk [17], [20]. The main
problem concerning the relation between the Mazur functionals and the others was
solved by Friedberg in [6].
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This section is devoted to the study of the properties of recursive and
computable real functions. A real function, defined on a set of recur-
sive (computable) numbers, is said to be recursive (computable) if it
transforms any recursive (computable) sequence into a recursive (compu-
table) one.

The mains result are as follows. The four arithmetical operation
performed on computable functions do not lead out of the class of com-
putable functions (4.9, 4,10). Likewise, the operations of addition, multi-
plication and subtraction do not lead out of the class of recursive fune-
tions (4.9). However, the function 1/ is not recursive on the get of all
positive recursive numbers (4.15). A sufficient condition nnder which
the operation of division does not lead out of the set of recursive func-
tions if formulated in 4.16.

The functions “pignum z” and “integer-part of 2” considered even
on the set of all recursive numbers of the closed interval (0, 1) are not
computable (4.18, 4.19). On the other hand, “signum #” is computable
(but not recursive) on the set of all computable (recursive) numbers diffe-
rent from 0 (4.20, 4.23). Likewise, the function “integer-part of z” is com-
putable (but not recursive) on the set of all computable (recursive) non-
-integers (4.21, 4.22).

A function defined by a power-series with a recursive (computable)
sequence of coefficients and with a recursive (computable) centre, con-
sidered on the set of all recursive (computable) numbers from the interval
of convergence of this series, is nol necessarily recursive (computable)
(4.24). On the other hand, it is recursive (computable) on a set of all
recursive (computable) numbers from an arbitrary closed interval con-
tained in the interval of convergence (4.25, 4.6).

The most interesting results concern computable functions. Namely,
it is proved that a computable function on a set of all computable num-
bers of an interval is continuous (4.33) and has the property of Darboux
(4.32).

Finally, the reciprocal dependence of the notion of recursive real
function and the same notion introduced by Specker is investigated, it
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is shown that a function is recursive in the sense of Specker if and only
if it is recursive and recursively uniformly continuous (4.38, 4.39). Conse-
quently, recursive funections do not necessarily have the property of
Darboux.

We shall consider functions whose arguments run over some subset
of the set Z (¢) of all recursive (computable) numbers.

The letter A4 will exclusively denote an interval and the symbol
4% (€¢) the set of all recursive (computable) numbers of an interval 4.

The letters #, (¥,), %, (¥,), ... will always denote arbitrary sub-
sets of the set #Z (¥).

4.1. Let @(z) be a function defined on an arbitrary subset R, (€,)
of the set Z (¥). The function p(x) is called recursive (computable) if for
every recursive (computable) sequence {a,} such that a, e R, (€,) the sequence
{p(ay)} is also recursive (computadble), i.e. the conditions

(i) {ax}<R (C),
(ii) are&y (%o) for ke,

imply {p(a:)}eR (C).
Then we shall write

pe R (C).

4.2, The values of a recursive (computable) function are recursive
(computable) numbers.

This follows immediately from definition 4.1 and from theorems 2.6
and 2.4.

The following two remarks are direct consequences of definition 4.1.

4.3. The superposition of two recursive {computable) functions is also
a recursive (computable) one.

4.4. If @(z) 18 a recursive (computable) function defined on &, (%,)
and A C A, (€,), then the sequence {a,} = {p(k)}<R (C).

4.5, If {a,}eR (C), then the function ¢(k) = ay 18 recursive (computa-
ble) on 4.

This follows from 4.1 and 2.44.
4.6. Lel p(z) be a function defined on a set AR (¥). Lel acdA# (¥),
and let %, =FE|zed# (O)rx <a| and Z, = B |pAR (€)) Az > a].
T I .
If p(z) is recursive (compulable) on &, and Z,, then p(x) is recursive (com-
putable) on AR (¥).

Let {a;}eR (C) and ayeAZ (¥) for ket
Obviously,

(1) () = p(max(ay, a))+¢(min(ay, @) ~¢(a).

Rozprawy Matematyczne XXXIII L}
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On the other hand,
&+ a+ |a,—al

(2) max (ay, a) = - 2

and

(3) min (a;, @) = “*“L“—z'“"—“'.

Since {a,}eR (C), we infer by (2), (3) that

(4) {max(a;,a)}eR (C) and {min(a,,a)}<R (C).
Clearly

(B) max (a;, a)e &,

(6) min(a,, a)e Z,.

Since ¢(z) is recursive (computable) on 2, and 2',, we have on
account of (4), (5), (6)

(M {9 (max(a;, a))} <R (C),
(8) {¢(min(a, a))} «R (C),
(9) {p(a)} <R (C).

Thus, by (1), (7), (8), (9) and 2.7, 2.11
{p(ar)} <R (C),

which completes the proof.

