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On expansions of Meijer’s functions I
The object of the paper and auxiliary results

by J. LawryNowicz (LodZ)

§ 1. The object of the paper. Let i, n,p, ¢ denote arbitrary
integers such that ¢ > 1, 0 <n < p < q and 0 < m < ¢. Let 2 denote an
arbitrary complex number not equal to zero, and assume additionally for

= ¢ that |2| < 1. Furtherlet a,, ..., a; and by, ..., by be arbitrary parameters
satisfying the relations a;—by # 1,2, .. (j=1, ..,n; h=1,..,m).
Metjer’s function is defined (see [5), I, p. 369-373) by the formula
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where 9 is a contour running from -+ oco—ir t0 +oco+4r (r> 0) with
the poles by, b;+1, ... (j =1, ...,m) inside and the poles ayj—1,a;,—2, ...
{(j =1,...,n) outside . If  is a non-negative integer and x satisfies the
relations u—a; # 0, +-1, ... (j = 1, ..., n), this definition may be completed
by the formula
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without the assumption p—bp+#1,2,... for A =1,..,m (the polnts
p—1, u—2, ... need not lie outside p). The function Gpg can be defined
outside the unit circle also for p = g by '
. 1—by,y ..., 10
Gm,n(z a1, ,ap) (1 I 1y +oey P\ .
p.p bl’ -n-,bp / 1—61,..., l—ap

provided that m+n = p+1, |argz| < (m+4n—p)= and arg(l/z) = —argz.
Formulae involving Meijer’s function may be used as key formulae
from which many formulae with Bessel functions, Legendre functions
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and other higher transcendental functions follow by specializing para-
meters (see e.g. [2], II, pp. 434-444). The special functions here discussed
are widely applied particularly in physics and especially in modern physics
(cf. [6], esp. chapters 4, 5, 6, 10, 11 and 12).

Let F; denote the generalized hypergeometric series (for the de-
finition, see e.g. [2], I, p. 429). C. S. Meijer proved in the series of his

papers [5] that for a funection G2 under certain rLssumptlons, there
occur the following developments

@ |y [l r)| et me |

j=1

i 2 (— T A1,y . a -
b Sy

je=1 T=0

seey Cp, bl, veey bl )
“17 cry Q15 by ey dg

1—7,¢, ..., c,,)
dl, tee dq, ] !

1
@ [uf]reles e (e

(31, seey cp, b]_, .;-, bl+1)
al, seey al, dl, seey dq

I+1 : : :
Ty @iy eeey QL5 \ ymmt1 L—7, €1y ey €
1 11 b 1 .1 F ( ) ) v- ( ) b4 P)
l /,_Il 1)] Z /' )H—l I+1 bl+l; 1/’7 p4-1,04+1 dla I dq, 1 N

&[] ra-elente, ([ 2 =2 b By |

j=1 al, esey ap, dl, seey dl-l.l

l+1

_[1/[]](1 d)]Z 1/1 Jie 1ﬁl+1(1 dll’—..cl,...,l—czi)x

r=0 '11-dl+1; w

- 1—r,1—-a4 ..., 1—
><G$’+'i?;f+1(1/n‘1__,,’1 Ty 1‘-“”).
: 9 seny —0p-

e biy ...y b
4 1 I'(1—e Gt ( Icla + Cly Ly weey 27)
(4) I /ﬂ 7)' p+la+l 1,..,aq,d1,...,dl

Il/n[‘(l-* d;) ] Z (1/21)( 1) "B (1 dll, ”01, ey 1—0;;) .

o wl—dy o

. N+l 0, by, ..., 0
< Gpa(n) o I O

Ary ooy Qg 7]

i .
(5) [l/n F(l'—vf)lG;;‘-’{‘—';:;l-l-H-l(ﬁw

=1

CI, sevy Cl, bl, seey bp )
Qry ooy Qgy dyy ooy digyq

i+1

[l/”]’(l (‘11)] (_]_/g (__1) l+1F1+1( ryl—ep, oy 1_01;) .
0

j=1 — 1—d1,...,1—d1+1;w

a+l
p+1g+1|?

0, by, ..., b,.)

