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LIFT SPACES AND GENERALIZED CONNECTIONS
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0. Introduction. Let M be a connected, paracompact and smooth mani-
fold with a left transitive action on M of a connected Lie group G. If
p, ge M, then there exists an element ge G such that q =gp. We shall
describe a method of determining such a g.

Let Q be any continuous map from the tangent bundle of M into the
Lie algebra of G (identified with the tangent space at the unit e of G) such
that

d
5 '=Oexp(tQ(v))x =v

for any xeM and ve T, M. Let v, te[0, 1], be a piecewise C!-path in M
joining p to q. If 7, te[0, 1], is a piecewise C'-path in G such that

)%t = Q(%)T’n IE[O, l]s Yo = e,

then 7, q = p.

It is natural to ask the following question: when is the point 7,
independent of the path y,, te[0, 1], such that y, = p and 7, = q? (Similarly,
when does it depend only on the homotopy class of y?)

The purpose of this paper is to give an answer to this question. In the
sequel we shall introduce the concept of lift spaces and their holonomy
groups. Using standard techniques of holonomy theory we shall prove
(Proposition 1) that these groups are Lie groups and the answer to our
question is affirmative if and only if the corresponding holonomy group is
trivial (in the local case — if and only if it is discrete). In Section 2 we
construct the holonomy bundles of lift spaces and observe (Remark 4) that
there exists a natural one-to-one correspondence between linear lift spaces
over M with group G and connections in the trivial principal bundle M x G
— M. In the case of a nonlinear lift space, this gives a general construction of
a nonlinear connection in M x G — M. Nonlinear connections have been
studied by Ehresmann.
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Next we give (Propositions 3 and 4) an interpretation of the holonomy
groups and the holonomy bundles and prove (Corollary 5) that the holo-
nomy bundle of any continuous lift space is differentiable. Section 3 contains
some property for flatness and local flatness. In Section 4 the results of
Sections 1-3 are applied to the bundle of a homogeneous space.

Throughout this paper we assume that all manifolds are Hausdorff,
paracompact, and smooth and that Lie groups have a countable basis of
neighbourhoods (i.e., countably many components). The Lie algebra of a Lie
group G will always be denoted by G. For a left Lie group action G x M
— M, we use the notation

Xp= % ‘=OCXP(tX)p
for pe M and XeG. A similar convention is adopted for the right action.
The universal covering of a manifold M will be denoted by cy: M - M,
while the tangent bundle projection TM — M by m,,.

The author wishes to express his best thanks to A. Derdzinski and
W. Roter for their encouragement and advice given during the preparation
of this paper.

1. Lift spaces and their holonomy groups. A triple (M, G, Q) is called a

lift space (over M with group G) if
() M is a connected manifold (called the base),

(i) G is a Lie group,

(iti) Q is a continuous map TM — G (called the lift map).

The lift space (M, G, Q) is called linear (resp. homogeneous) if Q is linear
(resp. homogeneous) on each fibre of TM. If Q is a C*-map, k = 0, then
(M, G, Q) is said to be of class C*

Let (M, G, Q) be a lift space. For any piecewise C!'-path y: [a, b] - M
we define the lift of y with origin ge G to be any piecewise C!-path 7: [a, b]
— G such that

(1) =0, 77 for all te[a, b], 7. =g.

Given a lift space (M, G, Q), for any piecewise C'-path y: [a, b] - M
and for any ge G there exists a unique lift 5(g) of y with origin g (see [3],
p. 69, the Lemma). Its value for the parameter te[a, b] will be denoted
by 7(9)(1) = 7(g, ?).

Example 1. Let (M, G, Q) =(R", R™, Q), where n, m>1 and Q: R?"
— R" is an arbitrary continuous map. If y: [a, b] > M is a piecewise C!-
path, then its lift with origin x,e R™ is given by

! d
(2) y(xOs t) = I Q ()’s’ Es—?s)ds"i'xO'
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Example 2. Let (M, G, Q) =(R", GL(m, R)y, Q), where n, m>1 and
Q: R?*" > gl(m, R) is a continuous map. For any piecewise C'-path y: [a, b]
— M, the lift of y with origin 4e GL(m, R), is the solution of the ordinary
linear differential equation ’

(3) A =0Q,A, for all te[a,b], A,=A,

where d
2.=0 (v., E"‘)‘

Given a lift space (M,, G,, Q,), a Lie group G,, and a manifold M,
together with a C'-map f: M, - M, and a Lie group homomorphism h: G,
— G,, we define the induced lift spaces (M,, G,, Q of,), (M, G, h,0Q of,),
and (M,, Gy, h,oQ) so that the pairs

(idMl’ h): (Mly GZ’ Qof*) —’(Mla Gl9 h*OQOf*)’
(f, B: (My, G,, Qofy) = (M3, G2, h,00)
are lift space morphisms in the sense given by
Definition 1. Let (M;, G;, Q)), i = 1, 2, be lift spaces of class C*, k > 0,
f: M; > M, a C**'-map, h: G, - G, a Lie group homomorphism. The pair
(f, h) is called a lift space morphism (M,, G,, Q) —»(M,, G,, Q,) if the
diagram

h
G, > G,

G
01 laz
f

™, = TM,

commutes.

