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QUASI-CONSTANTS IN GENERAL ALGEBRAS

BY

K. GLAZEK aAnNxp A. IWANIK (WROCLAW)

In this paper we shall use the terminology and notation of [2] and [3].
For subalgebras B = (B; F|g) of a fixed algebra A = (4A; F) (B< A)
we shall often write B instead of B (e.g., by a homomorphism hA: B—A
we shall mean the homomorphism of the subalgebra B into the algebra ).

Recently, Professor E. Marczewski proposed a notion of independence
of subalgebras of a general (abstract) algebra. Two subalgebras B, and B, of
A = (A; F) are independent if, for every pair of homomorphisms 4;: B;,—~A
(t =1,2), there exists a homomorphism h: C(B, uB,)—>A4 such that
h|B,- = h; (¢ =1, 2). In such a case h,(a) = hy(a) = a for any ae B, NB,.
Consequently, the following property of elements of an algebra seems to
be interesting for the study of algebras:

An element a of the subalgebra B of U is a quasi-constant with respect
to B if h(a) = a for any homomorphism h: B—A.

1. We denote by Q(B) the set of all quasi-constants with respect
to B in N. It is easy to see that

(1) If Q(B) # 9, then Q(B) is a subalgebra of B.

(ii) @(B,) = Q(B,) for subalgebras B, = B, c A.

(iii) Every element of Q(B) is self-dependent (self-dependent elements
were examined in [4]).

(iv) @Q(B) < h(B) for each homomorphism h: B—A.

PROPOSITION 1. If a is the only fixed point of a unary algebraic opera-
tion f of A (i.e., f(a) = a and f(b) #~ b for b +# a), then aeQ(C({a})).

In fact, let » be a homomorphism of C({a}) into A. Then

f(k(a) = h(f(a) = h(a).

Hence h(a) is a fixed point of f and, consequently, h(a) = a.
The following two statements are easy consequences of this propo-
sition :
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(v) ceQ(C({c})) for every ce C(D).

(vi) C(@) = Q(C(9)) = Q(B) for every subalgebra B of U.

Note that, in general, the inclusion in (vi) is proper, as it is shown by
the following example: U = ({a, b, c};f), where f(a) =0b, f(b) = a,
f(e) = ¢. Here C(Q) = O and, by virtue of Proposition 1, ¢ is a quasi-
constant.

It seems worth to note that from (iv) it follows Q(4) < {¢} if {¢}is
a subalgebra of UA. Hence, if an algebra has exactly one one-element sub-
algebra {c} (e.g., an algebraic constant), then @(4) = {¢}. Consequently,
Q(4) = {0} = C(9) for groups (abelian or not), rings, modules, and,
in general, for 2-groups (for the definition see [1], p. 115). It is also clear
that Q(4) = O = C(9Q) whenever U has at least two idempotent elements,
which is valid in idempotent (at least two-element) algebras, e.g., in lattices
and in diagonal algebras.

Another class of algebras with at most one quasi-constant can be
obtained from

PROPOSITION 2. If in an algebra W = (A; F) each unary algebraic
operation is8 an endomorphism, then there i8 alt most one quasi-constant
(with respect to A) in .

Indeed, if ce @ (4), then f(¢) = ¢ for every unary algebraic operation f.
Hence Q(4) < {c}, since {c¢} is a one-element subalgebra of .

Note that the above-given assumption is satisfied in any commu-
tative algebra. Recall that U = (4; F) is commutative if

f(g(wu, cory i)y ooy §(Bmyy v ey a:mn))
= g(f(wua ooy @)y ooy J(@iny ooey “’mn))

for any algebraic operations f (m-ary) and g (n-ary). In particular, in
groupoids in which (ay)(wv) = (2u)(yv) (moreover, in groupoids with
(xy)® = x?y?), and thus in medial semigroups, the set @(4) is at most
one-element and ceQ(A) is the only idempotent element. This is also
true in generalized diagonal algebras (for the definition see [5]).

From the following theorem we obtain a class of algebras in which
Q(4) = C(9):

THEOREM 1. Let I be an independent set in an algebra W and let ce C(I).
Then c 18 a quasi-constant with respect to C(I) if and only if ¢ is an algebraic
constant in A.

