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FACTOR ANALYSIS BY THE METHOD OF MAXIMUM LIKELIHOOD

1. Introduction. Many naturalists deal in their investigations with
multivariate samples that are obtained by observing some characteristics
of individuals. For example, the plant breeder records some characteris-
tics of vetch plants, the zootechnician — some characteristics of animals,
the apiarist — some characteristics of bees. The agronomist may be
interested in the contribution of individual cereal crops to the total agri-
cultural production of the administrative districts of a given province.

In many cases factor analysis solves problems typical to some empir-
ical sciences. It is based on an approximate representation of n correlated
characteristics of N individuals as a linear combination of a smaller num-
ber m (m <n < N) of uncorrelated characteristics. The corresponding
interpretation is ascribed to new characteristics that are called common
factors. The investigation consists in choosing the correct mathematical
model, in determining its adequacy and, in particular, in finding out
the number of common factors and in applying a method as simple as
Possible to estimate the coefficients (loadings) of common factors. The
factors are ordered according to their decreasing contribution to the total
variance (cf. (2.13) and further on) or according to other criteria (cf.
(4.6)).

Having obtained the relations between the given and the new uncorre-
lated characteristics, one can investigate the taxonomic problem of char-
acteristic grouping by means of factor analysis. Grouping is reached in
two steps: 1. calculation of the matrix of estimators of common factor
loadings, and 2. inclusion of a pair of characteristics (this concerns all
Pairs of characteristics) to the same group in case of approximately equal
values of loading estimators of all common factors.

The publications by Anderson and Rubin [2], Gower [7], Holzinger
[9], Thurstone [18], Fruchter [6], Mullen [14], and by the others are
concerned with factor analysis.

In this paper simple relations between three mathematical models
9f factor analysis are presented. To each of these models one of the follow-
Ing three methods is applied: 1. o, i.e. Hotelling’s principal components
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method [10]; 2. , i.e. Thomson’s method [17]; 3. %, i.e. Lawley’s method
-of maximum likelihood. It was noted that the a priori information about
the structure of the population with respect to the contributions of unique
factors (cf. Section 2) decides on the choice of the 7 - or #-method. Thus,
under these different contributions to the populations one should use
the restrictions (4.6) which in case of equal contributions are given by
(4.2). The method .# of estimating loadings can also be applied to esti-
mating parameters by the J -method.

The relation between these three methods and the methods of deter-
mining eigenvectors of corresponding matrices is shown.

A numerical example of plant breeding is used to illustrate the appli-
cation of the three methods. Programs for the electronic computer “Odra
1013” based on iterative methods are worked out in order to determine
the matrices of estimators of loadings of common factors by the methods
X, 7 and &Z. Moreover, the matrices of estimators of loadings of unique
factors in the three methods are found. In the #-method, the number
of common factors is determined by the test of significance.

Five taxonomic groups are formed out of ten characteristics of vetch
by using the matrix of estimators of loadings.

2. Linear model, assumptions and notation. Let

{2.1) A=A =[a;] = [a,a;...a,]
ba

denote the matrix of the elements a; (t =1,2,...,9; j=1,2,...,9)
arranged in a rectangular array of p rows and ¢ columns, where @; is the
4§'th column vector of the matrix A. The transpose A’ of matrix A4 is indi-
cated by the addition. of a prime (') to the letter of the matrix. The trans-

pose of vector a@; is denoted by a;. The symbols O =0 and I = I repre-
44 D

sent the zero matrix and the identity matrix, respectively. The symbol

diag (a,, @y, ..., a,) is used to denote the diagonal matrix with elements

4y, Gy ..., @, The symbol Diag [A], where A = A, is reserved to denote
»D

the matrix diag (a,y, @y, ..., @yp). The sum of the diagonal elements of
matrix A is denoted by trA.

The letters Z, F, 8 are used to represent random vectors that are
called also random multivariate variables. Moreover, the symbols F(Z)
and O(ZF) are used to denote the vector of the expected values of the
random vector Z = Z and the covariance matrix of order n X m of the

nl
vectors Z and F, respectively. In particular, we use D(Z) = C(ZZ). Let
ml

nl

2 =%; (1t =1,2,...) represent a random sample of the random vector
nl

Z = 2.

nl
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In factor analysis it is assumed that the n-variate Z = Z is connected
nl
with the variates F = F and 8 = 8§ (m < n) by the relation that can
ml nl

be presented in matrix form as the mathematical model

(2.2) Z = AF+BS,
where A = A = [a,,a,,...,a,] and
(2.3) B = diag (by, by, ..., b,).