Lift spaces of class C* k > 0, and their morphisms form a category.

The following lemma is immediate:

LEmMMmA 1. Let (M, G, Q) be a lift space and let y: [a, b] > M and
n: [c, d] > M be piecewise C'-paths in M. Then:

(1) The lifts of y are invariant under right translations in G: 7(g,)9,
=7(g, g,) for all g,, g,€G; in particular, 7(g9) = 7(e)g for all geG.

(i) Lifting of paths commutes with the translations T. R - R of the
parameter: yo T (g) =7(g)o T for all geG.

(i) If y(b) = n(c), then the composite path novy defined on [a, d—c+b]
by noy(t)=y(t) for t <b, noy(t) =n(t+c—>b) for t = b satisfies noy(g)
=17(7(g, b)) o7(g) for all geG.

) If (f, h: (M, G, Q)—>(M,, Gy, Q,) is a lift space morphism, then
foy(e)) = ho¥(e), e, e, being the identities of G, G,, respectively.

v) If (M, G, Q) is homogeneous, then lifting of paths commutes with
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piecewise C' changes of the parameter s: R — R: yos(g) = ¥(g)os for all
geG. In particular, (—y)(g) = —7(g9), where —y: [a, b] > M is given by
(=n@® =7y(b+a-1).

Let (M, G, Q) be a lift space. Given any piecewise C!-path in M, the
fact whether or not its lift with origin ge G is closed is independent of the
choice of g. It would be interesting to know what conditions the lift space
should satisfy in order that the lift of any closed path be closed again. To be
precise, we formulate

Definition 2. A lift space is called flat (resp. locally flat) if the lift with
origin e of any closed piecewise C!-path (resp. of any closed piecewise C!-
path homotopic to zero) is closed.

Remark 1. It is easy to see that the lift space (M, G, Q) is locally flat if
and only if for any point pe M there exists a neighbourhood U of p such
that the induced lift space (U, G, Q|y) is flat. If M is simply connected, then
flatness and local flatness of (M, G, Q) are equivalent.

Now we proceed to define, for a lift space (M, G, Q), its holonomy
semigroups and holonomy groups which will measure its deviation from
flatness. Let pe M and let Q, (resp. 29) denote the set of all closed (resp.
closed and homotopic to zero) piecewise C!-paths starting from p. Let
h,: 2, — G be the map defined as follows: h,(y) = ¥(e, b), where y: [a, b]
— M is any loop (closed path) at p. Both sets 2, and 29 are semigroups with
respect to the path composition operation, and h, is a semigroup homomor-
phism (cf. (i11) of Lemma 1).

By the holonomy semigroup K, , (resp. restricted holonomy semigroup
K3.,) of a lift space (M, G, Q) at pe M we mean the image of the set Q,
(resp. 2p) in the map h,. The holonomy group |K, | (resp. restricted holonomy
group |KQ ,|) of the lift space (M, G, Q) at peM is defined to be the
subgroup of G generated (algebraically) by K, , (resp. by KJ ).

LEMMA 2. Let pe M. Then:

(i) IKQ,,| is a normal subgroup of |K .

(i)) There exists a unique group homomorphism

hy: =y (M, p) =Ko, l/IKG, |

which is surjective and for which the diagram

[o] -—hp—>K d 1K, .|
P a.p Q.0
Pry pr2
.
) he 5, .|/ 0
:r,(M,p 'lna.pl lKQp

commutes (pry and pr, are quotient projections and i is the natural embedding).
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Proof. (i) By our definitions it suffices to prove that ggog~'€lKg
whenever goeKg, and geKy ,. Let g = h,(y), go = h,(n) for some yeQ,,
neQ9 and put g, = h,(—1n). Clearly, yono(—y), yo(—y)ef}, so that

hp(yo"o(_'y))=ggogls hp(yo(—y))=991€K3.p.

Thus g7 'g~'€|KJ,l and we obtain ggog™ ' =(9g09:)(91 ' 9~ ) elKQ,,l-

(i) If pry(y,) = pry(y2) for y,, y2€2,, then y,0(—y;) and y,0(—7,)
belong to 29 and we obtain

hp('?l)(hp('}’z))— l= hp(yl O( - VZ))(hp(‘J"Z O( - ‘YZ)))— ! € IKg,pl .

Thus the map h}: pr(y) = pr; h,(y) is a well-defined group homomorphism.
It is surjeetive since the set pr, K, , generates the group |Kg l/IK3 | and
pr2 Ky , = hy (M, p). This completes the proof.

The quotient group my,, = |Ky,,I/IKQ,,| is called the fundamental holo-
nomy group of (M, G, Q) at pe M. Using the fact that the fundamental group
of any paracompact manifold is countable, we obtain

CoroLLARY 1. The fundamental holonomy group my, of a lift space
(M, G, Q) at any point pe M is countable.

We are now going to prove that the holonomy groups and restricted
holonomy groups of any lift space (M, G, Q) are Lie subgroups of G. First
we show that lift spaces have properties analogous to fibrations:

Lemma 3. Let H: [a, b] x[0, 1] = M be a piecewise C'-homotopy (with
loose ends) between the paths v, n: [a, b] > M. Let the map F: [a, b] x[0, 1]
— M be defined as follows: F (t, s) = H*(e, t), where H*(t) = H(t, s). Then F is
a homotopy with fixed origin between the lifts 7(e) and #j(e). If Q is of class C¥,
k> 1, then F is piecewise C*.

