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On foliations with coregular factor mapping

by WLODZIMIERZ WALISZEWSKI (£.0dz)

Abstract. The notion of a foliation in the category of R. Sikorski's differential spaces (sce [2])
was introduced in [6]. In this paper, we give a sufficient, and for a [oliation of a locally connected
d.s. also a necessary, condition ensuring that the foliation has a coregular factor mapping; see [4]
and [5].

0. Introduction. For any d.s. N, we denote the set of all points of N, the
differential structure of N and the topology of N by N, F(N) and topN,
respectively. For any § < N, the d.s. induced by N on the set S will be denoted
by N, ie, F(Ng) = F(N)g (see [1]).

In [1], it has been pointed out that in the category of d.s., as in the
category of differentiable manifolds, a submersion f: M =N (called also
a coregular mapping) foliates M; to be more precise, the connected components
of f-preimages of one point sets do. On the other hand, to any foliation F on
a ds. M we can associate the factor mapping

©.1) F.. M —MJF

assigning to any point p of M the set Fp such that pe Fp and Fpe F. M/F
denotes the d.s. coinduced (seec [5]) from M on the set of all Fp, pe M.

Let us recall the notion of a foliation on a d.s. The set F of d.s. is said to be
locally homogeneous iff for any two K, Le F and points pe K and ge L there
exist AetopK and BetopL, pe A, geB, and a diffeomorphism h: K — Ly
such that A(p) = q. A set F of locally homogeneous pairwise disjoint d.s. with
M =|J{L; LeF} is a foliation of the d.s. M iff the following conditions are
satisfied:

(a) any LeF is connected and regularly lying (see [5]) in M,

(b) for any pe M there exist a neighbourhood V of p in Fp, a d.s. H and
a diffeomorphism

(0.2) ki My—Fp, xH

such that for any L€ F, any connected (in topM) component of LA U is of the
form k~'(V x {b}), be H, pe UetopM.
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THEOREM. Let F be a foliation on a d.s. M. Then its factor mapping is
coregular if the following two conditions are satisfied:

(i) for any point p of M and any open neighbourhood of p there exists
a smaller open neighbourhood U of p such that
(0.3) (F. UPY(F(M)y) = (F* T F(M))e,

(i) for any point p of M and any open neighbourhood of p there exists
a smaller open neighbourhood U of p such that the sets of the form UL, where

LeF, are connected.
Moreover, if M is locally connected, these two conditions are necessary.

For any mapping
0.4) f:8-T
we define the pull-back f*: RT— RS from the set R” of all B: T —R to R® by
J*(B) = Bof.

1. (M, F, p)<harts. Let- F be a foliation on a d.s. M. Let us consider
a diffcomorphism
(1.1) J: My— Fpy x My,

where pe W <« UetopM and pe VetopFp. If any connected component of
UnL for LeF is of the form j~*(V x {b}) for some be W, and

1.2) JwW) =(j,(w), w) for weW,
then j is called an (M, F, p)-chart.
1.1. LEMMA. For any peM there exists an (M, F, p)-chart.

Proof. From the definition of a foliation of a d.s., for any pe M there exist
UetopM, VetopFp and a diffeomorphism (0.2), where pe UV, H is a d.s.
and any connected component of UnL, LeF, is of the form
k='(V x {b}), be H. Setting for ue U

(1.3) k() = (ky (u), ko), j(u) = (ky(w), k™Y (K, (p), ky(u))
and
(1.4) W= {k“(k,(p), k,(w); ue U}.

we have the smooth mapping (1.1) and W< U.