Proof. Let ¢ = f(ayy ..., a,,)eQ(O’(I)), where f is an n-ary algebraic
operation and a,, ..., a,e I. There is a homomorphism hy: C(I)—>A such
that ky(a,) = ... = ho(a,) = a,. Define a unary algebraic operation g by
g(z) = f(z,...,z). We have

g(a) =f(ho(“1)7 ceey ho(a'n)) = ho(c) = c.
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Observe that, for each z¢ A, there exists a homomorphism 2: C(I)—>A
such that h(a,) = . Hence g(v) = g(h(a,)) = h(g(a,)) =h(¢c) =¢ and
ce C(0Q) which completes the proof.

COROLLARY. If U has a basis, then Q(A) = C(9).

It would be interesting to know the answer to the following

PrOBLEM 1. For which algebras Q(4A) = C(9)? (P 877)

ProBLEM 2. For which algebras @(4) =93% (P 878)

2. The following example shows that, in general, Q(Q(B)) = Q(B).
Let A = (4;f, g), where A = {a, b, ¢, d, ¢} and

b for x =a, ¢ for z =a,
f(x) =1¢ for z =0, g(xz) =1b for x =g,
a forxzx=c¢,d,e, a for xz="0,d,e.

Put B = A. Then Q(B) = {a, b, ¢} and Q(Q(B)) = 9.
Put Q°(B) = B and Q"(B) =@Q(Q"*(B)) for n =1,2,... Observe

that if Q¥(B) = @'(B) for some !>k, then Q*(B) = Q**(B) =... If
Q"(4) is a one-element set for some » > 1, then we have
Q' (4) =... =Q"(4) =@"*(4) = ...

Other possible sequences @"(B) are given by the following theorem
which answers a question formulated by Jerzy Plonka:

THEOREM 2. Let n be a natural number and let x # 1 be a cardinal
number. Then the three cases can be realized in unary algebras:

(1) @(B) = @*B) = ... > @*(B) = @"*'(B), 1@"(B)| = x;
(2) @(B)=>Q*B)> ..., Ikol Q*(B)| = x;

(3) @(B) =Q*B) =..., 1Q(B)] == or 1;
where the inclusions in (1) and (2) are proper.
First, we prove the following

LeEMMA. Let A, = (Aq; Fo) be a unary algebra without one-element
subalgebras. Then there exists a unary algebra W, = (A,; F,) such that A,
i8 a proper subalgebra of A, and Q(A,) = A,.

Proof. Let A, = A,u{b, ¢}, where b % ¢ and b, c¢ 4,. We define,
for all fye F,, the operation

fo(x) for ze A
fi(@) = Y
x for x = b, c.
Put, for any ac A,,

a for x =0b,c,
gl,a(w) =

x for xe A,.
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Write
F, = {fi: foe Fo} U{gl,a: ae Ag}.

Let h: A,—~A, be an endomorphism of A,. If ~(d)e A,, then, for any
ae A,, we have

h(a) = h{g,,q(8)) = g1,q(h(D)) = h(b).

Thus {h(b)} = h(4,) is a one-element subalgebra of %U,, which is a con-
tradiction. Hence h(b)e {b, ¢} and we have

h(a) = h(gy,4(D)) = ¢14(h (b)) =a for each ae A,,

ie, Ay Q(4,). Put
x for xe A,,
hi(z) =1{b for z =c¢,
¢ for z =b.

Obviously, h, is an endomorphism of U,, which implies @(4,) = 4,.

Proof of Theorem 2. Iterating the procedure of the lemma, we
get a sequence of algebras U, = (A4,; F,) which have no one-element
subalgebras (k = 0,1,...) and Q(4,;) = 4,_, in A, for k> 1. Now, let
us define an algebra A = (4; F) by putting

A =kU A, and F =kU {Gk: gre Fi},
—0 =1

wheTe

gx(x) for xe Ay,
gr(®) = .
x in the other case.