Proof. Our assertion follows immediately from the dependence on the
parameter theorem for ordinary differential equations.

LeMMA 4. For any lift space (M, G, Q) and pe M, the restricted holonomy
semigroup at p is a pathwise connected subsemigroup of G.

Proof. Since any two paths belonging to Q9 are homotopic to zero,
they are homotopic. The homotopy may be chosen to be piecewise C' (cf.
[3], p. 284). It is defined on some tetragon (not a rectangle!), but it may be
easily extended to a rectangular piecewise C'-homotopy. Our assertion
follows now from Lemma 3.

We shall use the following obvious

LeMMA 5. If A is a pathwise connected subset of a topological group G
which contains the identity, then the subgroup generated by A is pathwise
connected.
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ProrosiTioN 1. Let (M, G, Q) be a lift space. Then for any point pec M
the holonomy group |K,, ,| is a Lie subgroup of G and the restricted holonomy
group |KQ | is its identity component.

Proof. By Lemmas 4 and 5 the group IK&,I is pathwise connected. By
the Kuranishi-Yamabe theorem (cf.[5]) it is a Lie subgroup of G. Since |KJ |
is a normal subgroup of |[Ky )| (cf. (i) of Lemma 1), our assertion follows
from Corollary 1.

Let (M, G, Q) be a lift space. Let p,qeM and y: [a,b] > M be a
piecewise C!-path in M joining p to q and g, = 7(e, b).

LeMMA 6. The inner automorphism ad(g,) restricted to |K, | (resp. to
|KQ.,l) is a Lie group isomorphism Ky | —|Kg | (resp. |Kg | =K.

Proof. Suppose that ad(go)Ky, = |Kg, and ad(gs')Kg, < |Kg,l
Then ad(g,) induces a Lie group homomorphism |K, ,| —|Kg | (regarded as
Lie subgroups of G). By symmetry, it is a Lie group isomorphism and it
induces an 1somorph1sm of the identity components IKQ.,l = IKJ.,l. Let
n: [c, d] - M be a piecewise C'-path in M joining q to p and g, = 7j(e, d).
For every ge K, , we have g = h,(a), €, and gogg, = h(yoaon), gog,
= h,(yon)eKy ,. Thus,

gi'go'€lKg, and  ad(go)(9) =(9099:1)(91 ' go NelKg -

The proof for ad(ge ')Kg, < |Kg,,l is similar. This proves our assertion.
If there exist a piecewise C'-paths y: [a, b] > M and 5: [c,d] > M
such that y, =n, =p, y, =n. =g, and noyeQY, then the points p and q are
called conjugate in the lift space (M, G, Q). In this case, by the proof of
Lemma 6, ad(7(e, b)) takes Ky , (resp. K3 ,) onto K, , (resp. onto KJ ).
We say that a lift space (M, G, Q) is uniform if any two points in M are
conjugate. Thus we have

CoROLLARY 2. Let (M, G, Q) be a lift space. Then the holonomy groups
(resp. restricted holonomy groups) at all points of M are mutually isomorphic as
Lie groups. If the lift space (M, G, Q) is uniform, then the holonomy semi-
groups (resp. restricted holonomy semigroups) at all points of M are also
mutually isomorphic.

It is easy to see that if for every pe M we have K9 , = |KQ |, then the
lift space (M, G, Q) is uniform. In fact, given p, ge M and a piecewise C’-
path y: [a b]- M joining p to g, let go = 7(e, b) and g; ! =(—y)(e, b). We
have g; goeKQ ps SO go ' gy elKQ o= KQ » and there exists a p1ecew1se Cl-
loop a at p, homotopic to zero, a: [a,, b;] — M, such that d(e, b,) =go'g;.
Define a path n in M by n =ao(—y). Then h,(noy)=e and y, —n are
homotopic, which shows that p and q are conjugate.

Example 3. In Example 1, let Q be of class C! and linear on fibres. Fix
a basis (e;)’~, of R" and let Q;(x) = Q(x, ¢) for xeR", 1 <i < n. By (2) our
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lift space is flat if and only if

0

0
— Q=0 I, k <
o O par Q; forallik<n

Thus, every homogeneous lift space of the form (R, R, Q) is flat.

Example 4. Let (M, G, Q) be a homogeneous lift space. Then, by (v) of
Lemma 1, we have K, , = |Kg |, K3, =I|K3, ¢eM.

Example 5. In Example 1, let n=m=1 and Q(x, y) =f(y), where
f: R— R is a continuous function such that f> 0, f(x) =0 for x < —1, and
f(x) = 14x? for x > 0. Then the lift of any piecewise C'-path y: [a, b] - M
is given by

7(0, ) = [ £ (' (s))ds

Hence Ko, =K3,=R,, Ko -1 =K5_, =R, u {0}, and so the semi-

Qt Q‘ Q' A Ql . l J A . .
groups K, and K, _, are not isomorphic. Therefore, this lift space is not
uniform.

