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A generalization of Hermite collineation
to the n-dimensional space

by J. KACZMAREK (Poznan)

A projective transformation transforming the two-dimensional plane
into itself is called Hermite collineation, if a conic belonging to this plane
is transformed into itself. A special case of a collineation is a harmonic
homology. Hermite collineation may be generalized in a natural way
to the three-dimensional space, replacing the conic by a space curve
of third order [6].

In this paper there are formulated fundamental theorems on Her-
mite collineation generalized to the n-dimensional projective space; the
discussion of kinds ofrprojectivities which could be a priori Hermite
transformations, is not performed.

Notations.

P** _ (n—k)-dimensional projective space,

Ay... A, ;.. — a simplex of the space P"¥%,

N1

a;,~ ' — an (n—1)-dimensional hyperplane contained in P* and spanned
by a simplex with vertices A,... 4, 4z, ... A1,

ap7? — (n—2)-dimensional hyperplane contained in P" and spanned
by the simplex A,... A, A4, ,... 4, _A4;,...4,.,,

Bt — k-dimensional hyperplane spanned by the simplex 4,... 4, ,,
Bk, — k-dimensional hyperplane spanned by the simplex 4,,... 4,_,,
C"* — a normal curve in the space P * [1] and [3],

'c™ — a curve of order m, possessing an I-tuple point and belonging
to the space P™ '+l

‘_y" — k-dimensional hyperplane, touching with the order % to a curve

v
C*(k=1,...,n—1) at a point 4,,
B* — a projection of the point B, from the point 4, on the hyper-

plane a}~',

B! — a projection of the point B, from the point A, on the hyper-
plane a;7’%,
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X, — a common point of the straight line X, X, (X, is the point
corresponding to X, in the projective transformation under considera-
tion) and the hyperplane a;~!,

Ax41 — the cross ratio of the four points X,, X,, X, , X, .,

&(W, C"*1) — the conical surface lying in the space P*~*, with
a directrix C*~*~'! and vertex W not belonging to the space in which
the directrix is contained; the elements of the surface are straight lines

passing through W and intersecting the curve C" %',

The above definition of a conical surface differs essentially from
the well-known definition of a cone contained in P"* whose directrix
is a hyperquadric contained in P*~*-1,

Properties of the above introduced surface, needed in the sequel,
will be explained by a number of lemmas.

LEMMA 1. The curve C™ has at most k+1 common points (not always
different) with a k-dimensional hyperplane (1 < k< m—1),

Let us suppose, a k-dimensional hyperplane cuts C™ in more than
k+1 points. Then there exists an (m —1)-dimensional hyperplane con-
taining the k-dimensional hyperplane and intersecting the curve C™ at
more than k414 [m— (k+1)] points. This hyperplane would have more
than m common points with the curve C™, but this is impossible.

Arguing similarly we may verify easily the following

LEMMA 2. The curve 'C™ has at most k41 common poinis (not always
different) with a k-dimensional hyperplane (1 < k< m—1).

LEMMA 3. A k-dimensional hyperplane (k =1, ..., n—2) which does
not contain the vertex of the surface &(W, C*') has at most k+1
common points (not always different) with this surface.

To prove this lemma we shall apply the following notation:

6"! — (n—1)-dimensional hyperplane containing the curve C"~';

¢**!— (k+1)-dimensional hyperplane containing the %-dimensional
hyperplane under consideration and the point W,

¢* — the common part of hyperplanes 6"~' and &**!.

Let us suppose the k-dimensional hyperplane intersects the surface
@ (W, C*') at more than k+1 points. Then the hyperplane ' would
intersect this surface at more than %241 elements, and hence, the curve
C"! at more than k41 points. But this is impossible, for these points
would belong to the hyperplane ¢*, and by Lemma 1, this hyperplane
may intersect the curve C"~! at most at k+1 points.

LEMMA 4. An (n—1)-dimensional hyperplane not passing through the
point W intersects the surface ®(W,C"') along the curve CY'.

We denote by 6"~' the hyperplane containing the curve "', and
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by &*? an arbitrary (n— 2)-dimensional hyperplane contained in the
hyperplane of intersection.