4.7. If ceR (¥), then the function @(x) = c is recursive (compulable).

This follows from 4.1 and 2.6. By 4.1 we obtain

4.8. Let ¢(z) = x for xeR (¥). Then p(x)e N (C).

4.9. Let @(x) and yp(x) be two recursive (computable) functions on
Ry (€o). Then, on Ay (€,)

(i) p(@)+y(@)e R (C),

(il) p(z) p(@)e R (),

(ili) ¢(z)—yp(@)e R (€),

(iv) lp(@)l« R (C).

Theorem 4.9 follows from 4.1 and 2.7, 2.10, 2.11, 2.8. By 4.1 and
2.18 we obtain

4.10. Let ¢ (z) and p(z) be two computable funotions on €, and y(z) #
# 0. Then @(z)/p(®) is also computable on €,.

The following results immediately from 4.7, 4.8 and 4.9:

1.11. Let @(x) be a polynomial whose coefficients are recursive (compu-
table) numbers. Then

px) eR(C) in £ (%)
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4.12. Let 24, %y, Yo, Y1€Z (€) and v, < z,. Then the straight line pas-
sing through the poinis (x,y,) and (z,¥,) is & recursive (computable) function
on the set & (¥).

Indeed, on account of 1.3 and 4.11 the funection
Y1i— Yo

ml‘_mo

p(x) = (Z—2)+ Yo

is recursive (computable) on 2 (%).

4.13. A polygonal line formed from a finite number of segments whose
points have recursive (computable) coordinates s a recursive (computable)
function.

This follows from 4.12 and 4.1.

4.14. Let p(z) = y(z)/6(x), where p(x) and 6(zx) are polynomials with
computable coefficients and 0(z) # 0 for xe¥%,. Then ¢(z) is a computable
function on %,.

By 4.11 and 4.10.

4.15. The function ¢(x) = 1/z is not recursive on the set #, of all posi-
tive recursive numbers.

In fact, it follows by 2.12 and 2.13 that there exists a sequence
{a}e R such that a,<R, and the sequence {1/a,}¢R. This proves the
theorem.

4.16. Let p(z) = p(2)/0(z), where y(z) and 6(x) are recursive funclions
on #y, 0(x) # 0 and infié(z)| > 0. Then ¢(x)e R on X,.

#y

Indeed, let {a,}¢R and a,¢Z%,. By 4.1 {y(a,)}, {0(a;)} e R. Obviously,
|0(ay)] >?f[6(w)| >0, Hence, by 2.16, {1/6(ax)}¢eR and, by 2.10,
{w(a;) /G(akg}eR. This completes the proof.

The following theorem is an immediate consequence of 4.16:

4.17. Let o(z) = p(x)/0(z), where y(z) and 6(z) are polynomials
with recursive coefficients, and ;nflo(m)l >0. Then op(z)eR on Z,.

0

4.18. The function sgnxz¢C even on the set (0,1 X.

In fact, on account of 2.28 there exists a sequence {a,}e¢R such
that a,¢ (0,1 > Z for ket and {sgn a,}¢C.

4.19. The function [z]¢C, even on the set {0,1) X.

Indeed, by 2.30 there exists a sequence {a,}eR such that a,e
(0,1>Z for ke, and {[a,]}¢C.

4.20. The function sgnz is computable on the set of all computable
numbers © £ 0.

In fact, we have sgnz = |r|/z for z# 0. Thus 4.20 follows from 4.8,
4.9 and 4.10.
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4.21. The function [z] 18 computable on the set €, of all computable
numbers T which are not integers.

Indeed, we have for every z¢%,

) [l2]] = (um)(sgn(m+1—|z]) =1), where mes .
Simultaneously, for every number ze¥,,

sgnr—1
(2) [#] = sgna[|z]]+ —F——.

2

Let {a,} be an arbitrary computable sequence such that a,<%,. We
shall show that the relation

(3) R Z (1, %) (sgn (m+1— |ay]) = 1)

is computable.
Since {a;}eC, by 2.9 and 2.2 (u) there exists a computable func-
tion f(k,n) such that

f(k,n) 1
— : k N
(4) lax| | g for every , NE
Thus
fk,n)—1 flk,n)+1 i ‘
(5) 'n-l——l < x| < — for every k,ne .
It is clear, on account of ¢,¢%, that for every &k there exists such an
n(k) that
[f(ky'"')"'l] =[f(k7n)+1]
n+1 n+1 :
Let
f(k’n)_l] [f(k)n)'l'l]}
6 = LAty gy LA Ne Ret AL |
(6) no(k) (/m){[ ] -}
Thus for every k we have
flk, 'n.o(k))]
7 =227
(1) [la] [m(k)+1
It is evident by (3) that mRk = m+1 > [|ax|]. Consequently, by (7),
f(ku no(k )
8 Rk =
(8) mRk =m+1 > o (6} _|_1

This equivalence proves that the relation R iz computable. Hence, the
function

g(k) = (um)mRk = (um)(sgn(m-+1—|a|) = 1).
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Consequently, the sequence {[lax|]} = {(um)(sgn(m+1—|a]) =1)} is
computable. Hence, by 4.1 the function [|x|] is computable on %,. Thus,
by (2), 4.20, 4.7, 4.9, the function [z] is computable on the set ¥,.