Vectors F (with components F,, F,, ..., F,) and § (with components
8., 8,,...,8,) are called vector of common factors and wvector of umique
factors, respectively. The components of vectors F' and § are called common
factors and unique factors, respectively. The matrices A and B of loadings
of common and unique factors, respectively, are considered as the matrices
of population parameters.

The column vector @; of the matrix A is called the vector of loadings
of factor F;. The element b; of the matrix B is called the loading gf factor ’Sii'
The estimators of 4, B, a;, b, represented by the symbols A, B, a;, b;
respectively, are found by the method of maximum likelihood.

By (2.2) we have

(2.4)  D(Z) = AD(F)A'+AC(FC)B+BC(SF)A' +BD(8)B,
(2.5) C(ZF) = AD(F)+BC(SF),
(2.6) C(Z8) = AC(FS)+BD(8).

Let us assume that the n-dimensional variate Z is normally distrib-
uted. Without loss of generality we assume

(2.7) E(Z) =0 and D(Z)=2%,

nn
where Diag[X] = I and X is a positive definite matrix. We may write
this agsumption in the short form

(2.8) Z > N,(0; X).
For (2.7) and (2.2) we may assume that
(2.9) E(F) =0, ES) =0,

le. that the expected values of common and unique factors are equal
to zero. We also assume that

(2.10) DF) =1, DW®)=I, CFS) =0.

mm mn

From (2.4), (2.7) and (2.10) it follows that
(2.11) Z = AA +PB?,
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and from (2.5) and (2.6) we obtain
(2.12) C(ZF) = A, C(Z8) =

The sum of variances of the variates Z; (+ =1, 2,...,n) of vector Z

is denoted by w.
By (2.11) and (2.7), we have

m n
(213) yp =tr 2 =tr(44 +B*) =trA'A+trB® = Za;a,+ Zbg — n.
j=1 =1

The components trA'A, trB?, a;a; (j = 1,2,...,m) and b} (4 = 1,2,

., ) are variances and therefore are denoted by o§,~, T8 O, ozs We call

them in succesion: o} — total contribution of the variates Fi to v, 05 —

total contribution of the variates §; to v, o% ¥, — contribution of the va-

riate F to o%, oy, — contribution of the variate §; to the variance of the
variate Z,.

The matrix Diag[4A4'] is called communality matriz and is denoted
by diag(o%z, , 0%z, -+ OFz,). The element o%z, (¢ =1,2,...,n) of this
matrix is called communality of variable Z;.

It is easily seen that

(2.14) Diag[Z] = diag(okz,, 0Fz,) ---» Fz,) + diag(ds,, o5, ..., 0% )
and

(2.15) o% = trAA’ = tr(Diag[4A4']) = 2

The variance estimators %, o%, o Ty o5, aTe represented by trdA’,

trB, aa;, b2, respectively, and denoted by 6%, &%, o Ol g,

3. Estimation of the matrix of factor loadings by the maximum like-
lihood method. Suppose that (2.8) and (2.11) hold. Then the density
function of the random variable Z is equal to (cf. [1])

(3.1) f(z; A,B) = ¢c|Z| " exp— 32’ 2%,
where ¢ = (2x) ™2,
Let
(3.2) Z =27 =1[2,,%3,...92x5]
nN
denote a matrix, where 2, (k =1,2,..., N) represent a random sample

of the random vector Z = Z.

nl
By (3.1) and (3.2), the likelihood function of the matrix Z is of the
form

N
(3.3) L(Z,A,B) = 0N|2|leexp——2—tr2‘1R,
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where

1 ’
(3.4) R :: =5 VA/A
is a sample covariance matrix of the variables Z,, Z,, ..., Z,. According
to the maximum likelihood method we obtain the estimators of the matri-
ces A and B by differentiating In L(Z; 4, B) with respect to all elements
of matrix 4, and with respect to all the diagonal elements of matrix B.
After putting the derivatives equal to zero, we obtain equations in the
form (cf. [13])

(3.5) _NA' £+ NA' 'R =0,
m

(3.6) —NDiag[BZ'—BZ'R3'] =0

where ) - A "

(3.7) 2 =AA +B.