1, vy aq, T



On expansions of Meijer's functions 1 247
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1 I'l—a;) ("“
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(see [5], formulac (79), (154), (137), (51), (147), (149) respectively). The
purpose of this paper is to generalize, if it is possible, the formulae (1), ..., (6)
in such a way as to permit the generalized hypergeometric series, appearing
as coefficients, to be of an arbitrary order %, I

The first part of this paper contains the necessary auxiliary results,
the second part — a generalization of the formulae (1), (2), (3), (6), and
the third — a generalization of the formulae (4), (5). The method used
in the second part of this paper will be called the method of the exponen-
tial factor. The method used in the third part of this paper is in fact
a variant of the previous one; the main idea is to find a formula analogous
to (7) below in such a way as to keep the righthand side unchanged, while
on the left instead of the function G, there appears the function G5,
obviously under different assumptions (the necessary formula, numbered
(32), is given and proved in the first part); the corresponding paragraph
is entitled as problem of the changed parameters. The paper ends up with
an analysis of the known particular cases of the results obtained.

The methods applied are completely different from those used
by Meijer in his series of works [5], which in fact are not used in this
paper, since the formulae (201) from paper [5], IX (p. 244) and 20.5(5)
from the tables [2], II (p. 419) applied here may be cal¢ulated indepen-
dently of the series [5]. A considerable drawback of this paper is that
the conditions of applicability of the formulae obtained are given in
a form which is not very handy for practical use; this is caused by diffi-
culties concerning the problem of the behaviour of the functions .F,
and Gy, for large values of the parameters. This behaviour is extremely
complicated and there are only fragmentary and incomplete results
known in this field (c¢f. [5], IV, p. 192, footnote ®), [5], V, p. 356, foot-
note ) and [5], VII, p. 86, footnote ®)), Direct estimations, fragmentary
and also cumbersome, are not included here.

The author hopes to apply the methods presented in this paper
also to other problems.

The theorems proved in this paper were presented to the Conference
on Analytic Functions in Krakéw on September 1, 1962 (see [3]).

I should like to express my thanks to Dr T. Swigtkowski for his kindness
in reading the manusecript and making some useful improvements in the text.
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§ 2. Auxiliary results. The starting point of my considerations
is the following formula on the integral from the product of two Meijer’s
functions (cf. [4], p. 83-85):

01, svey ca
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@1y ooy Ony Qry cony Oyy npry eoey Gp)
The sets of validity of this formula are given in the following

LeMMA 1 (due to C. S. Meijer). Formula (7) is valid if m,n,p,q,
B,y v, 0,7 are integers and if at the same time one of the following five cases
occurs:
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n+4u,m4v
= Gfl+a.'9+t (nw

case (I):

®) n#0, w#0,
largn| < (m+n—3ip—3ig)n, |arge|< (p+v—}o—i7)n,

(9) O<n<p<g<p+tr—oa(l), Iptig—n<m<y,
(10) 0<rv<o, }Yotir—rv<u<r,
(11) re(dpi—by)>—1 (@G =1,..,m; h=1,..,4u),
(12) re(cpb—a;))<1l (j=1,...,m; h=1,..,»),
(13) bp—a; #1,2,... (G=1,..,% h=1,..,m),
(14) ei—dp #1,2,... (G =1,..,7 h=1,..,nu);

case (II):
n#=0, w#0,

(15)

largy) < (m+n—3ip—ign, |age|<(p+r—}o—i7)m,
(16) O<n<p<g<p+r—0, ip+iq—n<m<yg,
the conditions (10), (11), (12), (13), (14) are fulfilled and
| q D
(17) Dreby— D rean+ Hg—p+1) > (¢—p) Jmax rec;;

he=1 hm=1 a=l,.,., »
case (I1II):
#= 0 w#0

(18) i ’ ’

argn| < (m+n—3ip—3gn, |arge|< (p+r—}o—1inx,
(19) o0<r<oe, 3}ot+tr—rv<pu<r,

(®) In the quoted paper (4] in case (I) it is additionally assumed that »n # 0. This
assumption, as is seen from (V), may be rejected.
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the conditions (9), (11), (12), (13), (14) are fulfilled and

T a
(20) Zredh_ Zl‘ef’h— H{r—o+1) < (r— o) min rea;;
h=1 hw1 fe=1,...,08
case (IV):

n# 0, o=F0,
largn| < (m+n—3p—ig)x, |arge|<(p+r—}o—i7)x,
the conditions (16), (19), (11), (12), (13), (14), (17), (20) are fulfilled and

h=1 h=1 A1 hes1

case (V):
(23) #0, o©0#0, largy < @Mm+nr—3ip—13ign, n=0,

(24) O0<p<g<piti—o, Ip+ig<m<yg,
(25) O0<v<o, 1<Ku<r

and the conditions (11), (14) are fulfilled (?).