The order of the curve C}~' is equal to the number of common points
of this curve and the hyperplane "% and this number is equal in turn
to the number of common points of the curve C* ' and the (n—1)-dimen-
sional hyperplane passing through W and containing ¢" 2. This hyperplane
has an (n—2)-dimensional hyperplane, intersecting the curve (™! at
n—1 points, common with 6" . Thus the curve C}? ' is of order n—1.
It is a normal curve, since its projection from the point W on the hyper-
plane 6" ! is the curve C"~!, and the projection of a degenerated curve
of order n—1 could not be a normal curve of order n—1.

Remark. If an (n—1)-dimensional hyperplane of intersection passes
through the point W, then it cuts the surface @ (W, C*!) at n—1 elements.

LEMMA 5. There is a curve O™ on the surface ®(W,C"™') passing
through the point W and intersecting the elements of the surface once more.

Let 8" ! denote the hyperplane containing the curve C"~'. Let us
choose n-+2 points on the surface @, which together with the point W
define the curve C”. Let us suppose, the curve C™ does not lie on (W, C*1).
Its projection from the point W on the hyperplane 6" ' would be a normal
curve of order n—1, possessing n+2 common points with the curve
C"~'. This is impossible, because these points define a normal curve of
order »—1 uniquely. Since the curve C*! is a projection of the curve C*
from the point W, every element of the surface @ intersects the curve C" at
one point besides the point W, only. The proof of the lemma is concluded.

LEMMA 6. There exists a curve Y~ "T'0¥~! on the surface ®(W, C*?)
(N =n) having an (N—mn-+1)-tuple point at the point W and intersect-
ing every element at N—mn—+2 points.

By Lemma 5, we may choose the conical surface @, (W, CY-?) with
the curve CV~! lying on it. We choose a point 8, # W on the surface
®,, 8, not lying on the curve C¥~'.The projection of the curve CV-!
from the point 8, on the hyperplane 6% (containing the curve CV-?)
is the curve 2CV~!, because the element §,W intersects the curve V!
at two points. The curve 2C¥~! has a double point at the point W,eC¥ 2
(W, is the projection of the point W on é¥~2). The projections of the
elements of the surface @, are straight lines passing through the point W,
and intersecting also the curves CY %, 20V~ once more. Hence it follows
that the curve *C¥~! lies on the surface @,(W,, CY~?).

Repeating the above argument yet N —n—1 times we obtain
Dy i1 (Wy i1y O i) = D(W, 0" %) and a curve ¥ "*1(¢N-1 lying ou
this surface and having an (N —x-+1)-tuple point at the point W. Every
element of the surface & intersects the curve ¥ "*'CV~! at N—n+2
points.
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LEMMA 7. Let the curves O and ¥ "*'C*' (n>4, N > n) lie on
the surface ®(W,C"%) and pass through the point W; moreover, let W
be a multiple point of the second of these curves. If the two curves do not
possess a common tangent line at the point W, then they intersect themselves
at N points different from the point W.

For n = 4 we have ®(W, (%), C? and ¥ *CV~! having an (N— 3)-
tuple point at the point W.

We choose on the curve C? an arbitrary point 8§ not lying on the
curve ¥ 30V-1, and we project both curves from this point on the plane
of the conic C:. We obtain a curve C? passing through the point W’ (the
projection of the point W), and a curve " 20"~ possessing an (N — 2)-
tuple point at the point W', because the straight line SW intersects the
curve Y 3CN-! at N—2 points. The curves €3, ¥ ~2C¥-! intersect at
2(N —1) points, and among them at 2(N —1)— (N —2) points different
from W', since by the assumption, the curves are not touching at the
point W'. From the assumption S ¢ ® it follows that the curves €3, ¥ 30N ~!
intersect also at N points different from W, and the lemma is proved
in the case n = 4.

Assuming the lemma to be true for n = k we prove it to be true
for n = k1.