Instead of (3.5) and (3.6) we write
(3.8) AZYR— %) =
(3.9) Diag[R— 2] = O,

where I is given in (3.7).
Equations (3.8) and (3.9) have no umque solution.

Note that every pair of matrices A and B being the solution of the
equation.

(3.10) R—Z =0,
is the solution of equations (3.8) and (3.9).

4. Hotelling’s, Thomson’s and Lawley’s methods of factor analysis.
In this section relations are given that bind together the three following
fundamental factor analysis methods: 1. in the 5 method of principal
components [10], 2. in the 7 method of principal components [17] as a mod-
ification of the method, and 3. in the ¥ method of maximum likeli-
hood [12]. According to (3.10), the maximum likelihood estimator of
covariance matrix X is given by the matrix R. By the known matrix R
and, by (3.7), each of the three methods requires that the equations

(4.1) R = AA +B

should be solved with respect to the estimators of the elements of the
matrices 4 and B.

Note that the estimators mentioned above can be obtained by the
aximum likelihood method for the following three mathematical models.
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Model 1 is given by (2.2) under the condition that B = 0 and under re-
strictions of the form (m = n)

(4.2) AA' = A,

where A = diag(4,, 43, ..., 4,) and 4, >4, > ... > 4,.
Models 2 and 3 are given by (2.2) under restrictions (4.2) (m < n)
and

(4.3) AB?A =&,

respectively, where £ = diag(&,, &,...,&,) and & > & > ... > &,. The
meaning of the symbols is given in Section 2.

As in the preceding section, » denotes the number of variables under
observation. By the restrictions given above, the loading estimators
which are the elements of the matrices A and B are unique.

The a priori information on the contributions of unique factor in
a population structure implies the choice of the type of the restriction,
i.e. it implies the choice of the % or J method. In case of equal contri-
butions, the restrictions are given by (4.2).

Let us characterize in short the three methods under discussion.

1° The symbols A and F of Hotelling’s model

(4.4) Z =AF

nl nnnl
are designated in Section 2. Moreover, let us take a.ssumptlons (2 7 ) and
(2.10) for the random variable F. Then the estimators a@,, @, . n are
found from the equations (cf. 3.10)
(4.5) R = A4’

under the first condition that the contribution of 62171 to the wvariance
sum y (cf. § 2) of all » variables Z,, Z,, ..., Z, has as great a total as pos-
gible. Then the second condition is that the contribution of aF to the
residual part of y after elimination of 0’2 has as great a total as poss1ble
This process is continued until the total communality is analysed. This
gives the following equations (cf. (4.2)):

(4.6) AR =44, A'A=A.

From equations (4.6) it follows that the estimator of the commu-
nality matrix is given by the matrix 4 in the form

(4.7) diag (%, , 05, ..., 0F,) = 4
where o, > 0%, >... > 0% .
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2° In the J method the matrix estimators A and B can be obtained
from the equations
A (R—B%) = A4,
(4.8) A'A = A = diag(A,hgy ...y hy),
Diag[R— AA'—B*] =0,

where 4, >4, >... > 1, >0. It can be verified that, S1mlla,r1y as in 1°,

the solutions of equatlons (3.8) and (3.9) are given by A and B
From equations (4.8) and then from the restrictions for 1; it follows
that

(4.9) diag (6%, , 0%,y ++-s &}m) =41

and o}, >, >...> 0%,

It means that the factors F; are ordered according to the their de-
creasing contribution to the variance 6%. From the formal point of view
the J-method can be considered as the s#-method applied to the matrix
R—B.

3° If we use restriction (4.3), we note that the #-method requires
the solution of equations (3.8) and (3.9).

By using these restrictions in equation (3.8) we obtain

(4.10) A’'B*(R—B*)=54', A'B?A=5, Diag[R—AA —B)=

The estimators obtained by using each of the methods under assump-
tions (2.8) can be considered as the maximum likelihood estimators.

5. Solution of the maximum likelihood equations under two types of
restrictions. From the point of view of calculations, the #,J and L-meth-
ods can be reduced to finding the eigenvectors of matrices R, R—iiz,
and B (R—ﬁz), respectively. There are several methods, both exact and
approximate, to find the eigenvectors of a given matrix. In the s#-method
the exhaustion method is applied under the requirement that restriction
(4.2) is fulfilled by the eigenvectors.