4.22. The function [z] is not recursive on the set R, of all recursive
numbers which are not integers.

In fact, on account of 1.13 there exists such a number a¢# that the
function [10% 2] is not recursive. By 2.5 and 2.10 the sequence {a,} =
= {10%-a} is recursive and a,e#,. Since the function [10*-a] is not
recursive, it follows from 2.5 that the sequence {[a,]} is not recursive.
This completes the proof.

4.23. The function sgnx is not recursive on the set R, of all recursive
numbers © # 0.

Suppose that sgnz is a recursive function on %,. Consider the
sequence {a;} = {10%-a} of 4.22. Obviously a, « %,. Moreover, {a,}¢R, the
sequence {[a,]} is nevertheless not recursive. Let

(1) R = (1, k) (sgn(m+1—ay) = 1).

We shall show that R is a recursive relation. Let %(n), L(n) and J(m, k)
be the pairing functions of Robinson. Since {a,} <R, the sequence {ar}eR
and consequently the sequence {K(n)+1— ay,,}R. Moreover, k(n)41—
— agmeZ,. The function sgnz being recursive on #,, we infer that

(2) {g(n)} = [sgn (K (n)+1— afL(n))} «R.
Let ¢"(n) = sgn({X(n)+1-ary). Evidently

(3) ¢ = gy — 1M1

Hence {g*(n)}¢R. Since the arguments of g*(n) run over .#° and the
values belong to ., it follows from 2.5 that g¢*(n)e<R. In consequence
g*(J (m, k)R, that is

(4) g*(J(m, k) = sgn (I{(J(m, k))—l—l;aL(J(m,k») = sgn(m+1-+a,)eR.
It is easy to see that
(5) mRk = (sgn(m+1-—a;) = 1).

On account of (4) and (5) the relation R is recursive. On the other hand,
we have

(ax] = (mn)((sgn(m+1~a,,) =1)A(m < k)).

Thus the function f(k) = [a,] is recursive and {[a,]}¢R, contrary to
our supposition.
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The next two theorems concern functions defined by power-series
with a recursive (computable) sequence of coefficients and with a recur-
sive (computable) centre.

4.24. There exvists a function

p@) = g+ a,(z—a)+a (z—a)+...
such that ae®, {a}ecR and ¢(x)¢R on the set (—R, R)Z, where
1

B=——F0—.
limy/|a,|
N—>00

Consider the function
p(z) =142+ 22+ 2°4...

In this case R =1 and ¢(x) = 1/(1—z) for « satysfying the conditions
|#) <1 = R and zeZ. We shall prove that the function ¢(z) =1/(1—2)
is not recursive for |z| <1 and zeZ%. It is easy to show in a similar way
to the used in 2.12 that there exists a recursive funection g(m, n) which
satisfies conditions (i)-(v) of 2.12 and, moreover, the condition

(vi) g(m,1) =1 for every meA .

It follows from (vi) and (v) that the function f(m) = (uz)(g(m, z) = 0)
is not recursive, f(m)e¢C and f(m) >1. By 2.5 {f(k)}¢R. In the same
way to that used in 2.12 it can be proved that {1/f(%)}<R. Obviously,
0 <1/f(k) < 1. Putting {a,} = {1—1/f(%)} we have

(1) {ak}‘R,

(ii) 0 < ay < 1,

(iil) {p(an)} = (1/(1—ap)} = {f(k)}¢R
which completes the proof.

4.25. If {ar}eR (C) and ac2R (¥), then the funcilion

¢(2) = ap+ ar(—a)+ o, (x—a)+...

18 recursive (compuladle) on the set of all recursive (computable) numbers
z of an interval |\z—a| <7, where r are arbilrary numbers satisfying the
condition

0 < r < pnee—
lim V/ |a,|

—00

Obviously we have
(1) I‘P(m)—(ao‘l'al(m‘—a)""---‘l' a,,(:c——a)")l

/
< Ian+1| “rt+l+ lan+2|7'n+2+- v
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o0
Let ¢ >0 be such a number that 74 ¢ < R. The series Y a,(z—a)*
oo n=0
converges for |[t—a| < R. Hence the series ) a,2" converges for |z]| < R,
n=>0
in particular, for # = r+4e¢. Thus the sequence |ay|(r4¢)* is Limited.