Let us choose a conical surface & (W, C*~') with the curves C¥ and
N-kON-1 lying on it, where the point W is a multiple point of the curve
N-kgN-1  Let us suppose, both the curves do not possess a common tan-
gent line at the point W. We choose a point § on the curve C}, which
does not lie on the curve V¥ *CV-1. We project both curves and the ele-
ments of the conical surface from the point § on the hyperplane con-
taining the curve C*'. We obtain two curves C*!, C* ! passing through
the point W', and the curve ¥ *t'¢V-! having a multiple point at the
point W', where the curves C¥~!, ¥~-¥+10¥-1 o not possess a common
tangent line at the point W’. Both curves lie on the conical surface with
vertex W' and directrix C*~', i.e. on the surface @,(W’, C¥2). By the
assumption, the curves 0¥, ¥N-¥+10¥-1 poggess N common points differ-
ent from W’. The curves C¥~!, ¥-k+1gN¥-! gare projections (from the
point 8) of the curves OF, ¥~*CN~! lying on the surface & (W, C*').
Since Se®, we obtain by Lemma 3, that the curves C¥, Y %OV ~! possess
also N common points different from W. Thus the lemma is true for
an arbitrary =» > 4.

In the three-dimensional space, the surfaces @ (W,, C3), @,(W,, (%)
intersect always along a curve of order 4, i.e. along a curve of order n41.
An arbitrary straight line intersects each of these surfaces al two points.
For n > 4 the straight line cannot intersect the surface @ (W, C*'), and
consequently, two conical surfaces cannot possess a common line. This
explains
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LEMMA 8. Conical surfaces @D, (W, CT "), Dy(W,, C371) (W,eCr 7Y,
WyeOr™') with a common element W, W,, and different tangent planes to
the surfaces @, and D, along that element W, W, have for n > 4

1° a finite number of common points, if the curve C*~! does mot lie on
the conical surface ®3(W,, Cy~ %), where C)~* is the projection of the curve
Cr~ ! from the point W, on the hyperplane containing the curve CY™},

2° a common curve of order n-+1, if the curve Cr~'e®y(W,, C73).

Let us intersect both conical surfaces by means of an (n—1)-dimen-
sional hyperplane not passing through the points W,, W,. By Lemma 4,
we obtain curves C}', C¥' as intersections.

Let us project the surfaces @,(W,, C* 1), ®&,(W,, O7~!) together with
the curves C?~', Cpi! from the point W, on the (n—1)-dimensional hyper-
plane containing the curve C}~'. We obtain: a surface @,(W,, Cr?)
(because W, (7!, and W, do not belong to the space in which the curve
Cr~! is contained), the curve Cf~! lying on this surface, and the curve
crt == 0L,

Case 1°. The curve O} ' intersects the surface @4(W,,Cr %) at
a finite number of points. These points (and only these) are projections
of common points of surfaces @,(W,, C*~ '), @,(W,, 07 '), and this proves
the first part of the lemma.

Case 2°. The curves: Cy~! = O}, Cfy ! lie on the surface @,(W,,
C7?7%). From the assumption it follows that both curves do not possess
a common tangent line at the point W. Hence one may apply Lemma 7.
We obtain that both curves have n+1 common points. From Lemma 3
and from the assumption that the point W,e®,(W,, C3 ') it follows
that the curves Cy~', C7 ' intersect also at »-+1 points. This means that
the common line of the surfaces @,(W,, 071~ "), @,(W,, C¥ ') is a curve
of order n+1. This curve degenerates into the single straight line W, W,
and a curve of order n which cannot be degenerated. This curve passes
through the vertices of the conical surfaces, and is a normal curve.

LEMMA 9. Let y* be a k-dimensional hyperplane touching with the

order k to the curve C™ at the point A; (k =1,...,n—1), and let A; be the

common point of the hyperplane o' and the tangent line A; A, to the curve C".

The projection of the curve C™ from the point A, on the hyperplane af~' is

the curve C*~' touching with the order k—1 to the hyperplane y*~' (the pro-
2

jection of the hyperplane y*) at the point A,.
i
Proof. By Lemma 1, the hyperplane y*~! cannot be touching with

the order greater than k—1 to the curve C"~'. Let us suppose, this order
is less than k—1. Two cases are possible:
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1° y*~! has a common point different from A4, (e.g. A.,) with the

curve C"’ -
20 k- ‘ has only the point 4; common with the curve C™' , but it

is touching to C*' with the order m < k—1.