Note now that for arbitrary complex numbers z £ 0, p, § = 0 we
have

(26) 270" = BGA(frl— o) .

If rer > 0, then from Lemma 1 we immediately obtain the formulae

@) W) [ @i exp(—aft @y azi(we] 3 % )z
bp—ryc,.

= (t/n)l—b”Gﬁ'ﬁﬂ(wt - c,) (h=1,..,m),

dyy .oy d,
which are valid in view of (V) if the relations
(28) t=0, lagt<i=x,

w0, 0<r<o<t—-2, 1<u<rt

(2) In the quoted paper [4] it is moreover assumed that
by—b;#0, £1,... (G=1,..,m;h=1,..,m;j#h),
a'p;—a’-'léoa +1,.. (j=1,...,n;h=l,...,n;j-,4-h),
dy—dy #0, £1,... (G=1l,cc,ush=1,..,pn;j5=h),
a’_dk¢0’ il,ool (j= l,...,'n; = l,...,y).
These conditions may be omitted if we use as the definition of the Meijer’s function
the formula quoted here instead of formula (1) of paper [4]). The proof, as given in [4],

remaing almost unchanged. This remark was kindly communicated to me by Professor
Meijer.
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and (11), (14) are satisfied; the fermulae will be of use in further con-
siderations. Comparing the result obtained with the assumptions of the
formula 20.5(5) from tables [2], IT (p. 419) we state that if o+7 < 2(u+ ),
largw| < (u+v— 30— 47) =, then the condition

T#o+1
is superfluous. This is equivalent to the statement that if rer > 0 and
the relations (28), N
n#0, O0<n<<p<q—2 1<m<yq
and (11), (13) are satisfied, then the formulae

(29) w)f (wz)™ exp (— ta:)(tm)’G;,",;‘(w/ ' _zi’ e ::”)d
) e e

- (w/t)‘*“"G;!‘fi?;‘(l/ It d IR USS B
T ULy ey T Uy
hold, where the condition
(30) q#p+1
is superfluous provided p+q < 2(m+n), |argn| < (m+n— ip —q)x.
Now, as has been announced previously, we shall find a formula
analogous to (7) in such a way that the right-hand side will remain un-
changed, while at the left instead of the function Gp; the function G5
will appear, obviously under different assumptions. Accordingly we
remark that sta.rting from the right-hand side of formula (7) we arrvive
at the function Gpy under the integral by applying formula (29) from [4],
I (p. 86); this formula results from the properties of the Mellin transform.
Replacing the formula in question by an analogous one
” I'(bj—s) ” I'l—a;+s)

(31) fG" (
j=m+1 jmn+1

we obtain, in view of relations (30) and (31) from [4], I (p. 86) the required
formula

q) e ﬁ r(1—b;+s) ﬁr(a,-—s)

— = 79
T I

a’la- y @p

s2) | G;':;"(nw

0

bl" 7bq)G;zv( /

alq vee ap

n+tu,m+e
= Ggiaopts ('ﬂw

Cry oy Co \ O
dl’ vee d-( £l7

bl, savy bm’ 01’ sevy 0,, bm+1, eney bq)
al, seey an, dl’ vy dt, arn+1, en ey ap

In order to make the above precise we shall prove the following
Lemma 2. Formula (32) is valid if m,n,p, q, p,v, 0,7 are integers
and if at the same time one of the following four cases occurs:
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case (VI):

(8) .p#0, w #* 0‘, |
largn| < (m+n—}p—ig)m, |argo| < (p+v—io—in)n,
(83) o<m<g<p<pti—o, iptig—m<n<p
and the conditions (10), (11), (12), (13), (14) are fulfilled;
case (VII): .