Let

(2) lag) (r+ef <mg  for ke,
that is
Mo
< —QF.
(3) lan] < rte)

By (1) and (3)
(4)  |p@)—(as+ar(@—a)+...4 e, (z—a)")

1 1—(r/(r+s))"+l) . rte 1
gm’(l—'r/(r—l—as) T 1—rj(rte) — (A4¢fry*+t°

Making use of the inequality of Bernoulli we obtain
rte 1
E
1+(n+1)—

5)  |p@) — (a0t ar(@—a)+ ...+ an(@—a))| < 24"

rte r < q
e (n4l)e w41’

where ¢ is a non-negative integer. Let {a,} be an arbitrary recursive
(computable) sequence such that

< Ny

(6) lag—al <.
Then by (b)
(7) "P(ak)— Zah(a'k"a')pl < ?jj

P=0

Now we shall show that there exist three functions ff,f; and geR (C)
such that

n

Za (G — @) — fille, n)—fa (k, n) 1
= g(k, n)+1 nt1

for k, ne#". Since {a,} R (C), there exist three functions f', f*, g'<R (C)
such that

1
n+1

e, m)— 1" (ky m)

for every k, ne A .
T gk, w1 v

(8)
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Since {a,} e R (C), the sequence {a, — a} is also a recursive (computable)
one. Thus there exist three functions f,,f,, gieR (C) such that

fl(ki n)—fa(k,n)
®) T T ey )+ 1

It follows from (8) that
(10) lap) < 1+41f (@, 0)—f" (2, 0}
On the other hand, (8) implies that

|12, M) =" (2, )
. g'(@,n)+1
By (10) and (11) we have

e, n)—f"(@,n)

for k,ne A .

n+1

(11)

1
< |a,,]+-m for every p,net .

1
| <2411 (p, 0)—f"(»,0)|.

12) g@,m+1
It follows from (9) that
(13) lay— a) <1+ |fi(k, 0)—f,(%, 0)|

and consequently

filkyn)—fa(k, n)
g1(k, )41

For every real number a, z, @, z, and a non-negative integer » we have

(14) < 2+ |fi(k, 0)—fa(k, 0)].

(15) |aa”— @”] < |ag”— @a®|+ |aa” — ar”| < |a— al- |z|P+ |a| - |a® — 7).
Making use of the theorem on the mean value we obtain from (15)
(186) |laz® —a7") < la—al-|e|"+plal- lo—a|- |[#"

where z is a number between z and =.
f@,n)—f"(p,n)
g(p,n)+1 "’

we have by (16), (8), (18), (12), (9), (13) and (14)

Putting «¢=ga,, @ r=a—a and o=

— fi(ky n)—fa(k, n)
Gk, n)+1

(17) ay(a,—a)’—

'@, n)—f"(@,n) (fx(k, n)—fa(k, nl)”l
g'(p,n)+1 g9:(k, n)+1

1
1+ 1f1(k, 0)—F (K, 0)I)°+

<
n+1

D
n41

+2+17 P, 0)—f" (0, 0)) — = (2+ i (k, 0)—fa(k, O)]).
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Let
(18)  o(k, p) = (L+ Ifs (k, 0)—Falk, )P+
+22+1f @, 0~F"(p, O) 2 +1fs(k, 0)~ fo(k, 0))).

For every p ¢4 let O, and F, denote the sets of all odd non-negative inte-
gers 7 < p and the set of all even non-negative integers j < p, respecti-
vely.

We shall define three functions f,,7, and § as follows:

(19) 1@, k,m) = f (p, n): Z( )fl(k nP=f (k, n) +

ieEy,

477, 3 () £tk mP=fath, o,

iedp

(20) 72(13’ kyn) = f'(p,n): Z(f) filk, '”')p—i'fz(ks n)i+

ie0p

41, m) ) (E) £, w4,

’laEp
(21) g, kyn) = g'(p,n) gk, n)+g (@, n)+g:(k, n).
Obviously, o, fi, f;, GeR (C) and we have by (17), (18), (19,) (20), (21)

fl(P)k;"')_f_z(P;k;"') o(k, p)
— 1)—— — —— — ——
(22) ay(ay—a) 7o, By )+ 1 < nrl

Putting
R, &, n) = fi(p, &, o(k, p)* (n+1)3),
B, %, n) =fifp, &, 0(k, p)- (n+1)?),
9o, k,n) =§(p, %, o(k, p)- (n+1)?
we obtain by (22)

1

f;(pyky 'n)_.?(.p’ k,n)
(n+1)2’

?(pr feyn)+1

(23)

a,(a,— a)’ —
where fi, f;, R (C). Hence

hip, %, n)—J(p,k,n)
B4 I% ap (@ —a)” 2 g(p, k,m)+1 <

1
n+1"
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Let
gk, n) = ”(E@) k;'"')‘l'l);l’
freym) = 3 (F(e By n) [ [ @6, %, m)+1)),

i#£D
7"

fitk,m) = 3 (R, km) [ [ (36, %, m)+1)).

=0 i=1
1£D

Clearly g¢,f1,f1¢R (C). It follows from (24) that

3

n

fi (ky m)—f3 (b, m) 1
S— p—
) 2y el gk, n)+1 ntl
On account of (7) and (25) we have
f;(kaﬂ')—f;(kyn) q+1
(206) @ (ap) — ok, M1 — for neA .