Case 1°. The point A}, would be the projection of the point A4,, of
the curve O™ different from A4 ;. But this would mean that y* passes through

A; and A,,, intersecting the curve C" at the k41 points coincident
with the point 4; and at the point 4,,. By Lemma 1, this is impossible.

Case 2°. There would exist an (n—2)-dimensional hyperplane 4" 2

in the hyperplane of~', containing ?’k_l and intersecting the curve C"~!

besides the point A; at further n—1— (m-1) points. Consequently, the
(n—1)-dimensional hyperplane containing the point 4; and 6"~ (whence
also y*) would intersect the curve C™ at k+41-+ (n—m—2) points, but

K’
this is impossible.
LEMMA 10. Let y* be a k-dimensional hyperplane touching with the

order k to the curve C" at the point A; (k =1,...,n—1). Let A4,eC", and
let a~ contain y*. The projection of the curve C™ from the point A; on the

hyperplane o} is a curve C*~ which is also touching with the order k to

the hyperplane »* at the point A, (k =1,...,n—2).

The proof is to be performed for ¥ =1,...,n—2, since for ¥ = n—1
there is af ™! = y” ! and the hyperplane y 1 contains the curve C"~'.

Since the central projection does not change the incidence, and by
the projection from the point 4, on the hyperplane af ~1 the hyperplane »*

is left unchanged, we see that »* has a common point A; with the curve

%
C"~! of multiplicity greater than or equal to the number of common
points of »* and C™. On the other hand, by Lemma 1, y* may have at most
] .

(2
k+1 common points with the curve C"~!, and the proof of the lemma is
finished.

THEOREM 1. If the points A,,..., A, , are vertices of a simplex in
the space P™, and if the point B belonging to P" does not belong to any of the
hyperfaces of the simplex, then through the point B there passes exactly one
curve C" touching with the order k at points A, and A, ., to the hyperplanes
¥%, ¥, spanned over the simplemes:

1l n+l
Yy A1 A, ... AL,

l == —
) Vi Apdy e Ap g for k=1,2,...,n—1.

n+1
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The above theorem is true in two- and three-dimensional spaces [6].
Supposing that it is true in (n—2)- and (»—1)-dimensional spaces we
shall prove it to be true in the n-dimensional space. We shall perform
the proof in two steps:

1° we shall prove the existence of a curve C" satisfying the above
conditions,
2° we shall show that the above conditions determine the curve C"
uniquely.
Ad 1°. In the hyperplanes o}~ ' and al;] defined by means of sim-
plexes
A, 4;...4,.,, 444,...4,

let us construct the curves C7~', Ct7| passing through the points B' and
B"*! (the projections of the point B from the points A, and 4,,,), Tes-
pectively, and touching with the order ¥ (k =1, ..., n 2) at the points

4,and 4,,, resp. 4, and 4, to the hyperplanes ¥*, 9* and ¥, y spanned
over the simplexes: 2 mtl 1

Yo A, Adg... Ay,

2 for C»!;
yk: An+1An e An—k+l

n4-1

(%)

Y A Ay Apy L
1 for Ch ;.
y": AnAn—l e An—k

n

By the assumption, such curves on (n—1)-dimensional hyperplanes
exist.

Now, we prove that there exists a common line of the conical sur-
faces @,(4,, CY '), ®y(4,.,, C*7}). For this purpose let us project the
curve C7! and the surface ®,(4,.,,, C2;}) from the point A, on a? ™' —
a hyperplane containing the curve C}~!. We obtain @,(4,,,,, Cr.}) and €7},
where the curve Cj +’1" passes through the point B"*"' (the pro;ectlon
of the hyperplane ¢!, on the hyperplane af~' from the point 4, is indeed
the projection on the hyperplane af.%,) and, moreover, by Lemmas 9
and 10, is touching with the order k¥ (¥ =1, ..., n—3) to the hyperplanes
y* and »* spanned over the simplexes:

2 n

AyAg... Ay, AjA,_, ... A, 4.