Note that h(4,) = A, for each homomorphism h: 4,—~4,,k =0,1,...
Taking |4, = » and C(9) = A, in the algebra U, and B = 4,, we get
case (1) for » > 1. For » = 0, we get (1) by considering the algebra A, =
= ({b, ¢}; g), where g(b) = ¢ and g(¢) = b, and similar constructions ‘of
QIk for k = 2, 3, e

To prove case (2) let us assume that B, B, ... are pairwise disjoint
sets such that |B,| = %, |B;| < |B,/ < ... and |B,| are prime natural
numbers for k > 1. Put

A =U B,
k=0
and define unary operations f,, g,, ¢, and p on A as follows:
a for xe By,
fa(w) =

2 in the other case

for every ae B,,,, k =1,2,...,
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x for xe B,,
9o (%) = . :
b in the other case,
cp(®) = b
for each be By, and
x for ze B,,
p(2) =
p(x) for zeB, (k=1,2,...),

where p, is a cyclic permutation of B,.
Let now

F ={f,: a,ekg By} U {gy: be By} U {¢y: be Bg} U {p)

and A = (4; F). We claim that, for every homomorphism h: C(B;)— A4,
we have h(B,) c B, for ¥ =0,1,... If k¥ = 0, this is obvious. Suppose
that h(z)e B, for some ze B,, k > 0. Then there exists a be B,\{h(x)}.
Therefore,

h(z) = go(k(2)) = h{gy(2)) = h(b) =b #* h(x)

which is a contradiction. Hence

h(z)e U B, for every xe B, (k >0).
k=1
Taking into account the definition of the operation p, we get h(x)e B,.
We prove by induction that

Q*(4) = B,u U B;.
f=k+1
This is clear for k¥ = 0. Suppose that this is also true for some k > 0.
Since B, NQ*(A) = 9,
hz) = p(w) for Te BHU
x in the other case
is a homomorphism of @*(4) into A. Hence, no element of By, is a quasi-
constant with respect to Q*(4). If ae B, ; for some i > 2, then a is a quasi-
constant with respect to Q*(A), since h(a) = h(f,(z) =f,(h(z) =a
for every homomorphism h: @*(4)—A and for xe By, ;_,. In virtue of (vi),
we have B, c @*t1(4), and so we obtain

Q**'(4) = B,u U B;.
j=k+2

Case (2) is proved by taking B = A.
For case (3) let us take an algebra A such that C(Q) = B and
|B| = x or 1.

4 .— Colloquium Mathematicum XXIX.1
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3. In the set Q(A) of an algebra A = (A ; F) we distinguish elements a
such that ae Q(C ({a})). These elements are called semi-constants. By (v),
any constant is a semi-constant. Note that Proposition 1 is concerned
with semi-constants.

In general, semi-constants do not form a subalgebra. For example,
A = ({a, b, ¢c}; f,9), where f(a) =g(b) =b, f(b) =g(a) =g(c) =a and
f(e) =c. Here a = g(c)¢ Q(C({a})), while ce Q(C({c})). Nevertheless, the
following statement is true:

PRrROPOSITION 3. Let @y, ..., a, be semi-constants in the algebra WA and
let be C({ay,y ..., a,}). Then

"~ (a) b is a quasi-constant with respect to C({ay, ..., a,});
(B) if C({b}) = C({ay, ..., a,}), then b is a semi-constant.
In fact, if b = f(a,,...,a,) for some algebraic operation f, then

h(d) = h(f(ay, ..., a,)) = f(h(a), ..., h(a,)) = b

for each homomorphism k: C({a,, ..., a,})—>A. Note that (B) follows
easily from («), because
beQ(G({an vy a’n})) = Q(C({b}))

It seems worth to remark that from C({b}) > C({a,, ..., a,}), where
@1y ...y @, are semi-constants, beQ(C({b})) does not follow (e.g., A =
= ({a, b}; f), where f(a) = f(b) = a).

Another example shows that, in general, C(B) # @(4), where B
is the set of all semi-constants of A. Put A = ({a, b, ¢, d}; f, g), where
f(a) = g(a) = f(d) = g(d) = b, f(b) = g(b) = f(¢) = a and g(c) = c. Here
Q4) = 4 #Q(C({e})) = {a, b, c}.

ProBLEM 3. In which algebras the set of all semi-constants forms
a subalgebra? (P 879)
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