Remark 2. Holonomy groups measure the deviation from flatness (resp.
local flatness) of lift spaces in the following sense:

The lift space is flat (resp. locally flat) if and only if its holonomy group
at some point is trivial (resp. discrete).

Remark 3. By (iv) of Lemma 1 it is clear that any lift space morphism
(f, h: M, G, Q) —>(M 1» G1, Q1) induces semigroup homomorphism K, ,
—Kg,.s» and K3, —Kg ., and, by Proposition 1, Lie group homo-
morphisms |Kgy | —|Kg, f(,,,l and |KQ | =|KQ, sl for each pe M.

2. Holonomy bundle of a lift space. Let (M, G, Q) be a lift space of class
C* k >0, and fix a point pe M. For every ge M we denote by S? the set of
all end-points of the lifts (with origin e€ G) of all piecewise C'-paths joining
p to q. It is easy to see that the set g|K, ,| is independent of the choice of
geS?. This set will be called the fibre over q of the lift space (M, G, Q) and
denoted by |S}|. We have

(4) 9Ky, <SP c|S? for all geS?.

In fact, let g;eS?, i =1, 2. Thus, there exist piecewise C'-paths y;: [a;, b;]
— M such that y;(a;) = p, 7:(b;) = q, and v;(e, b;) = g;- We shall show that

g1 'g2€|Kqg,l. Let g =(—y,) (e, by). Then g;'g, =(99,) ' (99,) and
ggi=(_))l)oyi(e’ bi+bl_al)€KQ,p, i=l’2'

We shall now show that the disjoint union of al] fibres of a lift space
(M, G, Q) admits a natural principal fibre bundle structure. We denote the
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set
U g} xISfl =« M xG

qeM
by Q(M, p) and the restriction of the projection pry: M xG — M (resp.

prg: M xG —G) to Q(M, p) by prf, (resp. prg).
Let {U,, ¢,} be an atlas on the manifold M such that

o (U) = {xeR™M: ||x]| <1} for all I.

Let q, = ¢; 1(0). For every ! and qe U, the path y*!: [0, 1] > M is defined
by y*!(t) = ¢; ' (te.(q)). Let us pick some collection of piecewise C!'-paths
¥': [—1, 0] » M joining points p and g, for every | and let y; denote the
composite path y*'oy'. For every | we define the map A;: U, -» U, xG as
follows:

(5) AI(Q) = (q’ ‘)7;(8, 1)) for qe€ Ul'

By our definitions we have im 4, = Q(M, p), pr{;0 4, = idy, and, clearly,
these maps are of class C* (cf. Lemma 3). By the subbundle theorem (cf. [3],
p. 84), Q(M, p) is a reduced subbundle, of class C* (as will be seen in
Corollary 5, of class C**?), of the trivial principal fibre bundle M xG, on
which the structure group |K, ,| acts on the right and the maps A, are local
cross-sections. This bundle will be called the holonomy bundle of the lift space
(M, G, Q) with base point pe M.

As an immediate consequence of Remark 2 we obtain

PropPosSITION 2. The lift space (M, G, Q) is flat (resp. locally flat) if and
only if for some point pe M the bundle projection pry,;: Q(M,p)—- M is a
homeomorphism (resp. a covering).

Let (M, G, Q) with base point pe M be of class C*, k> 0. Let p,e M
and go€|Sy | Let R denote the restriction of the map MxG>
3(q, 9)—(q, 996 )e M xG to Q(M, p) and let a be the restriction of the
inner automorphism ad(gy): G — G to |Ky .

LEMMA 7. The pair (R, a) is a principal bundle isomorphism Q(M, p)
— Q(M, p,). In particular, for any piecewise C'-path y: [a, b] > M joining p
to p, we have

Q(M, p) =Q (M, p))¥(e, b).
Proof. We have g, = g, g, for some g, €S} , g,€|Ky, | and, by Lemma 6,
ad(go) K q,l = ad(91)2d (92)Ko,,| = ad(91) K¢ ,l = |Kg,p, -
For any geM and geS;' we have |S;'| = g|Kq,, |, 990€SE, s0
1S¢'190 = 990(ad (g ) Kg,p,1) = 990 Kol = IS}
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Therefore, R(Q(M, p)) = Q(M, p,). Clearly, R(xg) = R(x)a(g) for each
xeQ(M, p) and ge|K, |, which completes the proof.

Thus we obtain

CoroLLARY 3. Let (M, G, Q) be a lift space. Then the holonomy bundles
at all points of M are mutually isomorphic as principal fibre bundles.

Given a lift space (M, G, Q) with base point pe M for any piecewise
C!-path y: [a, b] > M we define its horizontal lift 7(g) in the bundle M x G
with origin ge G as follows:

(6) 7(g) = (v, 7(9, 1)) for te[a, b].

Clearly, if gelS;’al, then the entire path $(g), belongs to Q(M, p). A path in
M x G (resp. in Q(M, p)) is called horizontal in M x G (resp. in Q(M, p)) if it
is the horizontal lift of some piecewise C!-path y: [a, b] > M with origin
geG (resp. ge|Sy |). A vector tangent to M x G is called horizontal in M x G
(resp. in Q(M, p)) if it is tangent to a horizontal path in M x G (resp. in
Q(M, p)). The set of all horizontal vectors in M xG (resp. in Q(M, p)),
denoted by T2 (resp. by T9), in view of (1) and (6) is given by

7 T2, = {(v, Q(v)g): ve T, M}

for (9, 99e M x G (resp. for (q, g)eQ (M, p)).