This completes the proof.

In the next part of this section we intend to show that computable
functions are continuous and that they possess the property of Darboux.

We begin with the following lemma:

4.26. Let p(z) be a computable function on a set €, of computable
numbers including 0. Let {a,} be an arbitrary sequence of real numbers

satysfying the following conditions :
(i) axe®, for ke,
(i) {m}eC,
(iii) {a;} > 0.
Then {p(az)} > 9(0).

To prove this theorem, consider the functional & defined by the

formula

(1) B = o 2, @senf(k) g (sgnf(0) + ... + sgnf(h)),

where g(0) = g(1) =1 and ¢g(n) = 0 for ne A4 and » > 1. We shall show
that @ e Fe. Let f,(k) = f(4, k)eC. We introduce the following functions:

(2) f2, k) = sgnf(4, k)-g(sgnf(, 0)+...4sgnf(4, k),

(3) gy = ) af(h, k).
k=0
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Obviously f(4, k)eC. We shall establish that ¢ G(A)eC. Let

(4) §(A p) = Za,,~?(a,7c>.
k=0
It follows from the definition of §(i) that
a, if there exists a &k = (/,Lm)(f()., m) # 0),
0 in the case where f(1, m) = 0 for every me./".

g(a) =

Hence it i3 easy to see that

(8) 19(2)—F(2, p)| < sup |a].

k.-p

Since, by (iii), {a,,}—:» 0, there exists a strictly increasing function h(n)
such that

1
(6) lar| < Py for &k >h(n).

Putting h(n) = k(n+1) we have

la| < for k >h(n),

n+ 2

where h(n)eC and h(n) is a strictly increasing function.
If p > h(n), then

la,| < —— for I >op.
Hence
(1) sup oyl < —— < ——.
k>p n+2 n41l
By (6) and (7) we have
g IN—I P <y for B >0,

Since {a,}eC, thero exist three functions f’, f’, g'¢C such that g° >0
and

(9) ‘ak_fl(k"n)_f”(k)i‘)' 1

q' (k,n) n+1
Hence, putting (p+1)2—1 for n, we obtain

Fkp+1)2—1)— "(k(p+1)= 1)|
g'(k:(P+1

for k,neA.

4o ‘“"“ -|-1>=
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The function f(4, %) assumes only two values: 0 and 1. Hence, by (10)

Flk, (@+1)2~1)—f"(k, (p+1)2—

11
(1) g (%, (p+1)2—1)

a’k'fu’ k)—

2, f(a, k)’

< 1
@+

It follows from (11) that

k e 2 _ _
(12) ’g(z,p)—zf( e i lj)hfl i (1)’“) 1)f(l,k)‘
kw0

1
< —.
p+1
Replacing in (12) p by A*(n) = h(2n+1)+2n+1 we obtain

(13) | §(4, B*(n))—

- g;)f’ [k, (3 () + 32— 1) =1 (, (" (1) + 1)2—1) Fa, )| <
kw0 g'(k, (h*('n)_i_l)z_l)

It follows from (8), on account of r*(n) = h(2n+1)+2n+1 > h(2n+1),
that

(14) A —ga, 1 m)| < —

1
2(n+1)°

1
(n—}-l)

By (13) and (14) we have
mm f’(k, (" (n)+1)2—1) —f”(k, (R*(n)+1)2—1)

(15) ‘.‘7('1)—}§ g’(k, (h*(n)-{—l)’—l) i)
< 1 .
Let nrd
g* (4, n) ﬁ)g (ic (A*(n)+1)2— )f{'(vﬂ.,n)
he (n)k-o ho(n)
—%,‘ (F (s (* )+ 12—1) - 73, B ”J( (8 () +1)2 - 1)),

i#k
ha(n) e (1
f2 (4, n) =k2(; ( ”(k (R*(n)+ l)z—l)f(). k) 71—(1)9 ( , (A% (n)+1)? ))

'!.;ék
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Since ", ¢',f', ", }¢C and g’ >0, we have ff,f5,¢*¢C and ¢* > 0.
Moreover, A
rg(l)uﬁ(l,n)”—f;‘(l,n) - 1 .

g (n) n+1
Hence §(4)eC. On account of 2.5 {F(A)}eC. Moreover, §(1)e¥%, for every
Ae#". Since the function ¢(z) is computable on %,, it follows from 4.1
that {p(7(3))} = (P>} eC. Hence Pe F,. It is easy to see that

(16) D05 = ¢(0)
and
(17) DLy = plar),

where q, (for £t =1,2,3,...) are the functions defined in 3.27. Hence,
using 3.31, we obtain
{D<Lapd} — D(0);
that is
{r(ar)} - ¢(0).
This completes the proof.
The condition that 0 is the limit of a sequence {a;} is not essential.
In fact, we have the following lemma:

4.27. Let p(z) be a computable funciion on a st ¢, C%. Let {b,}
be an arbilrary sequence satisfying the following conditions:

1° b, e®, for every ke A,

2° {b;}eC,

3° {be} g b,

4° b e¥,.

