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On a generalization of Simpson’s formula

by R. B. SAXENA (Lucknow, India)

1. Recently S. Golgb has proposed and solved certain interesting
problems related to the well-known Simpson’s formula. The object of this
paper is to give a generalization of Simpson’s formula by taking as our
starting point a mean-value theorem of Cioranescu. We later propose
some problems in the light of Golgb’s results and resolve them in the
general case providing thereby at the same time a generalization of Golgb’s
results.

We know the following formula, due to Cioranescu:

b b
(n)
L8 [ [ Vit <<,

b
M) [ f@) Pue)do =

where P,(z) is a Legendre polynomial over the interval (a,b), dvy4
= dxydx, ... dwy and V,y, is the Vandermonde’s determinant V,4.(zez; ... 5)
= Det(%k ... #x). The problem naturally arises whether we can give an
analogue of Simpson’s formula for the above integral on the left.

We may take the interval (0, k) instead of (a, b) without loss of
generality, and let us write

(2) fh f(@) Pal@)dm = B+ {2/ (0) 4 2,/ (2) + 1" (),

a formula easily suggested by (1). Let

f(w>=2am.

Since over the interval (0, k), Ps(z) is given by
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We can easily find the following result:

A
n _ {ITin+p4+1)P n4+pi1
(3) f"’ ”P"(”’)d“"‘r(p+1)r(2n+p ot .

0
From this one can easily find the coefficients 4,, 4,, 4, in (2) and we have

r
do = =1,—((2’;—1% and 4 = 4(n+1)

I'in+2)
Ten+4)

We thus establish the formula

h
4) [ f(@)Pa(z)dz

- % pht! [f‘"’(O) +4(n+1)f™ (%') +l‘”’(h)] + R(k),

where

_ 4l T(0+43) nes g
(5) R(b) = — —3 -F(2n+6)h“/‘ g (0<t<h).

For n = 0, (4) and (5) give Simpson’s formula and the remainder thereof.

2. Putting T(h) = ofhf(m)P,.(m)dm and

Ts(h; Aoy A4y &) = ™[ 2f™(0) + A f™(0R) + 4 f™(R)]  (0< 6 <1)

we now propose to determine Ay, 4,4, such that R(k) = T(h)— T.(h;
Ay A1, 45) i8 of the greatest possible order of smallness. Let f(x) be regular
in the neighbourhood of the origin having the expansion

(&)  (B) =1(0)+ ah+ ...+ anh"+ ansh™ P+
+ an+qhn+q + an+rh”+r + an+ahn+a + .

where a@nipy Gniqy Aniry Gnis # 0 aDd 1 < Pp<g<r<s.. We easily get
the following equations to determine 4, 4,, 4,:

(6) ;-o+11+ls=11:—((2"%_*_12l)’
r

7) Pty = AL,

®) 0+ 1y = AT LY

“T(g+2n+2)°
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Equations (7) and (8) determine 4,, 4, uniquely as

6" 1

W=lgq

‘=e”—e">o (p < q)

and A, is then determined by (6). The remainder is then of the order of
smallest of A""'*",

3. The next question naturally is: Can we choose 8 in such a way
that the order of smallness of R(h) 48 further increased? In that case we will
require, along with (6), (7), and (8), the following relation:

r r 1
® "hth=r (rr: By 2))

The condition of consistency of (7), (8), and (9) gives

T(p+2n12)
(10) A0 =|67 1 % ~o0.
'r+n+1)

1 Friamro

Putting a = ¢—p, f =r—¢q, (10) can be written thus:

_f'p+n+1) TI'(g+n+1)

Al 4O =\rp Tt 2) " g+ 2n12)
_ P@+%+U__Fw+n+U}m+

I'p+2n+2) I'(r+2n+2)
+{P(Q+n+l) _ ]‘(r+n+1)}=0

T(¢+2n+2) T(r+2n+te2)

Equation (11) is an algebraic equation in 6 of degree a4 8. We shall show
that this equation has a unique root 8 in the open interval (0,1). Since

’ Y | F(P'I"”f'i"‘l) I'(q+n+1)

446) =6 [‘“+ﬁ) r(p+2n+2)‘r(q+2n+2}0ﬂ‘
JL@t+n+1) (r+n+1) }]
F(p+2n+2) r+2n+2)

we have
40)>0, 4(1)=0 and

’ ﬂ a+ﬁ a
A'(1) = —
W) = o ndinn @ Fntlmm T rFa+nn

where (p+n+1)p1 =(p+n+1)(p+n+2)...(p+2n+1).

