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1. Introduction and statements of the results. Let f be a real function
on (0,1) defined by

fl@) = D) a,a°
n=0
and put

S, = 2": ay .
k=o

Askey [1] established the following theorem connecting the inte-
grability of f with the behaviour of the coefficients a,:

THEOREM A. Let a, > 0. Then, for 1 <p < oo,
1
(1.1) [[ (f@)Pds]” < oo
0
if and only if

(1.2) [Z.o'n-‘-’sg]"” < oo.
n=1

Theorem A has been subsequently generalized by Khan [7] in the
following form (cf. also Hardy and Littlewood [5], Theorem 3):

THEOREM B. Let a, >0 and let r < 1. Then, for 1 < p < oo,

(1.3) [ f (1—2) " [f(@)Pda] ™ < K[fnf—zsg]' »
and o "
(1.4) [i‘n'—zsg]"p <E| fl (1—2) " [f(2)]da]"™.

(Here, and in what follows, K denotes a constant not necessarily the same
at each occurrence.)
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Recently, Askey and Karlin [2] generalized Theorem A in the form
of the following theorems:

THEOREM C. Let @ be a positive increasing convex function defined
on [0, o). Then

00

(1.3) f O[|f(@)lde < D [(n+1)(n+2)] B(I8,)).

n=0

THEOREM D. Under the same assumptions as in Theorem C, we have

rp+2)I'n+1)
(1.6) f (—ayo(if@)as< 3 905, Tt +3)

n=0

<&, Y o(s,)m-+1)
n=0

Jor B> —2.
THEOREM E. Under the same assumptions as in Theorem C, we have

[N 00z S| Z])

where S, = 2 S,
=0

It is worth mentioning here that, using the method of asymptotic
approximations, Chen [3] also generalized the Hardy-Littlewood theo-
rem [5].

The aim of this paper is to prove some more general theorems which
contain the first part of Theorem B as a special case and also generalize
Theorems C, D and E of Askey and Karlin. The case 0 <r< 1 of (1.3)
is included in the following theorem:

THEOREM 1. Let f and D satisfy the assumptions of Theorem C. Suppose
further that ¥ i8 a mon-negative non-decreasing function in L(0,1). Then

n—i—l

(1.8) f P (2) [If ()| 1dw < KZcbus )a®,

where
1

a9 = f (1—2)¥(x)dx.
1-1/n
A generalization of (1.3) for r < 0 is included in Theorem 2 in which
we have to impose some more restrictions on ¥. Here the assumption a, > 0
can also be dropped.



POWER SERIES 295

THEOREM 2. Let f and D satisfy the assumptions of Theorem C. Suppose

that there is an integer p > 1 such that ¥, ¥’, ..., ¥~ are absolutely con-
tinuous on [0,1) and that
Y1) =9%'@1) =... =P% (1) =0.

Furthermore, suppose that ¥® has a constant sign and |¥®)| is non-
decreasing in the set {xe(0,1): |WP(x)| exists}. Then

19)  [P@P(If(2))de< B D &(18,)n~>"} PP (1 —1/n)].

We obtain (1.3) of Theorem B for r < 0 by putting Y(z) = (1 —2)~"
and p = —[r], where [r] denotes the largest integer equal to or less than r.

By a similar argument as that used in the proof of Theorem 2 (see
Section 4), we can also obtain

ToHEOREM 3. Let f, @ and ¥ satisfy the assumptions of Theorem 2.
Then

1
S, —1-p r-1)
(1.10) on’(w)¢(lf(w)l)dw< K,Z,‘”( e )n P11 _1p)],
where
g = Vs,
k=0

Theorem E of Askey and Karlin follows from Theorem 3 by putting
Y(z) =(1—=2)"% and p = 2.

2. Lemmas. The proofs of our theorems are based upon the following
lemmas.
LEMMA 1. If a function We L(0, 1) is non-negative and non-decreasing
on a set B of measure 1 in (0,1), then
]

[a"*¥(@@)do =< [ P(@)ds  (n—>oo)
0 1-1/n

for any fized p.

(By g(n)=<h(n) (n—o0) is meant that there exist positive numbers
K, and K,, independent of x, such that K,h(n) < g(n) < Kyh(n) for all
sufficiently large values of n).

This lemma is due to Kennedy [6].
LeMMA 2. Under the same assumptions as in Lemma 1, we have

fw““’(l —z)¥(x)dr < f (1—2)¥(x)dx .
as n—»oo. ' o
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Proof. Let us put -!i’(w) = ¥Y(x) for ze £ and f’(w) = lim ¥(y) for

~ y—z—
ze(0,1)\E. Clearly, ¥ satisfies the assumptions of the lemma with
E =(0,1) and ¥ = ¥ almost everywhere (cf. [6], p. 59). Hence we can ad-
ditionally assume that E = (0, 1). Then, for n sufficiently large, we have

(2.1) f!P(w)w"“’(l—w)dw

1-1/n 1
= [ Y@a"PQ—a)de+ [ ¥(2)a"*(1—a)de

1-1/n

1-1/n 1
< ¥P(1-1/n) f "t (1 —x)dzx + f Y(x)(1—2z)dx
[1} 1-1/n
1-1/n 1-1/n 1
= P(1 —1/n)[ f " P e — f ghte+l da:] + f Y (z)(1—2)dx
0 [1] 1-1/n
1

2n+p+1
L' 1—a2)dx
n(n+p+1)(n+p+2)+l_flm (2)(1—2)

1

2n+p+1
Y(x)(1—z)d.
Y P Y PRI +1_f1/n (z)(1 —2)do

= P(1—1/n)(1 —1/n)**+P+!