On the other hand, the projection of the curve C?~' (passing through
B,) from the point A4,,, on the (n— 2)-dimensional hyperplane al,%, is
the curve O}~ passing through the point B“"**' and touching with the
order ¥ (k =1,...,n—3) at the points 4, and A4, to the hyperplanes
spanned over the same simplexes as the curve CI;}
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Let us yet remark that B"""! = B“**! because the plane 4,4, .,B,
containing the points B' and B"*', intersects a!';2, at one point, which
is simultaneously the point B“"*!' and B"*"!,

The above formulated conditions define (by the assumption) a curve
in the (n—2)-dimensional space, uniquely, and C}~* = C%;}. This means
that the curve C}~! lies on the surface @,(4,.,,, C*7%), and condition 2°
of Lemma 8 with W,, W,, C, replaced by 4,, 4, ,,, C,., is satisfied.

Thus we have shown that the common line of the conical surfaces
D, (4,, C7™Y), &,(A, ., Cri1) exists, and it consists of the straight line
A,A, ., and the curve C" passing through the points 4,, 4,.,.

We have still to show that the curve C" satisfies conditions ().

The hyperplane a,;| intersects the conical surface with vertex 4, .,
at the curve C%. 1, and the surface with vertex A, at the element 4,4,,
since the hyperplane a},?%, is touching with the order n —2 to the curve
O}~ ! at the point A4,. The straight line A, 4, is touching to the curve C*;!

n+l
at the point 4,, and by Lemma 1, this is the only common point of a;]

n+1

and C". '

Hence and from the assumption that the hyperplane spanned over

the simplex A, ... 4, ., is touching with the order k to the curve O} ! at

the point 4, (k =1,...,n—2) it follows that the hyperplane spanned

over the simplex 4, ... 4;,, is touching with the order % to the curve C"

at the point 4, (k =1,...,n—1). Similarly we prove that the hyper-

plane spanned over the. simplex 4,.,... 4, ;,, is touching with the
order k to the curve C" at the point 4,., (k¥ =1,...,2—1).

Ad 2°. Should there exist two curves of order » passing through B
and satisfying conditions (%), there projections from the point 4, on the
hyperplane o}~ would be the curves 07! and C* ! satisfying conditions (#x)
at the points 4, and 4,.,, by Lemmas 9 and 10. From the assumption
of existence of exactly one curve of order »—1 lying on the (»—1)-di-
mensional hyperplane and satisfying conditions (%) at the points A4,
and 4, ., it follows that (7' = C7?~'. Similarly, the projection of both
curves from the point 4,,, on the hyperplane o},7; would be the curve
Ch;i. We obtain a contradiction, since both curves of order n» would lie
on two conical surfaces of order n—1, simultaneously, but this is impossible,
by Lemma 8.

THEOREM 2. There exists such a projective transformation H of the
space P" into itself, which transforms a curve C" into itself.

Let the curve C" satisfy conditions (*). We define the transformation
H by means of fixed points 4,,...,4,,, and a pair of points X,, X,
of the curve C"” which correspond to themselves.

Would a point Y, not lying on the curve C" correspond to a point
Y, # X, of the curve C" by means of the transformation H, then to the
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curve C" there would correspond by means of H a curve C} # C" having
a common point X, with the curve C", and both curves would satisfy
conditions (*). By Theorem 1, this is impossible.

The transformation H will be called the Hermite transformation.

THEOREM 3. If at the projective transformation the curve C" goes into
itself, then one may mark the fixed points of the transformation in such
a manner that the curve C" satisfies conditions (x).

In that transformation a range of points lying on the curve C" cor-
responds projectively to a range of points of the same curve. Let A,
and 4, ., be fixed points of both ranges. The projective transformation

associates with the k-dimensional hyperplanes 3%, +* (k =1,...,n—1)
1 n-k1

touching with the order k to the curve C" at the points A, and 4,_,,

the same hyperplanes. These hyperplanes are coincident.

The intersection of the hyperplanes y" ', "' is a hyperplane 7,2

I,n+1

n+1
spanned over the simplex with vertices Az, ...y 4,, the fixed points of
the projective transformation. Next, the hyperpla.nes "2 4% intersect

1 n+1
n—2

'y, at hyperplanes A7® and gL;}, respectively. These hyperplanes
cannot be identical, for in other case the (n—1)-dimensional hyperplane
determined by the hyperplanes g7~° = g*:} and points 4,, 4,.,, would

contain »"~* and y""? intersecting the curve C™ at 2(n—1) points. But
1 n+1

this is impossible for » > 3, and in order that the hyperplanes g%, pr.3
be non-void sets it must be n > 3.