(12)
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Now in order to prove that A4’(1) > 0, we observe that

a+p at+p
(r+n+1)n+1=( p+n+1) (+p+2n+1)+

ra(a+p)(1+ i) - (14 )
1

Tt Dan [AlatB) {8+ (a+B)S:+...}—
—(a+B)B {8+ Bs:+...}]

A1) =

where 8, is the sum of the products, taken » at a time, of pryrwren KLU

p—jﬁ and s, is the sum S, where p is replaced by g¢. Obviously
8, > 8, since ¢ > p, and hence we have A'(1) > 0.

From this and from (12) it follows that 4(6) < 0 in a small neighbour-
hood of 6 =1 on the left. Also the unique root of A’(6) = 0 is given by

(13) ¢ —_ 41— (P+ 0 41)ns1 (@+7+1)nna
+ﬁ (g+n+L)ay1— (p+”+1)n+1 (r+n+1)n+1

In order to show that the expression on the right is necessarily less than
unity, we write it as follows:

1 1
® P+n+1)p4 (T+’n+1)n+1}

. 1 \
_(a+ﬂ) {(?+71+1)n+1 B (Q"l"n"*‘l)n-’rl] '
Now
1 1
(P+MM4=ﬁhﬂ(—”(Jp+k+V
so that
1 1
(a+ﬂ) (p+n+1)n+1 B (Q+"+1)n+1}
_ala+p) NV, )( ) 1
n! (g+n+i+1)(p+n+i+1)

i=0
11
— a(c'ln-;hﬂ) ff wp+”lyq+7l(1_wy)ﬂdwdy .
00
Hence (13) reduces to

_ Ly
(14) 6 T
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where

11
I, = ff "y 1 — wy)" dody .
00
Obviously Iy, > I, where r > q, since

11
Ino— Iy = [ [ o”*"y"(y*— y") (1~ oy)"dady > 0 .
00

We have thus proved that there is a choice of 6 for which R (&) is infinitely
small of order n+4r+ 2 at least. From the form (A) of f(k) it follows that
R(h) will be infinitely small of order n+s+1 at least.

4. Let the integral
h

T(h) = [ /(@) Pa(z)da

0

of Art. 2 be approximated by
To(h) = K" (2f*(0) + A/ ™(0.) + Ao/ ™(6,h))

where 0 < 6, < 1 < 0, <1. For 0, = }, 0, = 1, we get the same formula (2)
of Art. 1, which for » = 0 is Simpson’s formula.
We then propose the following problem:

Determine the values of Ay, A, 2, 80 that for given 6, and 6, (0 < 6,
< } < 0, < 1) the remainder is of the greatest order of smallness with respect
to h.

Let f(«) be regular in the neighbourhood of the origin having the
development (A) of Art. 2. We easily get the following equations to de-
termine 2, 4;, 45:

__T'(n+1)
(15) dot ks = g s
p_ L(p+n+1)
_ I'(g+n+1)
) S (s el
Equations (16) and (17) determine A,, 4, uniquely, as
0? 0;’ or P D nd—P a—P
W =|ga gu| = 0703 — 0105 — OTOR(O5"—61™%) £ 0 (0 <6, <0, <1).

We have thus proved that:
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If 6, and 6, are given numbers (0 < 0, < 0, < 1) and A, 4, are given
by (16) and (17) and Ay by (15), then E(h) i8 of the order of smallness r +n 4+ 1.

5. Naturally the following problem now arigses:
Can we further raise the order of smallness of R(h) by a proper choice
of 06,%

Then, along with (15), (16) and (17), the following relation must
be satisfied:

r r TI'ir+n41)
(18) A0, 4 2,0, = Tr+2nto)’

The condition of consistency of (16), (17) and (18) then requires that

» I'(p+n41)

% Tpromtz)
_lpg e Llg+n+1) |

(19) A0 =67 0 NCESTES) =0.