(15) n#+0, ¢¢0,

largn| < (m+a—3p—ig)r, |arge| < (u+r—io—i1)m,
(34) 0O<m<g<p<ptr—o, Ip+ig—m<n<yp,
the conditions (10), (11), (12), (13), (14) are fulfilled and

p g

(35) Zreahw 2reb;,.~ Yp—qg+1) < (p—9) .min red; ;

h=1 he=1 L W
case (VIII):
=0 # 0
(18) n7 w#*0,
largn| < (m+n—ip—3g)w, |argo|< (p+v—io—37)m,

the conditions (33), (19), (11), (12), (13), (14) are fulfilled and

(36) Zrech— Zrcdh— 3(0—-7—1)> (6—7) min rea;; -
h=1 h=1 . T
case (IX):

# 0, # 0
(21) n w ’

and the conditions (34), (19), (11), (12), (13), (14), (35), (36) are

fulfilled.

largn| < (m+n—3p—3g)n, |arge|< (utr—to—~t0)m

251

Proof. The proof is analogous to that of Theorem 1 from [4], I

(p. 83-91) (?).

(?) A case analogous to (V) has not been obtained, because for m = 0, |argw|
= (u+v—3o—37)n an argumentation similar to that in [4], I (pp. 88-89) gives
no guarantee of the convergency ‘of the integral (32) in the neighbourhood of the

point 0.
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It is known (see [5], I, formula (18), p. 371, or [4], I, formula (1),
p. 82) that the function Ggp can be expressed in the form

2 %)~ Sl ] oo ] vl

(37)  Gup (ﬂm

1+#h
X[ ”I’(1+ah——a,) n p(b._%)] (’7@') .
f=n+t1 jam+l
% oF. (1+ah—b1, ...,1+ah—-bq; }
e 1+ar—ay, ...%.., 1+ ar—ay; (ﬂl)q'm—"ﬂm ’

where the asterisk * denotes that the number 1+ a— ay is to be omitted

in the sequence 1+ ar—a,, ..., 1+ a,—a, if the conditions

(38) a—a;#0,+1,... (J=1,..,n h=1,..,n;jFh),
ai—ap+#1,2,... (G=n+4+1,..,p; h=1,..,n)

are fulfilled. In the case where some of the numbers a;—a (j = n+1, ..., p;
h =1, ..,n) are natural, the respective coefficients

[ ” I'(a;— an) ” ra+am—b)|/ [ ” I'(14-an— ay) n r bf_ah)]

=1 j=n+1 fmm<+1
1#h

are to be replaced by the limit of the plOduCtm

ﬁ I'l4at—ay) >
f=n+1
{[ﬂr(af—az)ﬂr a+ai-oy)/[ H ra+a-a) [ ro—ab))
=1 J=m+1
2.1

a8 ap—>a, and the respective functions ¢Fp—y(1+az—b,, ...) by the limit
of the quotients ¢Fp—(1+ af— by, ...) and I'(1+4 af— @Gpn41) ' (1 + af — Gn4e) ¥
.. XxI'(1+a%—ay) a8 a%—ap. An analogous result holds for the funection
G5 if the conditions

(39) di—d;#0,+1,.. (G=1,..,8 h=1,..,p45 5 +h)

are fulfilled.

Moreover, it is known (see [4], I, formulae (32), (34) and (33), pp. 87-88)
that the function @75 has for m > 0, jargn| < (m+n—1ip—1ig)m an
asymptotic expansion

b" ) D (10 [Cro+ Osa(n@) " + Cpalme) *+...]

f=1

; 'b::;"(
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and also
p—1

@ad(nw) = D) ChaRS(nwe® ")
h—o

where the function G5p has for ¢ < p—1, |argyn| < (p—gq-+1)= and for
g =p—1, |argn| < {~ an asymptotic expansion
by yeery b

023 (el 227 %) ~ () exp (g~ ) (7o)

X (05 + OF () ™™+ Cim) ™"+ ..] .

In the above formulae Csn (j=1,...,m; h=1,2,..), C, (h=0,...
vy p—n), ¥, C1 (h=1,2,...) are constants and

1(p | q)) X

P q
= (p—q)"[i(q—p+1)+ hEa»—hZ‘bu].
-] -l

An analogous result holds for the function ot -

From the definition of Meijer’s functions and from the above we
infer that the functions Gom, G4r, Gaitns in (32) are defined and at
the same time the functions G},',,, , G5¢ can be expressed in the form of
generalized hypergeometric series given by formula (37) and have the
asymptotic expansions quoted above if the conditions (8), (33), (10),
(13), (14), (38), (39) and

(40) b;—dx #1,2, . (G=1,.,m; h=1,..,u),
(41) ¢i—ap#1,2,... (G=1,..,v; h=1,..,n)

are fulfilled. The integral (32) is convergent in the neighbourhood of the
point O if the inequalities (12) are wvalid, and in the neighbourhood of
the point oo if the inequalities (11) are satisfied; this results from ex-
pressing Meijer’s functions in the form of generalized hypergeometric
series and from the asymptotic expansions discussed above. Before
beginning the calculations notice that formula (32) may be applied (cf. [4],
pp. 85-86) with all the conditions mentioned above provided the supple-
mentary conditions

(42) re(h—a;) <1 (G=1,..,n; h=1,..,m)

are fulfilled.