Thus, these hyperplanes are spanned over the simplexes

P77 Az dy.. A,

1
( ) n-'-l A -An 1 Aa-

Arguing in a similar manner we can state that the hyperplanes y",

»* intersect the hyperplanes g%, 8%, at the hyperplanes A%, ﬂn+1

n+1
spanned over the simplexes

2) ﬁk_l' A, Ay... Apyy,
n“ A4, TR S

But this means that the hyperplanes y*, 3* are of form (x).
1 n+1

First, let us suppose that k < %(n 1).
We prove that the hyperplanes y and " intersect the hyperplanes

n+1l
¥, Bk .. at the hyperplanes g5 ', ﬁn +1 spanned over disjoint simplexes.

Let us suppose that these simplexes possess at least one common
vertex. The hyperplane spanned over the simplex possessing not more
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than %+ (k—1)+2 vertices (a hyperplane of dimension at most 2%, pas
sing through 4, and A4, ,, and containing the hyperplanes pr=1t, pEd 11
would contain the curve, for in other case it would intersect this curve
at 2(k+1) points. But by Lemma 1, this is impossible. Hence it follows,
that there would be 2k > =, but this is a contradiction to the assumption.

If k < $(n—1), the vertices of simplexes which span the hyperplanes
pE—' and g%} belong to disjoint sets, and the choice of these vertices
(the notation) is not essential.

Let us suppose that k> }(n—1).

The . simplexes which span the hyperplanes A¥~', g7} must differ
by 2(n—k—1) vertices.

.Should both simplexes differ by a greater number of vertices, i.e.
by 2(n—k+h) vertices, where h =0,1,..., then there would have
k—(n—k-+h) common vertices. The hyperplanes f*~' and gX7! would
be spanned over a simplex of k— (n—k+ h)+2(n— k4 h) = n+ h vertices.
But this is impossible, since these hyperplanes do not contain points 4,
and 4, _,.

Should the simplexes differ by a smaller number of vertices, then
the hyperplane spanned over a simplex of a number of vertices not greater

2(n—k—2)
than 24 %4 —3

, 1.e. a hyperplane of dimension < n—1, passing

through the vertices A, and 4, ,, could contain the hyperplanes »*, »*.
1 n-+1

This would mean, that the hyperplane intersects the curve C" at 2(k+1)
points. But this is possible only if 2k42 < n. We have obtained a con-
tradiction, since we have supposed that 2k+1 > n.

If k> }(n—1), the simplexes which span the hyperplanes g%~' and
p%~1 must differ by 2 (n— k—1) vertices. Hence they must be of form (2)
(if we do not take into account the notation).

Thus we have proved that the curve C" is touching with the order &

to the hyperplanes »*, »* (which must be given as in conditions (*))
1 n+1

at the points A4,, 4,,,, respectively.

THEOREM 4. If the transformation H transforms a curve C" satisfying
conditions (%) into itself, then every curve C™ satisfying conditions (x) is
transformed by means of the transformation H into itself.

The theorem is true for » = 2. Assuming it to be true in an (n—1)-
dimensional space, we prove it to be true in the n-dimensional space.

Let us denote the projections of the curves (™, C" from the point
A; (A, on the hyperplane o' (ap}]) by €7~ (Cri}) and Cp~ (G—'ZI%);
respectively.

Since the transformation H transforms the hyperplane o' and the
curve O™ into itself, it transforms also the curve C7~! into itself. Similarly,
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the curve Cp7; is transformed into itself by means of the transformation
of the hyperplane a}7}. The transformation H is an Hermite transforma-
tion on the hyperplanes o ' and o%.].

The curves C?~!, C"1 satisfy conditions (**), and by the assamption,
each of both the curves is transformed into itself. Next, arguing similarly
as in Theorem 1 we may state that the curve O™ is transformed into
itself by means of the transformation H. Thus the theorem is proved.