First we check (1.2). Take any we W. Then, by (1.4), w = k™ (k, (p), k, (1)),
where ueU. So, k,(w)=k,(p) and k,(w)= ky(u) and by (1.3), j(w)
= (ky(w), k™1 (K, (w), ky(w)) = (k, (w), w). Now, take any ve V Then, setting
x=k™ (v, ky(w) we get xeU and k(x) = (v, ky(w)). Thus, k,(x) = v, k,(x)
=k,(w) and j(x) = (v, k™ !(k,(p), k,(w)) = (v, k™1 (ky (W), ky (W) = (v, w).
Therefore, jU = V x W. From (1.3) it follows also that j is one-to-one and
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j~ v, w) = k™ (v, k,(w)) for (v, w)e V x W. This yields that (1.1) is a diffeomor-
phism. Similarly, it is easy to verify that for any heH we have
k™*(V x {h}) = j~1(V x {b}), where b = k™'(k,(p), h). This ends the proof. m

The proofs of the following two propositions are not very difficult.

1.2. ProposiTION. If j is an (M, F, p)-chart, pe W, etopMy,, then setting
Uy=j"'(VxW,) we get an (M, F, p)-chart of the form
(1.5) JIUg: My, = Fp, x My, .

1.3. ProrosITION. If j is an (M, F, p)-chart, then Fx = Fj,(x), where
j&x) = (j1(x), fz(x)) for xeU.

2. Remarks on coinducing of differential structures. Let us consider
a mapping (0.4) with T = fS and § = M where M is any d.s. We recall that (cf.
[5]) f*"'F(M) is a differential structure on T called the structure coinduced
from F(M) on the set T. The d.s. (T, f*~*F(M)) may also be defined as the d.s.
N such that fM = N and for any d.s. P a mapping g from N into P is a smooth
mapping g: N — P iff the mapping gof: M — P is smooth. For any 4 = M we
have a mapping

2.1) fld: A—fA
and a ds. (fA, (f14)*~(F(M),)) coinduced from M by (2.1).

2.1. PROPOSITION. Let M be a d.s. and let f: M — T be any mapping. For
any A< M the condition

2.2) (FIA* 'F(M), = (f* ' F(M))4
ensures that
(FIA*"TFM) , = (f* T F(M)) 4.

For the proof, see [3].
As an immediate corollary from 2.1 we get

2.2. ProrosITION. For any d.s. M, any mapping f: M- T and any sets
A = B c § satisfying (2.2) and fA=fB we have

(2.3) (f1A* 'F(M), = (f|B* " F(M)y.
3. Proof of the theorem.

3.1. LeMMA. If for a foliation F on a locally connected d.s. M the factor
mapping is coregular, then condition (ii) holds.

Proof Let pcAetopM. Then from the coregularity of the factor
mapping f: M — M/F, f(q) = Fq for ge M, there exist BetopM, a ds. H and
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a diffeomorphism h: My— N,px H, where peBetopM, hBetopN, N = M/F
such that we have the commutative diagram

Mg L = Nyg * H

1
ar) PN
Nha

By local connectedness of M we have the locally connected d.s. M. Thus,
both N, and H are locally connected. We have pe AnBetopM. Therefore
h(AnB)etop(N,y x H) = (topN|hB) x topH. Then there exist B, etopN|hB
and B, etop H such that h(p)e B, x B, € h(An B), B, and B, are connected in.
N,; and H, respectively. Setting U = h™'(B, x B,) we get pe UetopM, U c 4
and the commutative diagram

AU
My — N, * Hg,
fu Pri
N,

Let Ke M/F and UNK # @. We then have (f|U)"*{K} =Un f"{K},
and f~'{K} =K. This yields UnK =(f|U)"*{K} = (pr,0h|U)" ' {K]}
= (h|U)"tpr{ ' {K} = (h{U)~*({K} x B,). Hence, by connectedness of B, in H,
it follows that UnK is connected. m