Note that the sets of all horizontal paths in M xG and T? (resp. in
Q(M, p) and T9) are G-invariant (resp. |Kg,pl-invariant).

Remark 4. If the lift space (M, G, Q) of class C*, k > 0, is linear, then
T2 is a connection of class C* in the trivial principal bundle M xG (i.e.,
G-invariant distribution of class C* such that T(M xG) = T¢ @ Tv(M x G),
where To(M x G) = TG is the vertical tangent bundle). If pe M, then |K, |,
IKQ.,, and Q(M, p) are exactly its holonomy group, restricted holonomy
group, and holonomy bundle at the point (p, €)e M x G, respectively. In this
case T2 is the reduction of the connection T¢ to the holonomy bundle
through the point (p, e), and horizontal paths in M x G (resp. in Q (M, p)) are
exactly the horizontal paths with respect to the connection T2 (resp. T9).

Conversely, given any connection T of class C* k>0, in the trivial
principal bundle M x G, the map

(8) Q)= X", where (v, X")e T, for ge M and ve T, M,

defines a linear lift space (M, G, Q) of class C* such that T= T2

Consequently: a linear lift space (M, G, Q) of class C? is locally flat if
and only if T2 is involutive (cf. [3], p. 14).

Now we shall give an interpretation of the holonomy group and the
holonomy bundle of the lift space (M, G, Q). For each peM, H,, will
denote the set of all (left) cosets g|Kgy |, g€G, and the principal bundle
projection Gag—g|Kyp le Hy , will be denoted by ¢y ,.
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ProrosITION 3. Let (M, G, Q) be a lift space of class C*, k > 0, with base
point pe M. Then:
(i) There exists a unique map ¥, ,: M — Hy, , of class C**' such that

(9) (¢Q,p)* = Q '(¢Q.ponM)9 ¢Q,p(p) = (pQ.p(p)

(i, (Pg.p)e(v) =Q((v)DPy, ,(q) for geM and ve T, M).

(i) Let K<=G be a Lie subgroup of G with the bundle projection
¢@: G- G/K. If there exists a differentiable map ®: M — G/K which sat-
isfies condition (9), then |Ky | = K and the diagram

Pap
M — Hg »

L4 pr

G/K

commutes (where pr is the induced projection).

Proof. (i We have only to prove the existence of &, ,, since the
uniqueness is evident from (ii). Let ge M and y;: [a;, b] > M, i=1, 2, be
piecewise C'-paths joining p to q. By (3), y,(e, by) ™' y2(e, b)) €|Ky ,|. Thus
the map @, ,(9) = @ ,(¥* (e, 1)), where, for any geM, y*: [0, 1] > M is
some piecewise C!-path joining p to g, is well defined. For any piecewise C!-
path y: [0, 1] - M starting from p, we have

¢Q.p(y:) = (pQ'P(?(e’ t))

and

d

i By, (1) = (90, (2 (7) T(e, 1) = Q(7) Po,, ()

for te[0, 1]. Therefore, (9) holds and @, , is of class Cck*1,

(i) Let ¢: M — G/K satisfy condition (9). First we prove that for every
piecewise C!-path y: [0, 1] — M starting from p we have ®(y) = ¢ (7(e, 1)),
te[0, 1]. In fact, consider the ordinary differential equation on the manifold
G/K, given by

(10) ét = X(t, é:)a ‘:0 = (p(e)’
where X(t, y) =Q(7,)y for te[0, 1], ye G/K. By (1), we have

%cp(ﬂe, D) =0, (QG)T(e, ) = QG0 (F(e, ) = X(t, o(¥(e, 1))
and, by (9),

d
E D(y) = o, (F)=Q()P() = X(t’ ¢()’t))'
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Since ®(yo) = @(¥(e, 0)) = ¢, our assertion is implied immediately by the
following

Lemma 8. Let a: [0, 11— G be a piecewise C'-path and X, = d,a, .
Then the solution of equation (10) with X(t,y)= X,y for te[0, 1] and
yeG/K is unique.

Proof. Let ¢(e) = p,. Clearly, the path &, = a, p, is a solution. Let n, be
any other solution. By the local triviality of the bundle G — G/K there exist
¢ >0 and a C'-path 8: [0, ¢] = G such that 5, = B, p,. Assume that « is of
class C! on [0, £]; then B, = a,s, for some C!-path s: [0, ¢] = G, so that B,
=X,B,+os, and (a,s)p, =0. Thus a,5ea,s5(T,K) and there exists a
continuous path Y: [0, ¢] - T, K such that s, =s, ¥,. Since s, € K, we obtain
s;€K (cf. [3], p- 69) and 5, = ¢, for 0 <t <& The standard continuation
argument concludes the proof of Lemma 8.