Let a projective transformation of the space P" into itself, defined
by means of the fixed points 4,,..., 4,.,,, and by a pair of corresponding
points X,, X,, be given. The straight line X, X, intersects two (n—1)-
dimensional hyperplanes a; ', af}; at points X, , X, , such that the
cross ratio of the four points X,, X,, X, X, ., — a property of a pro-
jective transformation — is a constant value, independent of the choice
of the point X, [5]. This cross ratio will be denoted by A,,.,.

In case of an Hermite collineation we have:

THEOREM 5. A necessary and sufficient condition in order that a pro-
jective transformation be an Hermite collineation is that

11’2 = see =lk,k+l = e =}“n.n+l'

Necessity. We assume that the projective transformation is an
Hermite collineation, that is the curve C" passing through the point X,
and satisfying conditions (%) passes through the point X,.

Let us project the points X,, X,, 4,.,, 4, of the curve C" on the
straight line X,X, from (n— 2)-dimensional hyperplanes containing the
(k— 2)-dimensional hyperplanes y*~* (spanned over the simplexes 4,4, ...

1

...4A,_,) and the (n—k—1)-dimensional hyperplanes " *~! (spanned
n+l
over the simplex A, , 4, ... 4;,,) for k =1,2,..., 2.

The projections of the points X,, X, are the same points, but the
projection of the point A, ., is the point of intersection of the straight
line X, X, and the (»n—1)-dimensional hyperplane spanned by the simplex
A,... A _A,,,... Ay, for this hyperplane must be touching to the
curve C" with the order n— k at the point 4,  ,, while the (»— 2)-dimen-
sional hyperplane under consideration is touching to C" with the order
n—k—1 at the point 4, ,. Thus, the projection of the point 4, , is the
point X, . Arguing similarly we may state, the projection of the point 4,
is the point X, . Hence the projections of the points X,, X,, 4,,;, 4,
from the (n—2)-dimensional hyperplane under consideration are the
points X,, X,, X, , X, .,

The above defined (n— 2)-dimensional hyperplanes (for ¥ =1, ..., n)
intersect the curve C" at the k—1 points coincident with the point A4,
and the n—k points coincident with the point 4, ,, i.e. at n—1 points.

Hence we may apply the following theorem [3]:



104 J. Kaczmarek

The cross ratio of four (n—1)-dimensional hyperplanes passing through
four fiwed points of the curve C" and possessing a common (n— 2)-dimen-
stonal hyperplane which intersects the curve C* at n—1 points, is a constant
value.

From this theorem it follows that:
(X, X, X, X,) =... = (X, X, X, X, )=..=(X,X,X,X

Uy )’
n+1
and the pl‘OOf Of necessity iS fllllShed.

Sufficiency. Let A4,, =... =4, 4,, = ... = 4,,,,- We have to
prove that the curve C™ passing through X, and satisfying conditions (*)
passes through X,, i.e. that the projective transformation is an Hermite
collineation.

The theorem is true for » = 2. Assuming it to be true in an (n—1)-
dimensional space we shall prove it to be true in an n-dimensional space.

Should the point X, not lie on the curve C”, then at least one of the
straight lines 4,X,, 4,,, X, would not intersect the curve C" at points
different from A,,A4,,,, since the two-dimensional plane 4,4, X,
cannot intersect the curve C" at four points. Let us suppose, the straight
line 4,,,X, has no other common point with the curve C™ besides the
point A4, ,,. Projecting the curve C" and the range of points X, X,, X, , ...

, X,, from the point 4, _, on the hyperplane aﬁ+}, we obtain a curve
Cn ] satlsfymg conditions () at points A, and 4, X071, X, 407}

n+l? ajk
(k =1,...,n) belonging to hyperplanes spanned over snmplexes 4,..
.d4;... A, ,where A; Ak,a.nd(X;XQX,',]X;Z) = = (X, X, Xan 1X;n)‘

The above condition is sufficient in order thab a projective transfor-
mation defined in an (n—1)-dimensional space aj7} be an Hermlte trans-
formation. Hence X, must lie on the curve C};}, if only X eCr;}. Thus
we obtained a contradiction.
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