Let us note that the matrices R— B’ and B*(R—B?) are unknown

matrices since B is unknown. Bis a diagonal matrix with non-negative
elements, therefore, in order to solve equatlons (4.8) and (4.10), the approx-
imate methods for estimating B? and A with the accuracy given a priort
are used.

Lawley’s iterative method to solve equations (4.10) under a given
number m of common factors is used.

This method is as follows. Let @, a,, ..., @, denote the columns

of the matrix A of equations (4.10). The symbols By and @y, Gagys- -+
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Gy AT reserved to denote the k-th approximation of the matrix B?
a.nd of the vectors a,, a,, ..., @,, respectively. The iterative process is
based on the formulas

B, = Diag|R— 2 @B

j=1
(5.1) _
Besr) = BV Ci0

where
—2 _ ’
O = BGBE, Dy =(R—Bly— D ai8i) €y
i=1

The preliminary approximation of the vectors @,, a,, ..., @, can be
reached by m successive eigenvectors @), @), - - .y Gy of the matrix R
under the conditions

0 for i #j,

5.2 (o) Wj(0) =
(5.2) 4(0)*"7(0) |1i for ¢ =4 (4,5 =1,2,...,m,...,n),

where A, >4, >... >4, >... >4, are the eigenvalues of the matrix R.
The iterative process can be ended when there are no differences between
the successive approximations, i.e. they agree within errors of rounding.
Let us note that the vectors e, (¢ =1,2,...) underlying conditions
(5.2) are the solutions of equations (4.6), i.e. they are the vectors of load-
ings of the corresponding factors F; in the s#-method.

The iterative process based on formulas (5.1) can also be applied
to solve equations (4.8) if we put

(5.3) Ci) = Bigrys

where @;,, denotes the k-th approximation of the vector a; (the j-th
column, of the matrix A of equations (4.8)).

6. Determination of the number of common factors. In order to
determine the number of common factors in a model by applying the I
and Z-methods it is suggested to use the method of vanishing of the
residual matrix (cf. (6.1)) and Bartlett’s approximate chi-square [3] test,
respeetlvely

Let 4 and B denote such estimators of the matrices 4 and B, respecti-
vely, that are the solutions of equations (4.8) for a number p <n
(p=1,2,...) given a prior:.

The matrix
(6.1) R, —=R—B*—AA’

npon

is called the p-th residual matriz.
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The number of common factors m = p, when R, ~ O, is determined
by the method of vanishing the residual matrix. In practice the system
(4.8) is solved for successive values p =1,2, ... until the corresponding
matrix R, is the null matrix within errors of rounding.

Bartlett’s approximate chi-square test is based on the test function [13]
given by

(6.2) AR UPNCAY T
i<t
with » = 3[(n—p)2— (n—+p)] degrees of freedom, where
{6.3) N’ = N—3i(@2n+5)—3p—1
and where 7¥; denotes the (¢, j)-element of the matrix R,.
The number m is determined by such a value p =1, 2, ... that gives

the value of chi-square in (6.2) and that is for the first time smaller than
the critical value x® at a given leven of confidence, say

{6.4) 1 < Xi.059
where 2,5 denotes the 59% critical value y2.

7. Numerical example. For illustration of the methods of factor
analysis given in Section 4 let us use the following example. The data
Tepresenting the observations of n = 10 characteristics of in N = 331
vetch plants have been obtained from the Chair of Plant Breeding and
Seed Production of the Agricultural College, Lublin. The following succes-
sive characteristics are numbered from 1 to 10: height of a plant (1),
height of the position of the first pod (2), weight of seeds from one plant (3),
weight of 1000 seeds (4), length of leaf (5), length of leaflet (6), breadth
of leaflet (7), number of days from germination to flowering (8), length
of pod (9), and breadth of pod (10).

Numerical calculations have been done on the electronic computer
“Odra 1013”.

Let us assume that the random variables X,, X,, ..., X,, correspond-
ing to the characteristics under consideration are normally distributed
with means p; and variances o} (i =1,2,...,10).

The sample mean

is the estimator of the mean u; of the i-th characteristic. The estimator
of the variance o> is given by the sample variance

N
- 1
8= CE =f2 (25— ;)2

i=1
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TABLE 1. Observational data

Charac- Plants
teristics
1 2 ces j L N = 331
1 xy = 104 Ty19 = 70 | ... T4 eee wl,33l = 102
2 Tqy = 34 Xog = 30 | ... Toj vee 2;2’331 = 41
% T Tio ooo| Bgg .ee| @5 331
n =10 %10,1 = 9 Z10,2= 10] ... T10,5 | --- 10,331 = 10

In view of the great number of plants (¥ = 331) we assume that
the values of random variables Z; are of the form

Py — Lee—T:
(1) ay == E o~ i %ooi=1,2,...,10;j =1,2,...,331),
[ )

i.e. they are approximately the values of the random variables with zero
means and unit variances.