0? 01‘ F(r+'n+1)

! T(r+2n+2)

Putting g—p =a, r—q¢=f in (19) (a,f = 1)

— potB P(Q+'n’+1) _ ap(p+n+1) _
(20) A(6) =406 [I’(q+2n+2) ‘Tp+2n+2)
e 'r+n+1) I'(p+n+1) 'o,,ﬂ]_l_
F(r+2n+2) T(p+2n+2)
'r+n+1)
+[0;‘ I(r+2n+2)

wp Llg+n+1) ]
I'(g+2n+2)

We shall now show that this equations has a unique root 6, lying in
(6,,1). We have

) Tlr4n+41) T'(g+n+1)
(21) A(0) =65 Tr42n+2) 1]’(q+2n+2)}

_ el Lgt+n+1)
— Y

— 63 0.

g+ n+1)p— 6(g-+2n+2)5]

I'r+2n+2)
atp I'(g+n41) (1)'B ( n+1)
== +ﬂ . —_—] — —_—
" rernrey @t (g - L+ ),
where
n+1 n+1 n+4+1 ( n+1 )
— = ) =14+ =T —_ ) 14 .
(1+q+n+1)p (+q+-n+1)(1+q+n+2) |
Now
1\ n4+1
E)>(1+q_+—"+1)’ so  4(0)>0.
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Also 4(6,) =0 and
w[L(p+n+1) T'(g+n+1)]
I'(p+2n+2) T(g+2n+2)

_g[Letnt+l)  Iir+nd1) n
| T(p+2n+2) TI'(r+2n42)

(22) 4(Q1)=6

+[ (g+n+1) T'(r+n+1)
F(g+2n+2) T@r+2n+2)]°

The right-hand side is a function of 6, and corresponds to the left-hand

side of (11), where we have shown that there exists a value 6’ in (0, 1)
such that 4(1) > 0 for 6, < 6'. Also

’ _ at+f—-1 P(q+n+1) aP(P+n+1)
@) 4O =(a+h " U tomt2) " Tpramio)

_ g [ Lt nt1)  gass T(p+m+1)
Fr+2n+2) ' Tp+2n+2)]’

so that » T(g+n+1) 1\* I'(p+n+1)
4'(1) = 6 [( +ﬂ)( ){ T(g+2n+2) '(01) (p+2n+2)}
a{(l)“”- I'r+n+1) I'(p+n+1) }]
. 6, I'r+20+2) T(p+2n+2)

+8-1 (q+n+1) I'ip+n+1)
4'(6,) = (a+p) 6 [( )P(q+2n+2) praarl]
_ qgto [(_)a+ﬂ I(r+n+1) P(p+n+1)].
6) Tirrent2) Tp+2n+2)

We shall now show that

(24) 4'(1)>0 and 4'(0)<0.

The proof depends on the following inequality:
Lr+n+1) jarp_ I'(p+n+1)

(25) a+ﬂ.Ap>I’(r+2n-|—2) I’(p+2n+2)>a+ﬂ
I'(g+n+41) A°_ F(p+n+1) a ’
I'(g+2n42) I'(p+2n+2)

for 423, a>1

or

A® «
- {(p+n+1),A°— (p+2n +2),}

1 I'(g+2n+2)
at+pf T(r+on+2)

> {(p+nt 1’ (p+ 20 +2),)

>

{(@+ 7+ 1)as A% P — (9 4 20 4 2)gu)
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or
A’{A”—(1+—-———"+1 )} A"+ﬁ'_(1+——""'+1 )
a+f

p+n+lal> P+n+1]ats
n+1 n+1
14— 7z
a( +P+n+1)a (a+ﬂ)(1+P+n+1)a+p
a n+1
4 @+p+n+Ja
> a
()
p+n+1l/e
In other words
(25') A’K (a) > K(a+ ) > K(a)
where
a n+1
A—@+p+n¥ﬂa
K(a) =
a(1+ _”_+1_)
p+n+1/,

Since § is a positive integer, it sufficient to prove the result for g = 1.
The right-hand side of the inequality is certainly true if

at1_ ntl ( n+1)
(26) 4 (1+p+n+l atl +p+n+1
n+1 ) ( n+1 )
m+1%1+p+n+lﬂ4 al+p+n+la
or
A [ 4 _1]> 11
n+1 n41 a a+l a’
A i1+ —-T-
(1+P+n+1)a' o+ )( +p+n+a+1))
Since
A 1 1 1 1
14 n+1 a+1_a>a+1 a’
p+n+a+l

the inequality (26) is proved.
In order to prove the left-hand side of inequality (25’), we must
show that:

iy, (A ¥1)(a+1) ( w41 ) _
21 A [1+——p+n+a+l >(1+ o) et Da—dl.

We first observe that if (27) holds for A = m, then it also holds for 4 > m.
Take

wr[y L D (at) n1 .
2(4) =4 1[ * +n+a+1] ( * +n+1)a+1“ 1A=l
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then
o (n+1)(a+1)
¢(A)—(a+1)[{1+p+n+a+1
_ n+1 n+1
(1+p+n+a+1)(1+p+n+1)]>°

showing that @(4) is an increasing function of A, and this proves our
assertion. (27) holds true if we show that

n+1 )>_ a(n+1)
p+n+1), p+2nta+2

The right-hand side being negative, it is sufficient to prove that

. Au+1 .