Then {p(by)} = »(h).

Let €, bo the set of all computable numbers z such that 24-be%,.

Obviously %, is the set of computable numbers, 0¢%, and (b,—b)e%,
for every ke.#". The sequence {b,—b} > 0 and {b,—b}eC. The function
¢(z) = w(r+4-b) is computable on the set %,. Then, by 4.26, {p(bp—b)} —
- @(0). Hence {(h)} — w(b).

Leming 4.27 can be formulated in a still stronger form, namely,
we shall prove the following theorem:

1.28. Let p(z) be a computable function on a set €,C€ and let {a;}
be an arbitrary sequence satysfying the follmeing conditions:

1° ape?;y,

2° {a,}eC,

3 {4} —a,

1" ae?,.

Then {p(a))} > q (a).
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To prove 4.28 suppose that the sequence {p(a,)} does not converge to
¢(a). Consequently, it follows from 2.45 that there exist an mq,e 4" and an
increasing computable funetion 7 (k) such that

1
(1) o (@) — @ (a)] >m for every ke .
Evidently
{on4y} — a.

By 2.44 and 2.5 we have {a,x}<C. By 2.43 there exists an increasing
computable function g(%k) such that

{@rga} & @-
Hence, by 4.27,

2) {p (a'h(a(k)))} - p(a),
contrary to (1).

In order to show the property of Darboux for computable functions
we shell also need lemma 4.31, which results easily from the following
one:

4.29. There 18 no compulable function ¢ on the set <0,1)>¥, assuming
only two values, 0 and 1, and such that ¢(0) =0, ¢(1) =1.

Indeed, suppose that a function ¢ fulfils the conditions of 4.29, i. e.
that ¢(z) is computable on the set (0, 1) ¢ assuming only the values 0
and 1, and ¢(0) =0, (1) = 1.

To prove 4.29 we shall consider the sequence of intervals <a,, b,)>
defined as follows:

a, =0, b =1,

G+ by, o G, — bfn (p(“n"‘ bn)
’

(1) Q1 =

2 2 2
Qp—Db a,-+b
bﬂ+1 — bn-l— nz ﬂw( 1?;2 n).
b7 . 7 b
Clearly, a,,, = a, and b,,, = @n 1 b in the case of ¢ (a—;—i) =1
a,+b b

and a,,, = %, bpi1 = b, in the case of ‘p(an-‘i)-_aﬂ = 0. Thus woe
have
(2) a, <a; <... <by <b,
and

1
(3) by—an = o for every ne s
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Hence, on account of the theorem of Ascoli, there exists a number o
such that

(4) a, <o<b, forevery nest .
By (3) and (4) we have

1 1

b ¢— < <
(6) le— a,] 7 S il for m >n
and
(6) lom bl <o < —2—  for

/ nl = ot = mt1 or m >n,
that is
(7) {8} ge and {b,} AL

We shall prove that the sequences {a,} and {b,} are computable. Let
21— (2*~p)

fe, 0 = ——— for every p, ge#". Clearly
(8) 0 <flp,9 <1.

Let J, K, L be the pairing functions. Then
(9 KJ(xz,y) ==, LJ(z,9)=y.
Since J, If, LeC, it is easy to see that the sequence

(a2} = {f(E+E (L), I(L@)+1)}eC.

Moreover, on account of (8), a, (0, 1)¥. Since the function ¢(z) is com-
putable on the set (0, 1) ¢, the sequence

(02} = |o(f(X () + X (L)), L(L(w)+1)}eC.
Hence, by 2.5 the function
j(u) = (f (K (w)+E(L(w), L(L(u))+1)) «C.

Let J*(z,y,2) = J(z, J(y,), and W*(z,9,n) = ¢(flz+y,n+1). Ob-
viously j(J*(z,y,#)eC. On the other hand, we have

(10)  j(J"(z,9,2)
_ (p(f(K (72, ¥, ) +K (LI (5,9, 2)), L(L{J" (2, y,z)))+1)).
It is easy to verify that
1) K("@,y,2) =3, K(LJ*(@,9,2)) =9, I(L{JI*@y,2))=2
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By (10) and (11) we have

(12) i7" (@, 9, 2) = o(flz+y,24+1)) = 2" (2, 9, 2).