Using the values z; of Table 1, we calculate the corresponding stand-
ardized values z;; from formula (7.1).

The covariance matrix R (cf. (4.6), (4.8) and (4.10)) is calculated by
using (3.4) and given in Table 2, where Z = Z = Z (cf. (3.2)) denotes the

nN 10,331
matrix with the elements 2; (¢ =1,2,...,n; j =1,2,..., N). Let us
note that, by (7.1), R is the matrix of the correlation coefficients with
unities in diagonal.

TABLE 2. Correlation matrix for n = 10 characteristics in ¥ = 331 vetch plants

Charac- 1 2 3 4 5 6 7 8 9 10
teristics

1 1,00

2 0,35 1,00

3 0,36 | 0,15 1,00

4 0,06 | 0,02 0,39/ 1,00

5 028 | 0,25| 0,111{0,10]| 1,00

6 0,25 0,25 0,08 | 0,07 0,58 | 1,00

7 0,22 | 0,18 0,04 0,07| 0,52] 0,75/ 1,00

8 0,05 | —0,05 | —0,09 | 0,09 | —0,04 | 0,07 | 0,09 | 1,00

9 0,13 0,12 0,14 | 0,16 | 0,13 | 0,14 | 0,12 | 0,07 | 1,00

10 0,13 0,21 0,03 0,29| 0,23 0,24| 0,25 0,16 | 0,45 | 1,00
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The system of equations (4.6) is solved by the method of exhaustion
(cf. [4] and [5]) that has been introduced to factor analysis by Hotelling.

The vectors of estimators of loadings for ten common factors are
given in Table 3.

The estimates &}i (j=1,2,...,10) of contribution of the successive
common factors to the variance sum of all variables are given at the bottom
of the table.

TABLE 3. Loading estimates and their contributions to the variance of the common
factors in the s#-method

Charac- Factor
teristie | 2 3 4 5 6 7 8 9 | 10
1 053 | 0,17 |—0,45|—0,256 | 0,40 —0,27 (—0,35 (—0,18| 0,19 [—0,02
2 0,49 | 0,04 |—0,33|—0,55| 0,09, 0561| 0,27| 0,10 | 0,056| 0,03
3 0,33 | 0,59 |—o0,51| 0,28 | 0,06|—0,18| 0,23 0,01 |—0,34| 0,02
4 0,31 | o0,63| 009| 052|—0,07| 0,34 |—0,07| 0,02| 0,30 (—0,01
5 0,72 |—0,30 |—0,09| 0,12 [—0,15| 0,01 |—0,30 0,49 (—0,10| 0,05
6 0,78 |—0,41| 0,04 | 0,19 [—0,02|—0,05| 0,18 |—0,11 | 0,02 |—0,37
7 0,74 |—0,43! 0,10 0,23 |—0,01 |—0,06| 0,17 |—0,25 | 0,06 0,33
8 0,11 | o,07| o0,55| 0,06 | 0,80{ 000| 0,09| 0,17 |[—0,06| 0,01
9 0,41 | o0,42| 0,38(—0,35 [—0,29(—0,44| 0,21| 0,17 0,18 0,02
10 0,54 | 0,32 0,51|—0,24(—0,17| 0,19 {—0,26 |—0,26 |—0,30 |—0,02
Estimate
2 2,87 1,50 1,31 1,01 095| 071 | 0,53 0,48| 0,38 0,25
°F7-

Using the iterative process based on formulas (5.1), equations (4.8)"
and (4.10) are solved successively for p =1,2,..., m = 5. Equations
(4.8) are solved under conditions (5.3). The p initial estimates of corre-
sponding vectors, which have been obtained by the s#-method and are
given in Table 3, are considered as a preliminary approximation of the
vector estimators @; (¢ = 1,2, ..., D).

In both methods the iterative process is ended for a given p if

|D3sy — biern)] < 0,0001,

Wwhere b,,, and by, (! =1,2,...,n) denote the elements of matrices
By, and By, ,), respectively.
The estimates are given by the k-th approximation in the form

-~

A =[Gy, Bypys -5 Q]  and B2 = BY, each.