A —(a+14—a) (1+

A““—((a+1)A—a)(1+ ntl )>o

p+n+1/,
which is certaintly true, since
A" > ((a+1)A—a)2°, for (4>3,a>3).

The cases a = 1 and a = 2 are verified as follows: For a = 1, we should
have

o afegzt]

P+n+1
n+1 ( n+1 )( n+1 ) ]
1 1+ ——— ) —42.
>p+n+3[ +p+n+1 +p+n+2

Since the right-hand side is always negative for A > 2, while the left-hand
side is positive, the inequality holds. For a = 2, we should have

n+1 1+ n+1 _ s, 2(0+1)
p+n+1 p+n+2 P+2n+4°

Proving the above for A4 = 2 implies the proof for 4 > 2, so that we
should have

(29) A3—(34-—2) (1 +

(n+1)[ 20 +3n+4 4 ] 1

P+ntl)ptnt2) prontd)

which reduces to proving
PP+ (604 9)p2+ (6n2+18n +14) > 0,

which is always true. Hence the inequality for a = 2.

In these two cases we see that inequality (27) holds under less re-
strictive conditions A > 2. It appears that the inequality can be proved
to be true for all A > 2 and e > 1. I have verified a few particular cases
but the general proof seems to evade me.
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We have thus proved the inequality (25). On examining the expressions
for A1(1) and 41(6,) we at once get (24). Also
‘I a—1 na+j 9 ath 1\
410)= " 6 |+ A +n+ Dz {40+ D (5] -
1

— (@4 Da = (g 14 Dusa (@ + 4 D (;I)“”—(r+n+1),.+1}]

which vanishes at 6 given by

G0, [ a(g+n+1)airf(P + 7+ 1)ns1(1/6)* P — (r + 0 +1)nss)
(a+ﬁ)(r+n+1),.+1{(p+n+1)n+1(1/0,)°_ (q+ n +1)n+1}

and by (25) 6, < 0 < 1.

Hence from (21), (22), (24) we see that there exists a unique value
6, > 8 for which 4,(6) vanishes and the order of R(h) is less than that
of "™ for this choice of 6.

6. In connection with Art. 3, we have tired without success to show
that the order of smallness of R(k) is exactly n+s+ 1. In the case of
n =0, this result had been proved by S. Golab and C. Olech [3]. For
a general n > 0, it would be necessary to show that if the order of
R(h) is n+8+2 then we are lead to a contradiction. For then we would
have also

Wb+ 2 =1/(8+n+1)npy
which combined with (7) and (8) gives

6 1 1/(p+n+1)an
67 1 1/(g+n+1)py |=0
° 1 1/(s+n+1)an

and on further simplification we may write it as

1 . 1 aty _
(30) {(P+n+1)n+1 (Q+’n+1)n+1}
1 : 1
B {(p+n+1)n+1 - (s"l' 'n'+ 1)n+l}oa+
1 1
— =0
+{(Q+n+1)n+l (3+n+1)n+1}

where y = s—¢. We must now show that (30) and (11) cannot have
2 common root 6.
In short, it reduces to showing that the equation

1 12
K0 =t T Do
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where
K=[(g+n4+1)at1—(p+n+1)n41]6° >0,

A=[g+n+1)nt'—(p+n+1)n]<0
and

p=@+n+1)ui(g+n+1)u(1—6°) >0

has only three zeros —a, 0 and §.

A similar problem remains unsolved in connection with the problem
treated in Art. 5 where we try to show that the order of smallness of
E(h) is exactly n+s-+1. The case n=0 has been proved by A. Sharma
[4]. As before, for a general n > 0, we are led to a contradiction when
we try to show that the order of E(h) is » +s8+2. Following the same
technique, the problem is to prove that the equation

($+0+1)up16°707{(P+ 0+ Dnsa 01 °— (@1 + s} —
—(@+n+ 1)1 0{(P+0+ 1)1 01 = (8+ 0 +1)psa} +
+ @+ +1)nrf(g+n+1)pt100 " — (8+n+1)pa} = 0

and (20) cannot have a common root 6, such that 6, < 0, < 1.
I am grateful to Dr. A. Sharma for his valuable guidence in the
preparation of this paper.
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