Hence h*e C.
We shall now consider two funetions, o,(n) and o,(n), defined by
meang of simunltaneous recursions:

0,(0) =0, 0,(0) =1,
(13) oy(n+41) = 0y(n)+ 05(n) —(0s(n) = 0,(n)) k*(0,(n), 04(n), n),
0a(n—+1) = 204(n)=(05(n) = 0y(n))- h*(0:1(n), 0,(n), n).
Obviously, o,, 0,¢ C. Moreover,
(14) h*(0,(n), 0,(n), n) = @(f(0,(n)+ 04(n), n4 1))
Y (2”“—(2""‘1 =—(0,(m)+ oz(n))) ) |

gn+1

It is easy to prove that 0,(n) = 0,(n)+ 1 for ne 4" In fact, 0,(0) = 0,{0)+ 1.
Suppose 0,(n) = 0,(n)+ 1. Then

0,(n+1) = o,(n)+ o,(n)—|—14h*(01(n), 03(n), 'n);
0g(n+1) = 20,(n)+2-—h*(0,(n), 0;(n), n).

Hence 0,(n+1)—o0,(n+1) = 1. Moreover, 2"+ > 0,(n)-}-0,(n) for every
neA . Indeed, 2 > 0,(0)4 0,(0). Suppose that 2%+ > 0,(n)4 0,(n). Thus
o;(n+1)+0,(n4+1) =20,(n+1)+1 = <K 2[0,(n)+ 0,(n)]+1 < 2%+2, Hen-
ce, on account of (14) we have

(15) h* (ol(n)) 02(”;), '"') = q’;( 01 (n;;:-fz (n) ),
that is
01(0) = 0, 02(0) = 1,
0y(n+1) = 0,(n)+0,5(n) +(01('”') — 0y (’l?‘)) P ( 5 (‘n;;‘t'loz(.“) ) ’

(16)

05(n+1) = 20,(2)4(01(n) — v, (n))- fp(o_l(f’)_'l_'_oﬂ("’) )

2n+1
Hence, by (1) we obtain

(17) 0, — 0,(n) b, = 04(n)
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It follows from 2.5 and 2.18 that {a,}, {b,}<C. Consequently by (7),
2.38 and 4.28 we infer that

(18) p(a,) >o(c), @(b,) —>e@(c).

On the other hand, ¢(a,) = 0 and ¢(b,) = 1 for every ne 4. In fact,

¢(ay) = ¢(0) = 0 and ¢(by) = ¢(1) = 1. Suppose that p(a,) =0, ¢(d,)=
a’n+ bn a’ll—l_ bll

=1. If qp( nTn

=0, then a,.,

, =" and b,,, =¥b,, whence

b
@(ayy) =0 and ¢(b,,,) =¢(b,) =1. In the case of ¢ (-a"—zl_ ”) =1,

&+ 0,

, that is also ¢ (a,,,) =0 and @(b,,;) = 1.

A1 = Gy and bn+l =

Hence ¢(a,) — 0 and ¢(b,) = 1, contrary to (18).

4.30. If q(x) i a computable function on a sel A%, assuming at the
most two values 0 and 1, then @(x) = const.

Suppose that there exist a, be 4% such that ¢(a) = 0 and ¢(b) = 1.
Consider the case of a <b. Let y(¢) = p(a+t(b—a)) for te (0,15 .
Then »(t) is a computable function on ¢0,1)>%, »(0) = p(a) = 0 and
¥Y(1) = ¢(b) =1, hich contradicts 4.29. In the case of b < a, let ¢, (x)=
= 1—¢(x). The funection ¢,(r) is computable on A¥ and assumes at
the most two values, 0 and 1. Moreover, ¢,(d) =0, ¢,(a) = 1. By the
similar method to that used in the case of a < b, we infer that our suppo-
sition contradicts 4.29. Hence ¢(a) = ¢(b).

4.31. If ¢(x) 78 a compulable function on a set A€ assuming posilive
and negative values, then the function p(z) assumes also the value 0.

To prove this theorem suppose that ¢(x) # 0 for every z¢4%. Then
by 4.9 and 4.10 the function

(1) p(e) = TP
7 (z)

Moreover,

(2) p(ix) #0 for zed¥.

By 4.20 the function sgnz is computable on the set of all computable
numbers z # 0. Hence, on account of 4.3, (1) and (2), the function sgn v (x)
is computable. This implies by 4.9 that the function

_ 1+sgny(z)
= 8

0(x)

is computable. Since 6 (x) assumes at the most two values, 0 and 1, it
follows from 4.30 that 6(z) = const. In consequence sgny(z) = const
and the funection ¢(z) does not change the sign, contrary to our suppo-

Rozprawy Matematyczne XXXTII 7
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sition, It follows in a familiar way from 4.31 that the property of Darboux
holds for computable functions. Indeed, we have the following theorem:

4.32. Let p(x) be a computable function on a set 4¥. Let a and b be
values of @(zx), and let a < b. Then every computable number C such that
a < o< b is also the value of ¢(z).