The residual matrix R, is calculated by (6.1) for p =1, 2,3, 4, 5.
Let us note that the matrlx R given in Table 2 with unities in dla,gona,l'
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is, according to Section 2, of the form Diag[R] = I. Hence the third
equality of (4.8) and (4.10) takes the form

(1.2) B? = I— Diag[4AA’].

By (7.2) and (6.1), the elements of the residual matrix are zeros.

In the case of the #-method, the values of the test function have
been calculated from formula (6.2) for p =1, 2,3, 4,5 and compared
with the corresponding chi-square critical values. In virtue of p = 5,
N' = 322,24, the test function value is equal to 11,60. By the critical
value yio = 11,70 for five degrees of freedom we take m = 5.

The estimates of the loadings of common factors and the estimates
of their contribution to the variance of common factors are given in Ta-
bles 4 and 5. Moreover, the values of & (j =1,2,....,5) (cf. (4.3)), indi-
cating how to order the common factors of the #-method, are shown
in Table 5. The corresponding symmetrical residual matrices R, in the
ease of the ## and #-methods are given in Tables 6 and 7. Zeros, as diag-
cnal elements (c¢f. relations (6.1) and (7.2)), have been replaced by the
ostimates of the contributions to the unique factors.

‘TABLE 4. Loading estimates and their contributions to the variance of the common
factors in the J -method

Charac- Factor
teristic

1 2 3 4 5
1 047! 0,09|—0,32| 0,31 0,41
2 0,38 0,01{—0,17| 0,01] 0,29
3 0,20/ 0,35 —0,66| 0,29 —0,20
4 0,26| 0,43|—0,14| 0,03|—0,38
5 0,62 | —0,23 | —0,05 | —0,02 | —0,02
6 0,79 | —0,39| 0,10| 0,03 | —0,14
7 0,72 | —0,35| 0,14} 0,02 —0,14
8 0,13| 0,32| 0,71| 0,56| 0,02
9 0,32| 0,30| 0,03|—0,16| 0,05
10 058| 0,54| 0,27|—-050| 0,12
Estimate o%-j 2,50 | 1,13| 1,07| 0,77 0,49

Let us compare the estimates of loadings and estimates of variances
obtained in the three methods and let us consider the ordered arrange-
ment of common factors.

In the s# and J methods, the ordered arrangement of common factors
F; (j =1,2,3,4,5) is determined by their decreasing contribution to
the variance o% (cf. Section 4), while in the #-method it is defined by
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TABLE 5. Loading estimates and their contribution to the variance of common
factors in the Z-method

Charac- Factor
teristic
T 1 2 3 4 5
1 0,07 —0,37| 001| 049 0,45
2 —0,02|—0,36| —0,06| 0,16| 0,32
3 —0,08{—0,21| —o0,11| 0,76 | —0,18
4 0,11 | —0,21| —0,32( 0,33 | —0,40
5 0,00 —0,64| o0,16| 0,02| 0,05
6 0,12 | —0,82| 0,35 —0,07 | —0,06
7 0,14 [ —0,75| 0,30 | —0,11 | —0,06
8 0,98 0,07| 0,03{ 0,02| 0,00
9 0,10| —0,31| —0,38 | 0,04| 0,01
10 0,22 | —0,54 | —0,68 | —0,17| 0,02
Estimate a}}. 1,08| 2,39 0,96 1,00| 0,51
& 24,23 | 8,90| 4,16 2,79| 1,03

TABLE 6. Res1dua.l matrix R; and the estimates of contributions to unique factors
in the Z-method

!
Character- 1 9 3 4 5 ! 6 . 8 0 10
istics
1 0,41
2 0,00 | 0,75
3 0,00| 0,00 0,35
4 0,00 | 0,00| 0,00 0,59
5 - 0,00| 0,02|—0,02| 0,02 0,56
6 —0,01| 0,01 0,01 |—0,01! 0,00| 0,18
7 0,01 [—0,02| 0,00 0,00 0,00 0,00 | 0,32
8 0,00| 0,00{ 0,00| 0,00 0,00 0,00 | 0,00]| 0,06
9 0,00 |—0,01{ 0,02 |—0,02| 0,00 0,01 |—0,01| 0,00 | 0,78
10 0,00 0,01|—0,01 | 0,01|—0,01| 0,00 0,01| 0,00 | 0,01 0,04

the relation £, > & > & > & > &, where &; are defined in (4.3) and
are shown in Table 5.