Beginning the calculations, we use at first on the left-hand side of
formula (32), which we shall denote by I, the definition of G%z; then we
obtain

’- .

o flr(l-—c;-rs)ﬁr(df—s)

| i_ i 1 8 ym,m bry -y bg\ _-s d“"
I 2mi J G:p-(nw iy eeey g

0¥ H r(o,—s) [I rl—d;+s)
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where 7’ is a contour running from oo —i7’ to oo+ 47’ (v' > 0) with the
poles d;,d;+1,... (j =1,..,u) inside and the poles ¢;—1,¢;—2,...
(7 =1, ..., ») outside y'.

In consequence, applying the well-known theorem concerning the
inversion of a repeated infinite integral (see e.g. [1], § 177, p. 504) and
using formuly (31) we obtain

L1 /Jf(l by -+ 5) llr(l—c,+s)llr(af—s)llr ) (s

2ne il
v n I'(bi—s) [] I'(e 1] ra— a,+s) [] 1’(1 d,+s)
jemm+1 F=y+1 7=n+1

In view of (11), (12) the contour »’ runs from oo —1t7t’ to oo+ 47’ (r >0)
with all the poles a;,a;+1,... (j =1, ..,n), d;j,d;+1,.. (j =1, .., 4)
inside and all the poles b;—1,0;—2,... (j =1, ..,m), ¢;—1,¢;—2, ..
(j =1,...,v) outside y’; then

+p.m+e
I = Gn-f-o,p-i—r ( @

bl, srey bm, CI, seny O,,, bm.l._l, vy bq)
H
wl’ cery a(n’ dl, "‘7df’ an+1, seey ap

and this proves formula (32) if the conditions (8), (33), (10), (13), (14), (38),
(39), (40), (41), (12), (11), (42) are fulfilled. The conditions (40), (41) are
superfluous, because they result from (11), (12) respectively, and the
conditions (38), (39), (42) may be rejected by analytic continuation,
and this completes the proof of Lemma 2 in case (VI).

In the case where |argn| = (m+n—ip—}q)n, in view of the well-
known formulae

m—1

@' (nm) = kGERn@e® ™)+ D pa@e eI 4
h=0
p—n .
+ D) mGEg nwe® "),
h=1
m~—1
Goipnm) = 1GESme™ ")+ 3) onGpn " (ywe ™M) 1
h=0
p—-n
+ ) M@T(nae ™),
h=1

where &k, v (h =0, ...om—1), 2 (h =1, ..., p—n), 1,0 (h =0, .., m—1),
Ay (h =1, ..., p—n) are constants (see [4], I, formulae (39), (40), p. 90)
and in view of the asymptotic expansions quoted above together with for-
mula (37), condition (12) of convergency of the integral (32) in the neigh-
bourhood of the point 0 remains unchanged, but for the point oo the
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inequalities (11) must be completed by (35). Further, applying the well-
known formulae
i| by seres bﬂ)_
yoeey Qp

G'q";"(nm by yeees byg
by yueny by )}
@y 5eeey Qp ’

@y yeeny Ay
Byyeens bq) _
[ T

) =— (1/2m'){e"‘""'“ef;;;""‘(nze"

ﬂ(a,.+1Gn+l,m( -7
[ & 4

o by 5.ees I;a) - (1’27’1«){ -ﬂ"bu-ugz.m-i-l (nweni
.',

‘R‘lbu+lgh m+1( —1':{ bl perey ba )}
yeees Gp

(see [4], I, formulae (41), (42), p. 90) we state the possibility of replacing (33)
by (34). Similarly we prove that if |arg | = (z+»— }o— 31)x, then the
integral (32) is convergent in the neighbourhood of the point 0 provided
the inequalities (12) are completed by (36), but the condition (11) of
convergency in the neighbourhood of the point oo remains unchanged,
and that (10) can be replaced by (19). Finally we easily verify that if condi-
tions (34), (19) are simultaneously fulfilled and |argn|=(m+n—3}p—1iq)=,
larg w| = (p+ v— 3} 6— 37) =, then the integral (32) is convergent provided not
only relations (11), (12) but also (35), (36) are valid; this ends the proof.