4.33. If o(x) is a computable function on the set <0,1) €, then
@(z) 98 continuous in this sol.

To prove this suppose that ¢(2) is not continuous at a point ae{0,1)%.
Then there exists such a rational number 1/r > 0 that for every pes”
there exists a rational number 2¢<0,1) for which the following condi-
tions are fulfilled:

1
(1) le—a| < 71’
1
(2) |p (%) — o (a)] >

Indeed, since ¢(z) is not continuous in a, there exists such a2 number
2/r that for every pe#” there exists a ye¢(0,1)% such that |y—a| <
<1/2(p+1) and |p(y) —@(a)] >2/r. Since ye¥¢, there exists a function

o(n) 1 : :
o(2)eC such that ‘y— — < il Obviously, there exists an
o(n) 0(nqe+n)
v —_— ¢ for > ng. = —
Nge such that o €(0,1) or n >mn,. Let z, ol

Obviously {#,}eC and {z,} - y. Hence, by 4.28, {p(z,)} = @(y). Let

el s 1
n,, Ny, Ny be such positive integers that |p(y)—e(z,)] < - for n = n,,

|a"n'—yl <

1 for n > u, and n, = max(n Then i a
2(},_'_1) = 12 s = ( 1""1'2). 1€ w"‘s =2 I8 ¢

rational number and
2 1
?@ =) > le()—ple)i—lp@)—p(@)] >~ =

lr—al] < z—y|+|y—a] < ! + r 1
- 2(p+1) 2(p+1) p4+1-

Let f* and ¢* be functions defined as follows:

ffoy =0, g¢*0)=1,
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' | Fi(m)+1  in the case of g*(n)=f*(n) 30,
ffn+1) ﬂl L

in the case of ¢g*(n)=f*(n) =0,

g*(n)+1 in the case of g*(n)=f*(n) =0,
g*(n) in the case of g*(n)=f*(n) 0.
f* (k)

g*(k)} is ecomputable and contains every

rational number of the interval <0,1). Moreover, for every k,e 4" there
exists @ k >k, and ke.4 such that

k) _ f*(R)
g (ke) g (k)
Thus, for every pe.4 there exists arbitrarily great ke 4" such that

g*(n+1) = ‘

Obviously, the sequence {

ffiey 11
3 —) < ——
( ) g*(k) I p+1 ’
f*(k)) l 1
Since ae%, there exists a function A*<C such that
i} . L* (k) 1 ‘ tor  Ted’
(3) P11 | or e .

The values of a computable function are computable numbers. Hence,
there exist two functions g¢’, ¢’’eC such that

g9’ (k)—yg" (k) 1
— f N
(6) \‘P(a’) i1 ] or ke
. MO .
Since the sequence ¢ ﬁﬂ is computable, there exist two fune-

tions f' and f'¢C such that
f"‘(k)) f'(ky n)—f" (b, n)| 1
(7) ‘(p(g*(k) o n+4-1 l < n41

Given p, let k > sup(4/r, p) be such a positive integer that (3) and (4)
hold. Then by (3) and (5)

for k,neA.

(8)

MO ‘ 11 5

. < <
R I+ S prl  pFL - pl
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and by (4), (6), (7)

o |FEB=fEE g By (k)

) k+1 k+1
1 1 1
“ k+1 k41

Let R and 8 be the relations between p and % defined by means of in-
equalities (8) and (9), respectively. It is easy to show that & and 8§ are
computable. Then we put

hy(p) = (uk)(RRP)A (kSp)),  ha(p, n) = (uk)((KEPIA (ESP)A (k > n)).
Obviously, h;, hyeC. Let 1(p) be the function defined as follows:
R(0) = h,(0), h(p+1) = hy(p+1, h(p)).
Then h is & computable increasing function, and we have

F*(h(p)) h"(h(p))’ o2
g*h(p) R@)+1] ~ p+1

(10)

forevery p and

\ f'(h(p), k() —f" (h(p), h(p)) g'(h(D))—¢"(h(p
h(p)+1 h(p)+1

) ' 1
(11) | 2 o

; f"’(h(p))} | (f*(h <p>))
By (5) and (10), {g*(h(p)) — a. Hence, by 4.28, ¢ g*(h(p)) —@(a),

contrary to (11), (7) and (6). The following easily results from 4.33:
4.34. A compulable function on a set A€ is continuous in that set.
Indeed, let ¢ (z) be a computable function on a set 4¢ and let a’, a”

ed¥¢, o' < a’’. Consider the function

p(t) = p(a’+t(a’—a’)) on the set <0,1)%.

w(t) is computable on (0,1)%, on account of 4.3 and 4.11. Hence,

, . . z—a'
by 4.33, »(?) is continuous at every point te{0,1)>%¥. Thus 1,0( — ,)
a'’'—a

is confinnous in <a’,a’’)>%. Consequently, ¢(x) is continuous in
(a',a">%.

We now turn to the investigation of recursive functions. Our aim is
to establish a connection between the notion of recursive functions and
the same notion in the sense of the definition of Specker (4.37). It is con-
venient to introduce the following definition:

4.35. Let p(z) be an arbitrary function defined on a set Z. ¢ (x) is said
to be recursively uniformly continuous if for every ne A there exisis a recur-




