The estimates “%'f (j =1, 2,3,4,5), obtained in the s-method,
are greater than the corresponding estimates of the J-method (cf. Tables 4
and 5).

The differences of the corresponding estimates 02 (¢=1,2,...,10)
in the 7 and #-methods are small, except 0.2 , (cf. Tables 6 a.nd 7 ) The
estimates 6% in the  and #-methods are equal to 5,96 and 5,94, respec-
tively, and can be considered as equal, while the estimate of the contri-
bution of five initial common factors in the s#-method is equal to 7,64.
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TABLE 7. Residual matrix B, and the estimates of contributions to unique factors
in the #-method

Character- 1 2 3 4 5 6 7 8 9 | 10
istics
1 0,42
2 0,00| 0,74
3 0,00| 0,00] 0,33
4 0,00| 0,00| 000 0,58
5 0,01| 0,02(—0,02| 0,03/ 0,56
6 —0,01| 0,01| 0,00|—0,01] 0,00/ 0,18
7 0,01 |—0,02| 0,00 0,00/ 0,00 0,00| 0,32
8 0,00| 0,00| 0,00 0,00/ 0,00 0,00 0,00/ 0,04
9 —0,01 |—0,03| 0,02|—0,04| 0,00 | 0,01 [—0,01] 0,00 | 0,74
10 0,00| 0,00| 0,00| 0,00/ 0,00/ 0,00 0,00/ 0,00]| 0,01 0,17

In the 5 and J -methods the first factor, and in the #-method the
second factor, have the greatest contributions to o%. The corresponding
contributions in the 5,  and %-methods are equal to 2,87, 2,50 and
2,39, respectively. These factors have the highest correlation with char-
acteristics 5, 6 and 7, and the smallest correlation with characteristics 8.

The interpretation of common factors may be based on comparisons
of loadings shown in Tables 3, 4 and 5. Considering Table 3 we see that
the highest correlation coefficients for first factor F, (first column) equal
to 0,72, 0,78 and 0,74, correspond to characteristics 5 (length of leaf), 6
(length of leaflet) and 7 (breadth of leaflet). They define the shape of the
leaf of vetch. We also state that the highest correlation coefficients for
factor F, (second column) equal to 0,59 and 0,63 correspond to charac-
teristics 3 (weight of seeds) and 4 (weight of 1000 seeds). We follow this
way for the remaining columns.

The characteristics with the highest correlation coefficients can serve
a plant breeder for determining the names of the successive common
factors.

Analysing the results shown in Tables 3, 4 and 5, we divide nine out
of the ten characteristics under consideration into four groups. The char-
acteristics contained in the same group have similar correlations with
the common factors. Thus the height of plant (1) and the height of position
of the first pod (2) form, the first group; then the weight of seeds of one
plant (3) and the weight of 1000 seeds (4) form the second group, the
length of leaf (5), the length of leaflet (6) and the breadth of leaflet (7)
form the third group, and the length (9) and breadth of pod (10) form
the fourth group. Characteristic (8), i.e. the number of days from germi-
nation to the end of flowering, should be treated separately because of
a small degree of agreement of this characteristic in correlation with the
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individual common factors, in contradistinction to the remaining nine
characteristics. The agreement of the correlation between this character-
istic and the others is rather small and not so high as the accordance
with respect to the nine remaining characteristics.
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A. KIELOCH i W. OKTABA (Lublin)

ANALIZA CZYNNIKOWA METODA NAJ\\VIEKSZEJ WIAROGODNOSCI
STRESZCZENIE

W pracy wskazano na proste relacje wigzace trzy modele matematyczne analizy
czynnikowej, ktérym odpowiadaja trzy metody: 1. # skladowych gléwnych Hote-
llinga, 2. 9 Thomsona, 3. £ najwiekszej wiarogodnosci Lawleya.

Do ilustracji stosowania trzech metod postuzyl przyklad liczbowy z hodowli
roflin. W oparciu o metody iteracyjne, dla ktérych ulozono programy na cyfrows
maszyne ,,Odra 1013, wyznaczono macierze ocen ladunkéw czynnikéw wspéblnych
i macierze czynnikéw swoistych w metodach #, J i Z.

Por6wnano oceny parametréw uzyskane trzema metodami.