3.2. LeMMA. If a foliation F on a d.s. M satisfies (i) and (it), then (0.1) is
coregular.

Proof. Let pe M. We have, by 1.1, an (M, F, p)-chart j. From (ii) it
follows that there exists U ,etopM such that peU,cU and U,nL is
connected for LeF. Letusset W, = WU, and U, = j~'(V x W,). Assuming
that U,nL # @, Le F, we have uge Uyn L and j{ug) = (j, (uo), Jo(uo)) €V x W,
Setting b = j,(u,), according to 1.3, we get L = Fuy, = Fb, be W,. Let C be
a connected component of the set UNL such that beC. Then

(3.1) C=j LV x (b))

Recall that C < j~'(V x W;) = U, and C < L. Therefore, C = U,n L. Taking
any xe Ugn L we have j(x) = (j,(x), j,(x))e V x W,. Hence, by 1.3 it follows
that L = Fx = Fj,(x). This yields j,(x)e W,nL < U, L. On the other hand,
beUnLcUnNL and U,AL is connected. Hence U,nL < C. Thus,
Jj2(x) =b. This implies that j(x)e V' x {b}, and xej (¥ x {b}) = C. Then
UonL = C, so UynL = C. Therefore the set Uyn L is connected in topM.
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Since W, etopMy,, U,etopM and pe U,. Applying 1.3, we check that the
images by the factor mapping of the sets U, and W, are equal, ie,

(3.2) JUo=fW;, where f(q)=Fq for geM.
Now, we verify that the mapping
(3.3) S1W: Wy - fU,

is one-to-one. Indeed, according 'to 1.2 we have the (M, F, p)-chart j of the
form (1.5). Let L =f(w), weW,. The set UynL is connected in M and
weUynL. Let C, be the connected component of the set U, L such that
we Cy. According to 1.2 Cy = jo }(V x {b}), for some be W,. Then we have
Jj(w) = (j,(w), w)e V x {b}. This yields w = b. Thus, C, = jo' !(V x {w}). From
the inclusion C, < UnL and connectedness of U,nL it follows that
Co = UynL. Consequently, UonL =j~*(V x {w}), V x{w}=j(U,nL), and
{w} = pr,j(U,n L). Therefore the mapping (3.3) is one-to-one.
We have the commutative diagram

MUo A AFPVXMM
flUp Pra
\

According to (i), there exists a neighbourhood A4 of p in M such that
Ac U, and (f1A* 'F(M), < (f* " F(M))s4.
Let us set AX =f"'fA. It is easy to check that

jB=V x(A'nW,), where B=A'nU,.
Similarly, by a direct verification we get
fB=f(BaW)

and the commutative diagram

18
MB J —:vax MA'ﬂ o
flB pra
(M/F) g ERYA) Maow,

From the second of equalities (3.2) it follows that f 4 = f B. This, together
with 2.2, yields equality (2.3). The differential structure of the space (M/F),p is
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coinduced (see [4]) from M, bwthe maping f|B: B—fB. To prove that the
mapping
(fl(Bh Wl))— L (M/F)fn—’Manm
is smooth it is sufficient to notice (see [5]) that there is a smooth mapping
(f1(Bn W1))—1°f‘B: My—>Mpaw,.
This is so because of (f|(BNW,)) 'of|B = pr,0j|B. Thus, the mapping
S(BnW): Mnnw—’(M/F)fn

is a diffeomorphism. The superposition of coregular mappings (sce [4]) is
coregular. This gives the coregularity of the mapping f: My — (M/F),y, which
means that the factor mapping is coregular, m

Proof of the theorem. Lemma 3.2 ensures that conditions (i) and (ii)
are sufficient for the coregularity of the factor mapping. It results from 3.1 that
the local connectedness of M and the coregularity of the factor mapping
imply condition (ii). Let us recall that for a coregular mapping f: M =N
the differential structure F(N) is coinduced (see [S]) from M, ie, F(N)
= f*~1F(M). Then for any Ue topM, from the coregularity of the mapping
fIU: My=Nyy we get (f*~'F(M))y = F(N);u = (f|UP* " F(My) = f*
x (F(M)y). Therefore condition (i) results from the coregularity of the factor
mapping. s
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