Now we complete the proof of Proposition 3. Let ge K, ,; then there
exists a piecewise C'-loop y: [a, b] = M at p such that y(e, b) = g; so @(e)
=& (p) = ¢(T(e, b)) = ¢(g) and geK. Since Ko, , generates the group |Kg |,
we obtain |K,,l =K and ¢ =progy,. Thus &(y)=progg,(¥e, 1)
= pro®y ,(y,) for any piecewise C'-path y starting from p; so @ = pro®, ,.
This completes the proof.

CoROLLARY 4. Let K = G be a Lie subgroup of G such that |K, | < K
and let ¢, pr denote the natural projections:

?,
G Q.p - Ha‘p

pr

G/K

Let &y = pro®, ,. Then for any piecewise C! path y: [a, b] > M starting
from p we have

(11) Ox(y) = ¢(7(e, 1)) for each te[a, b].

In particular, ®, ,(7,) = ¢q,,(7(e, 1)).

The principal fibre bundle ¢4 ,:- G - Hy , is analytic; hence the induced
principal bundle idy x @g ,: M xG - M x H, , (with structure group |Ky )
is of class C*, and will be denoted by M x G(M x H, ,). Since the map &, ,
is of class C**', we have the induced embedding of class C**?, (idy, ®,,,):
M- M xH,, whose image, denoted by grd, ,, is the graph of @, ,.
Clearly, grd, , = M xH, , is a closed submanifold of class C**!.

ProrposiTION 4. Let (M, G, Q) be a lift space with base point pe M. Then
the holonomy bundle Q (M, p) is isomorphic to

6 — Colloquium Mathematicum XLIX.2
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(i) the induced principal bundle by the map &, , from the bundle
@g.p: G Hg,p:

(i) the restriction of the bundle M x G(M xHy ,) to gr®, ,.

Proof. The diagram

a(m,p) > MxG
Pra ‘id»"“"a.p
(idy. @, )
M e *Ha,p

commutes (where i = (pr§, pr) is the natural embedding). In fact, by

Corollary 4 we obtain ¢g ,(Pg (7)) = 7(e, )|Kg | =1S,| for any piecewise

C!'-path y: [a, b] - M started from p and for each te[a, b]. Thus for any

geM we have @5 ;(®Pg.,(q) =1S,. Clearly, i(xg) =i(x)g for xeQ(M, p),

gelKgp ., which implies easily that Q(M, p) is isomorphic to (i) and (ii).
Since the map (idy, ¥, ,) is of class C**!, we obtain

COROLLARY 5. Let the lift space (M, G, Q) with base point pe M be of
class C*, k = 0. Then the holonomy bundle Q (M, p) admits a natural structure
of a principal fibre subbundle of class C**!, of the trivial bundle M x G — M.

Remark 5. If the lift space (M, G, Q) is of class C¥ k > 0, then the
local cross-sections of Q(M, p), pe M, defined by (5) are not of class C**! in
general (cf. Example 7 below). However, given any open cover |V} of Hy ,
with local cross-sections I1;: ¥, — ¢q,(V)) = G of class C®, by Proposition 5
below the local cross-sections of the bundle Q(M, p), ie., n,;: U, - Q(M, p),
where U, = &, ,(V), are given by m,(q) = (q,11, P, ,(q)) for geU,. Clearly,
they are of class C**!.

The Lie subalgebra T, |K, ,| = G (denoted by kg ,) is called the holonomy
algebra of the lift space (M, G, Q) at pe M. The disjoint union

kQ(M) = U kQ.p
qeM

will be called the holonomy algebra bundle of (M, G, Q).

COROLLARY 6. Let the lift space (M, G, Q) be of class C*, k > 0. Then the
holonomy algebra bundle ky(M) admits a natural structure of a C**' vector
subbundle of M x G.

Proof. Let pe M. By Proposition 4, we see that the vector bundle
associated with Q (M, p) by the representation Ad of the group |K, ,| can be
identified with ky(M). Using Lemma 7 we see that this vector bundle
structure is independent of the choice of pe M and, by Corollary 5§, it is of
class C**!, which completes the proof.

Now, let (M;, G;, Q,), i =1, 2, be lift spaces of class C*, k >0, (f, h):
(M, Gy, Q) > (M,, G,, Q,) a lift space morphism, and p, e M,. By Remark 3,
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(/; h) induces the quotient map ho: Hg, , = Hg, s»- By (11) and (iv) of
Lemma 1, the diagram

h 6.
1 e ]
2
Ne o, w7
/1"71 > ':a<
() ‘ ?;
M, = M,
commutes and, by (9), the diagram
(Fxh)
M, * G, * =M, x G,
a «a
\{ ho }/
Bs| THayp, »TH, B,

02 WP
f \
TM,/ :

g TMZ

commutes (Where p, =f(p,), ¢; = @g,p;, P =Py, and a;(q, X) = XPg, , (9),
B:(v) = (g, Q:(v)) for ge M;, XeG;, ve T, M; and i = 1, 2). By Proposition 4
and Corollary 5, the map f'xh induces a C**! principal bundle homomor-
phism Q, (M,, p) = Q,(M,, f(p)). Thus we obtain the following commutative
diagram of principal bundle homomorphisms:

Q:(My, p)> M, xG,(M; x HQl.pl) -G, (qu.pl)
l ! !
QZ (MZ’ pZ) - MZ X GZ (MZ X HQz.pz) - GZ (HQz.pz)