<¥P(1-1/n)

But, ¥ being non-decreasing, we have

(2.2) [ @ Q—a)ds > ¥P(1—1/n) f (1—x)de
1-1/n 1-1/n

= n7*¥(1—1/n).

Combining estimates (2.1) and (2.2), we obtain

(2.3) [¥@a™*(1—ads =0 [ ¥ (2) (1 — @) da)
as n—oo. ' o
Conversely,
(2.4) [P(@)a™?(1—a)dz > (1—1/n)"** [ ¥(2)(1—2)dw
0 1—1/n

1
~e [ P(@)1—a)do
1-1/n
as n—oo.
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Hence, by virtue of (2.3) and (2.4), we have

1 1
fa:"*”(l —2)¥(x)dx =< f (1—2)¥(x)de
0 1-1/n
as n—oo.
This completes the proof of Lemma 2.

3. Proof of Theorem 1. Summation by parts yields

fl@) = D' 8,a"(1—2).
n=0
Since

(l—a:)f:a:" =1, 0<2z<1,
using Jensen’s inequality we have
' ¢(If(w)l)<2¢(|Snl)év”(1—w)-
oy
Then, integrating term by term, we obtain

[¥@2(f(@))dz < 3 P(I8,)) [¥(2)a"(1—a)de

Hence, using Lemma 2 with p = 0, we have

1

[¥@0(f@))ds <K Y B(8,) [ ¥(@)(1—o)dw

1-1/n

=K ) &(|8,])a.

This completes the proof of Theorem 1.

4. Proof of Theorem 2. As in the proof of Theorem 1, we have

(4.1) O (If(@)) < Y P(I8,)a" (1 —w).

The conditions imposed on ¥ imply that it has the constant sign
n (0,1). So, integrating term by term, we obtain

(4.2) fsp(w (1f (@)]) de <2<p (18,,1) U‘F(w)w"’(l —a)dal.

n=0
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Now, performing integration by parts p times, we have

(4.3) f ¥ (5)a™(1 — x)do

—1)? .
- (’n+1)(n(+2))... (n+p) fwn+p(1—w)?’(p)(w)dm+

0

(—=1)*1! 1 vep ot
HCESCED I (n+p)of”” () dw +

1

_1\pP
(=1) " TP Y- (g dy

+ (m+1)(n+2)... ('rH—p—l)o

1

(=1 & P2 Y3 () dp 4

(n+1)(n+2)...(n+p—2)J

1
1
o n+1¥l d ]
+n+1!w (z)dx

Using Lemma 2 with |P®(x)| instead of ¥(x), we find that
1
[ [arr(1—a) Y’“’)(w)dwl = 0{n~'|P®N(1—1/n)[}.
(1}

By .Lemma, 1, integration by parts shows that the second integral
on the right-hand side of (4.3) is

1
0{——— |PP-V(1—-1/n }
{fn+p+lI ( )]

Similarly, we can use Lemma 1 to estimate the third, fourth, ...,
(p +1)-th integral on the right-hand side of (4.3) after having integrated
by parts twice, thrice,..., p times, respectively. Hence (4.2) yields

[®(@)®(f(@))de < E D &(18,))n~?~" [FP=I(1—1/n)].

This completes the proof of Theorem 2.

My thanks are due to the referee for his wise comments which have
definitely improved the presentation of this paper.



POWER SERIES 299

REFERENCES

[1] R. Askey, L” behaviour of power series with positive coefficients, Proceedings of
"the American Mathematical Society 19 (1968), p. 303-305.

[2] — and 8. Karlin, Some elementary inlegrability theorems for special transforms,
Journal d’Analyse Mathématique 23 (1970), p. 27-38.

[3] Y. M. Chen, Some asymptotic properties of Fourier constants and integrability
theorems, Mathematische Zeitschrift 68 (1957), p. 227-244.

[4]1 — Some further asymptotic properties of Fourier constants, ibidem 69 (1958),

. p. 105-120.

[5] G. H. Hardy and J.E. Littlewood, Elementary theorems concerning power
series with' positive coefficients and moment constants of positive functions, Journal
fiir reine und angewandte Mathematik 157 (1927), p. 141-158.

[6] P. B. Kennedy, General t¢ntegrability theorems for power series, Journal of the
London Mathematical Society 32 (1957), p. 58-62.

[7] R. 8. Khan, On power series with positive coefficients, Acta Scientiarum Mathema-
ticarum 30 (1969), p. 255-257.

DEPARTMENT OF MATHEMATICS
KURUKSHETRA UNIVERSITY
KURUKSHETRA, INDIA

Regu par la Rédaction le 3. 11. 1972



