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CERTAIN PROPERTY OF THE RICCI TENSOR
ON SASAKIAN MANIFOLDS
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In the present paper we give some necessary and sufficient condi-
tion for 5-parallelity of the Ricci tensor on Sasakian manifolds.

1. Preliminaries. Let M be a (2n+1)-dimensional Sasakian mani-
fold [2]. Thus M is a Riemannian manifold (with not necessarily positive-
definite metric tensor g;) together with tensor fields ¥, and o‘, which
satisfy [2]

1) FiFP = —§f+o0', 9,0 =1, Flo* =0,
(2) Fijkagba = Gjr — V5 Uk>
(3) Vil = —giy* + 80y,
(4) Vj'vk =ij (= —ij)’
where V' denotes the covariant differentiation with respect to g; and
v; = g;40%
It is known (cf. [3]) that the relations
(5) Rysia® = 0305 — V30045
{6) R,0* = 209,
(7) RkaFja+Rbkjana = -—-(2’)’!«—1)ij,
(8) RkaFja-]—.RjaFka = 0,
(9) .RbaFkaja = .R,d—2n'vk'v,

can be obtained as consequences of (1)-(4), R;,; and R;; being the cur-
vature and Ricei tensors of M, respectively, and F¥ = F g’

The Ricci tensor of a Sasakian manifold is called #-parallel if it
satisfies

(10) (Vi Bo FRFE = 0.

The notion of Ricci-n-parallelity for Sasakian manifolds was intro-
duced by Kon in [1].
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2. THEOREM. The Ricci tensor of a Sasakian manifold i8 n-parallel
if and only if it satisfies

(11) VkRjt'-l— V}'Rﬂc+ViRk]' = O.

Proof. Differentiating (9) covariantly and applying (3), (4), (6)
and (1), we have

(12) (Vkaa)F‘ija = Vk‘Rij —.RkaF,;“'vj -— RkaFja'v‘ — 2'”:FI“-'05 — 2’anj'D‘-.
If the Ricci tensor is #-parallel, then from (10) and (12) we get
Vk‘Rj‘l' = RkaFja‘vi + RkaF.ia'Uj + 2anJ'IDi —+ 2nF,‘,-'v,- .

Hence, using (8) and the skew-symmetry of F;, we obtain (11).
Conversely, assume that (11) is satisfied. Kon has proved ([1],
Lemma 1.3) that any Sasakian manifold satisfies the equality

(13) (VoBu)FOFf =V, By— V,Ry— Ry, F o, —
— 2R, F 0,4 2n(F 0,4+ 2F,0,).
This, together with (11), gives
(14)  (VyRu) FOFP+2V By +V Ry
= —RpoFfv;— 2R, . F;*v; 4 2n(Fyv;+4- 2F;,.0;).
‘Relations (6) and (4) yield
(158) (Vi By)v® = — By F* +2nFy.

By the transvection of (14) with F}F,’ and the application of (1), (6)
and (15), we find

(16)  ViRpp— (Vo Ry) v* 0,4 2(Vy Bip) F O F +
+ (VaRkb)FlaFmb + RkaFla'vm - 2”’Flkvm = 0.
Every Sasakian manifold satisfies the condition

(17) vV, R, =0.
Indeed, (5) and (4) give

(18) (ViRyia) v + Byjio By = Fiigyi— Fiygs;-
Since V; R,/ =V ,R,;—VR,;, we obtain, contracting (18),
’UaVa.R,ij = ’Ua Vi-Rja _ ijiana - Fi:i’

which implies (17) by virtue of (15) and (7).
Considering (13) and (17) we find from (16)

3VyRy—V By — Vi By — 4R F v, — 4Ry, F 20— 80 (Fiy0y + Fron ;) =0,
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whence, by (11), we get
ViBun— Byo By 0 — Byo By 0, — 20 (F i 0y + Fir ) = 0,

which in view of (12) completes the proof.
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