Similarly, it is easy to see that the map fxh sends horizontal paths in
M, xG, (resp. in Q,(M,, p,)) into horizontal paths in M, xG, (resp. in
Q,(M3, f(py))), the map (fxh), induces a C**! vector bundle homomor-
phism ko, (M,) - ko, (M), and (fxh), T°' = T%2,

Example 6. Let (M, G, Q) be a lift space of class C*, k> 0. The
universal covering map cy: M — M induces the lift space (M, G, Q) of class C*
and the lift space morphism (cy, idg): M, G, Q) »(M, G, Q) (clearly, 0
= Qo(cy),)- Let pe M and pecy’ (p). By Remark 1, |Kg | =|K§ 5 =K I
thus the induced principal bundle homomorphism @ (M, p) - Q (M, p) (resp.
the vector bundle homomorphism kg (M) — kg (M)) is a covering whose group
of deck transformations is =, (M). By Corollary 1, the quotient map Hg ;
- H,, , is a covering whose group of deck transformations is ny , and the map
®o.5 is the lift of &y ,0cy With Pg ;(P) = @g,;(e).

Similarly. let G be the universal covering group of G. Then the covcring
projection c4: G — G induces the lift space (M, G, Q) with the lift space
morphism (idy, ¢¢): (M, G, Q) = (M, G, Q) and the coverings

IKg.pl - |K8.pla IKQ.pl - 'KQ.pls
Q(M, p)—>Q(M, p), kg(M)—ko(M), Hg,~ Hg,.
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Since é = é, we have the commutative diagram of lift space morphisms

.d 1] ) - -
(#,6,0) (ids. > (M,G,3)
(CM'CG)
(Crnidg) (Coe»idg)
(M,5,0) lid. G > (M,G,Q)

Example 7. In Example 2, let m=2, p=0eR" and
Q' (v) Qz(v)] 2
v) = , UVeR.
e [Q’(v) 0*()
For any piecewise C'-path y: [a, b] - R", we put

_ A A(?)f]
= N b
VE. ) [A(v)? Al tela, b]

(E is the identity of GL(2, R)e). In this case, (5) defines a global cross-section
A: R* > Q(R", p) = R"xGL(2, R),. Write A% =préoA and

Al(x)  A%(x) n
AG(x) = [A3(x) A“(x)]’ xeR".

Now, let /: R" - R be any continuous function not of class C', and
g: R" >R of class C! but not of class C2. Under the above conditions,

setting Q' (x, y) = Q*(x, y) =f(x) for x, yeR", 0* =0 and Q° =g¢,, by (3)
we obtain

t (d
A =A@ =expff (g v,) ds,

A =0, AP =A40)gk)
for any piecewise C!-path y: [a, b] — R" and te[a, b]. The holonomy group

at p is given by
a 0
IKo.pl = 1KQ,,l = {[O a]: ®€R, }

and for the cross-section A we have

At =A* =expf(x), A%2=0, A*=(expf(x)g(x), xeR"
Thus

0w p= U (s} xa°0iKg = U ] % O] nero ]

R ag(x) a
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Therefore, the cross-section A is continuous but not of class C!, and
Q(R", p) = R"xGL(2, R), is a principal subbundle of class C!, but not of
class C2.

In this case, Hy,=SL(2, R) and the map @, ,: R"—>SL(2, R) is

given by
1 O
= R".
Dy, (X) [g %) l]’ X€E

3. Flat and locally flat lift spaces. As an immediate consequence of
Remark 2 and Proposition 3 we obtain

CoRrOLLARY 7. A lift space (M, G, Q) of class C*, k > 0, is flat if and only
if there exists a map ®: M - G of class C**! such that

®, = Q(Pomy).

‘Given two such maps @ and @', there is a unique ge G such that @ = ¢-g.
Using Remark 2, Corollary 7, and some facts from Example 6, we
obtain the following

PROPOSITION 5. Let (M, G, Q) be a lift space of class C*, k > 0. Then the
following properties are equivalent:
(i) (M, G, Q) is locally flat.
(ii) The holonomy algebra of (M, G, Q) at some point of M vanishes.
(i) The induced lift space (M, G, Q) is flat.
(iv) There exists a map ®: M - G of class C**! such that

P, (v) = Q(cm)s (V) P(g) for g=M, ve M.

(v) There exist an open cover {Us} of M and a family of C**'-maps
@' U,— G such that

P, (1) =Q(v)P'(q) for every I, qe U, and ve T, M.

Remark 6. Let (M, G, Q) be a lift space of class C* and let pe M. If it
is flat, then by Proposition 4 we have Q(M, p) = gr &, ,. If it is locally flat,
then by Proposition 5 we obtain the commutative diagram of C**!-coverings

M—grds; —=Q(Mp)

~

M
where pecy!(p).

