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of the equation A%u(X)+k(r)u(X)=0

by J. MusiALeEx (Krakow)

In this paper we construct the fundamental solution of the equation
(1) APu(X)+k(r)u(X) =0,

where X = (z,, %,, T3), ¥ = -+ a;+x3, p is a positive integer greater
than 1 and & is a real entire function of the variable r. In previous pa-
pers [1] and [3] we dealt with this equation when the function &(r) is
constant.

1. Let X = (2, 2;,2;) and Y = (y,,¥,,¥,) denote two different

3
points of the Euclidean 3-space, let r = XY = () (#s—y:)’)'* denote
i=1
their distance.

DEFINITION. A function u(r) is called a fundamental solution of
equation (1) in 2 bounded domain D if 1° « is a function of class C** of
the point (X, Y) ranging in D x D, except at the diagonal, 2°  as the
function of X as well as the function of Y satisfies in D equation (1),
3° for each function W of class C*” in D and of class C**' in D, satisfying
equation (1) in D one has

r—t p—i—-1 . p—i—1
(2) W(X)= aafo [A‘u(r)‘u nW(Y)—A"W(Y)%dT“m]dSy,

d
i=0 oD

for every X ¢ D, with a; = —(4w)', where d/dn denotes a normal deri-
vative in the internal direction.

Given a function U of class C°® of the real variable r defined for
r >0 we have .

(3) AU@) = T+ 2/ 0" ) (j=0,1,2,..),
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whence the transformation
U(r) =r"W(r)
converts A’ U(r) into V().
Therefore equation (1) takes on the form
(4) TR )+ k(1) V(r)= 0.

Let us consider this equation in the complex domain with initial
data

VO0)=V'(0)=..=V* Y0 =0,
verDo)y=1, V®V0)=¢, c¢+£0.

From well-known theorems about the solution of linear equations in
complex domains ([2], p. 370) it easily follows that equation (4) has one

and only one entire solution. It may be obtained by formal computations.
Let

k(r) = Z”’b,w‘

7=0

be the development of k into the Maclaurin series. Upon setting

V(T) = 92p—2 +Z d2p+,'r"

=0

we easily obtain the system of equations

7

2 dibj_i—i‘(_sz—t—j_)!d‘-’-P+f =0 (’? :2p—2,2p—1, ...)
i=2p—2
which, together with conditions dip_. =1, dpp_; = C, determines the
coefficients uniquely.

It follows that all the coefficients d; are real, whence the function %
is real.

The function U(r) =rV(r) is obviously of form #**—-34- O(r?r-2),

THEOREM. The above constructed function is a fundamental solution
of equation (1).

Proof. Let us check conditions 3° the remaing ones being obvious.
Since

U(r) = r®340(rr-2),

we infer by (3) that

) F@TE) = (70 +E 0 0) = o)
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for j=0,1, ..., p—2, whence

- (A" L7 () = %(U(2”'2’(r)+2pr_2U(2p“s)(r))
- #(Brom) = - Zrow,

C, # 0, being a convenient constant. Let the functions « and W by of
class C** in a bounded domain D, and of class C** " in D, let the boundary
aD of D be of class C, then (see [4], p. 18)

fff (ud*W —WAPu)dY
D
pz—l i dAPTTYW i dATT
-_— — ————— — Il e ———————
= p Lf (Au an AW an )dSy.

We assume that W is a C°” regular solution of (1) in D and that W
is C**' in D. We substitute the solution of (1), U(r), into the place of « in
formula (6). Thus we can apply identity (6) to the domain D\ Kr, Kr being
a ball with centre X and radius R. This yields

fff(UA”W—WA”U)dY

D\KRg p—1
i dAPTTYW L dAtTiY
=) ff (" U—gp 4 WT)"SY-
1=0 D\KR)

The left-hand side in (7) equals zero, whence

fo (A, daP IW_AinAp‘;1_ U)dSY

i=0 oD
i dAPTT dA""’“W)
=Z ff (A WT"A U_T dSy .

©=0 JKR

We write the sum of integrals in the right-hand side of (8) in a brief
p—-1

form ) (J:—K;). Thus we show that

i=1

l.imJ0= _47:02W(X)’ IMJ1=...=MJ,,_1=O,
(9) R=0 R—-0 R—0
limEK,= ... = limK,_; = 0.
R—0 R—o0
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In view of the mean value theorem we have points @, ..., Q,—; all
€ 0Kg, such that there hold equalities

Jo= 4nR*(— C, B>+ 0 (1)) W(Q,) 7=5~ —4nC, W (X) ,
Ji = 4xR*A*W (@) O (1) 55~ 0
for i =1, ..., p—1. An analogical estimation we have for the integrals K;,
which implies (9). Thus by (8) we obtain (2).
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