The lemma proved above in case (VIII) implies immediately for
rer > 0 the formulae

r an AT N €1y ++ey Co dﬁ
(43) af (n)™ exp (—tz) (t) G".f.:( wfz dyy . d)
Cly evey Og

= (g/t)™ 5.’511( Y antr, dy, ..., d,) (h=1,..,n)
which are valid if the relations (28),
w#*0, |argo|<(ug+r—io—i7)n,
0<r<o<t-1, 1<u<t, ot+1<2(utr)
and (12), (14) are satisfied. Similarly for rer > 0 we obtain the formulae
b1y ooey bq)d_i:
Ayy eeey Gy T

(44) f(w/w)d"exp( —t)a) (t)) a.p(

b1y wn., by

_ da yn+1,m _
— PG ) =1,

provided the relations (28),
n+0, largy| < (m+n—3p—3q)n,
osm<g<p—1, 1<n<p, p+qg<2(mtn)
and (11), (13) are satisfied.
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In connection with (27), (29), (43), (44), which will be applied further
for r = 0,1, ... in the generalization of (1), ..., (6), it is to be noted that
in theorems 1A, 1B, 2A, 2B below we intend to express the function

Tiepie (o) as a series by @ii(wt), Gofil (L/nt), Gaiii(ot), Gopil (1)
respectively. Here we make general remarks concerning the choice in the
corresponding expansions of the branches of the above-mentioned func-

tions (cf. [5], I, Remark 1, p. 376 and Remark 3, p. 377) (%).

Remark 1. If the value of arg(wt) for the function G2/{: is chosen,
then the value of arg(nw) in Gifms, is determined by the conditions
arg (nw) = arg(yft)+arg(wt) and |arg(—1)* """ (y/t)| < i~.

Remark 2. If the value of arg(1/5t) for the function Gpi3Y is chosen,
then the value of arg(nw) in G3ii7:” is determined by the conditions
arg (nw) = arg (oft)+ arg(xnt) and |arg(—1)° """ (wft)| < 4=, where in the
case ¢ = p+ 1 the value of G55 oi1(1/5t) is derived by analytic continuation
along the straight line segment with the beginning at the point |nt|/(2%t).

Remark 3. If the value of arg(wt) for the function G%¥}7 is chosen,
then the value of arg(nw) in Gatém*’ is determined by the conditions

arg (nw) = arg(nft)+arg(wt) and |arg(— 1™ " (yft)| < }m.

Remark 4. If the value of arg(yt) for the function G737 is chosen,
then the value of arg(nw) in Gaitm’ is determined by the conditions
arg (nw) = arg(wft)+ arg(nt) and |arg(—1)° " Yoft)| < i=.

At the end we shall give two tests to be used for integrating term by

term the series considered further (cf. [1], § 176B, p. 500, and § 175A,
p. 495).

TEST 1. If & and f, (r = 0,1, ...) are complex (or, in particular, real)
functions of the real variable x defined in the interval f < x < oo and if
at the same time

1° the series

Z]‘f(m)

r=0

converges unsformly in any fized interval B <. x < x,, where x, is
arbitrary,
2° the function D iy continuous in the interval f < x < oo.

3° either the inteqral

[ o@D \fr(@)|der
8 r=0

() We assume here o < r— 1 in the case of expansion with respect to G:q-':-: or

6‘5;‘;:, p < q in the case of G:ﬂ?, and ¢ < p—1 in the case of Gm;"
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or the series

M

ﬁf B()| |f+(2)|do
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;
t8 convergent,

then
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TEST 2. If @ is a complex function of the real variable x defined in the
finite interval a <z < B and if f. (r =0,1,...) are complex funclions of
the real variable x defined in the interval a < x < B and if at the same time
1° the series

oc

D frla)

r=0

converges untformly in the interval a < z < 8,
2° the integral

I}
J (@) da

t8 convergent,
then

' = © f
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