Remark 7. If the lift space (M, G, Q) is linear and of class C?, then by
the theorem of Ambrose- and Singer (see [3], p. 89, and [4], p. 278) the
holonomy algebra k, , at pe M is equal to the subspace of G, spanned by all
elements of the form Q. ,(v+Q(v)g, w+Q(w)g), where (g, 9)eQ(M, p),
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v, we T, M, and Q is the curvature form of the corresponding connection T2
(cf. Remark 4). It can be proved ([1], Proposition 3) that the holonomy algebra
ko, at pe M of any lift space (M, G, Q) of class C? (possibly nonlinear) is
equal to the subspace of G spanned by all elements of the form
g 'K(X, Y),g, where (¢,9)eQ(M, p) and X, Y are arbitrary C® vector
fields on M and

K(X, Y)=[Q(X), Q(Y)]+XQ(Y)- YQ(X)-Q([X, Y)).

Example 8 (case of Abelian Lie group). Let (M. G. Q) be a lift space of
class C*, k > 0, with the Abelian group G. Let pe M and pecy'(p). In this
case G = G =R" for n =dimG, and K 5 = IKg'ﬁl = V'is a subspace of R".
Let R"=B@®V for some subspace B of R" and let Q = Q?+Q" be the
corresponding decomposition of Q. By (2) the lift space (M, G, Q) is flat,
and by Corollary 7 there exists a unique C**'-map &: M — R" such that
@(p) =0 and &, = Q" Hence the induced covering bundle Q(M,p) of
Q(M, p) is given by

oM, p)= Uﬂ {x} x{®(x)+V} =« M xR".

4. Lift spaces along vector bundle morphism. Now we shall show that lift
spaces may be regarded as certain generalizations of connections in principal
fibre bundles of homogeneous spaces (not to be confused with homogeneous
lift spaces!). Let M be a C<®-manifold, G a connected Lie group, and
F: MxG—->TM a C® vector bundle morphism. A lift space (M, G, Q) of
class C*, k>0, is called a C* lift space along F if

(12) F(g, Q) =v for geM and ve T M nimF.

By paracompactness of M, if F is of constant rank, then there exists a
linear C* lift space along F.

Let G x M — M be a transitive action of a connected Lie group G on M.
For any pe M, the determined principal bundle n,: Gag~gpe M will be
denoted by G(M, n,), and the isotropy group of p (i.e. the structure group of
G(M, n,)) by G,. Define the map Fy: M xG — TM by Fy(q, X) = Xq for
geM and XeG.

ProposITION 6. Let (M, G, Q) be a C* lift space along F,, k > 0, and let
pe M. Then:

(i) For any piecewise C!-path y: [a, b] = M starting from qe M, we
have y(e, t)q = v,, t€[a, b].

(i) The holonomy group |K, | is a Lie subgroup of G,.

(i) The projection pr2: Q(M, p) = G is a C**! principal bundle embed-
ding Q(M, p) > G(M, =n,).

(iv) The holonomy algebra bundle ky(M) is a C**' vector subbundle of
ker Fy,.

(v) The map @y, M —>H,, is a C**' cross-section of the bundle
pr: H, ,—» G/G, =M.
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Proof. (i) By (12) the paths y(e, t)q and y,, te[a, b], are the solutions
of the following ordinary differential equation on M:

5! = FM(él’Q(él))’ te[a, b]a ca =4q.

Thus, by Lemma 8, they are equal.

(ii) follows from (i), the definition of the holonomy group, and
Proposition 1.

(ii)) and (iv) follow from (i) and (ii), and Corollaries 5 and 6.

(v) By (i) of Proposition 3, @, , is of class C**!. Let ge M and let
y: [0, 1] > M be a piecewise C'-path joining p to q. Thus, by Corollary 4
and (i) above, we have pr @, ,(q) = pr ®p ,(y;) = 7(e, 1) = q. This completes
the proof.

Remark 8. Under the above conditions, if (M, G, Q) is linear, then the
associated connection T2 on M x G (cf. Remark 4) induces a C*-connection
prg T2 on G(M, =n,) by the projection prg: M xG —G. In this case, the
groups |Ky |, IKQ ,l, and the subbundle prg(Q(M, p) = G(M, n,) are its
holonomy group, restricted holonomy group, and the holonomy bundle at
the point ee G, respectively.

Conversely, given any connection T of class C* k > 0, on the bundle
G(M, n,), the map

(13) Q@) = X", where X'geT, for geG and ve T, M,

defines a linear C* lift space (M, G, Q) along F,, such that prgTe=T

Let the Lie group G; act on M; transitively and let (M;, G;, Q;) be a C*
lift space along Fy, k=0, for i=1, 2. Let (f, h:(M,,G,, Q)
—(M,, G,, Q,) be a lift space morphism. Then for any pe M, the pair
(h, hlg,), is a principal bundle homomorphism G, (M,, n,) = G, (M3, ns(,)
for which the induced map M, — M, is equal to f (hence f is analytic). In
fact, by (i) of Proposition 6 and (iv) of Lemma 1, we obtain

f@p =f()=foy(e 1)f () =h(Fe 1) f(p)=h@f(p)

for any geG and a piecewise C'-path y: [0, 1] — M joining p to gp.
If (M;, G;,Q), i =1, 2, are linear, then we obtain the commutative
diagram of connection homomorphisms

f01 (f «h )- - ?02
prG1 ngz
h -
prg, T * - pu;szTa2

where prg, T?% is the induced connection on G;(M;, n,) for p, =p and
p: =/ (p)
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