ANNALES
POLONICI MATHEMATICI
XVI (1965)

On some integral transforms involving Jacobi functions
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1. A result which has recently been used by C. J. Tranter for
obtaining a solution of some dual integral equations and for obtaining
an infinite integral for dual Fourier-Bessel series (see [3], [4]) is a special
case of the Weber-Schafheitlin integral. We shall make use of this result
along with two other results for obtaining inversion formulae for certain
integral transforms involving Jacobi’s polynomials as their kernels. The
results in question, which are easily derived from the more general ones
given by Watson ([5]), are:

(i) if m is zero or a positive integer, v > —1—m, and %> 0,
then

(1.1) f 28T omy k(@) (rx) d
0

I'l+v+m) , _
_ 2,,_,I,(v+1)r(m+k)r(1—r2)’° Yk +v,v+1,7), O0<r<l1,
0, r>1,

Im(k +v,v+1,72) being Jacobi polynomials ([2]),
(ii) if m is zero or a positive integer, » > —m—%k, and k<1,
then

o

(1.2) f T o+ om+ k(@) p—1(r2) Az

0
I'(v+m+k)
27 () '(m +1)
T'(y +m +FE)r—1
27 P+ 2m +E+1)(—k—m)

P+ kv, 1), 0<r<l,

Hy(v+k,v,7?), r>1,

1) R Im 41, m b vy v+ 2m + k +1;1/r2] = Hu(v + k, v, 7%) being
Jacobi functions of the second kind,
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(iii) if m is zero or a positive integer, » > —m —k, and k¥ < 1, then
e ]

(1.3) [ @Msiamin-r(@)d (ra) do

0

Lo tm 1 k) v k 1 1,72 0 <1
2—k11(v+1)1w(m)r3m( +v+1,v+1, r3), <r<l,

I'v+m+kYyrHypk+v+1,v+1, 72)
2 rv+om+K)raA—m—=)

» and % will be assumed to be real throughout this note.

r>1,

2. In this paper we prove the following two theorems:
THEOREM 1. Let

21)  o@) = [ W' 0 T S+ B, v 1, )y () du
then ’
(2.2)  y(a)

oA +4vim)Tr+mik) [ [ e
_r(v)r(v+1)r(m+1)r(m+k)[of Iy +k, v, w?a®) d[u* p(u)] +

I'(»)I(m+1)

TToiem ik +1)I’(—k—m)! Hn(v+k, v, u*/wz)d[u”'qv(u)]],

provided
(i) »> -1, 0 <k <1 and m is a positive integer,

d 2y
@ o)

(ii) J 7" *lp(t)|dt and 6[ £ dt are convergent,

(iid) g—t[t”q)(t)] is conlinuous.

THEOREM 2. Let

(2.3) ¢(z) = f w (@R — ) T Yk v, v +1, w22y (u) du ;
then '
(2.4) y(a)

_2I'm+v+k)'(m+v+1)

T T +1)PC(m)T(m + k) [f Jm—a(v + & +1, v +1, 2*u?)d[w*™ @ (u)] +

I'(m)I'(v+1)

T Foremtk+ 1)1 —F—m)

[ Hncstr 2k +1, 051, epuaengw),
0
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provided
(i) »>—1, 0 <k <1 and m s a positive integer,

- | d o0

(ii) J t""z’"—"la"t{tmqa(t)}'dt and [ " (1) dt are convergent,
0 0

(iii) dit[tz’"(p(t)] 8 continuous.

3. The proofs of these theorems are contained in the following
lemmas.

LEMMmA 1. Let

(3.1) oo(@) = Am [ yd(oy)fy)dy
[}
and
(3.2) o-rFp(@) = [ yJyremen(@y) v (y)dy ;
(1]
then

(33)  ¢(@) = | WP~ Yl + F, v 1, 2t (u) du
provided i
(i) v> -1, k>0 and m s zero or a positive tnieger,

1 0
i) [t i) dt and [ t*TRf(2)|dt are convergent,
0 1

-] k-1
(iii) 6[ tl"'_"lzp(t)ldt 18 convergent, where A, = 2 f,((;—:_?f_(x)+k)

Proof. If » > —1, and the conditions (i) and (ii) are satisfied, then
by Hankel’s inversion theorem ([1]), we have

L4

y*f(y) =f Uy romr i (uy)u " "Fp(u)du .

Substituting the value of f(y) in (3.1), we have

[> °] =+
x*p (@) =Amf y kT (ay) dy f Uy om+ (WY YU~ " Fp (w) du
0 0

= Amf u“""w(%)d’wf Y5 (0Y) o4 2mr k() dy
0 0

o0

= Ap [ w7 p(u)du [ 1R (@t/u) T, om0 B

0

(3.3) is obtained by using (1.1). The change of the order of integration
is justified under the conditions mentioned in the lemma.
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LeMmA 2. Let ¢ () and yp(x) be defined as in (3.1) and (3.2); then
(3.4) ()

T

2I'(m +v+1)I'(v +m +k) - .
~ I (v +1)T (m+1)I m+k)[f3'"”+7‘ v, wa?) d[ut @ (u)] +

0

') (m+1) o . .
T +om+k +1)P(—k——m)wJ Hnly kv, wa) aLu "’(“)]] ’

provided
(i) »>—-1, 0 <k <1 and m 48 a positive integer,

1 oo
(i) [T f@)|dt and [ 1FF(t)|dt are convergent,
0 1

d
E{tz'gv(t)}'dt is convergent,

(i) J £
0

oy A g . .

(iv) E{t (1)} is continuous.

Proof. From (3.1) we have

(@) = 1 2 (@) = dn | 9Tyl (4)dy .

w'

If the conditions under (ii) are satisfied, then by Hankel’s inversion
theorem we have

yf(y) = EIT,J Uy 1 (uy) yo(w) du .
0

Substituting the value of yf(y) in (3.2), we have

prtkE
y(@) = f ¥4, alay) dy f W)y -r{ay)

v—1 . o.o
=T | upwan | t"J.+2m+k<t)J._1( )dt
mg 0

(3.4) is obtained by using (1.2). The change of the order of inte-
gration is justified under the conditions mentioned in the lemma.

LEMMA 3. Let

(3.5) ok (@) = Am [ yTrsamenloy)] () dy

and

(3.6) wp(@) = [ yJ @)y (y)dy ;
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then

T
(3.7) o) = [ W@ — ) T (K 4 v, v 1, w2t (w) du
0

provided
(i) v>—1, k>0 and m is zero or a positive inleger,

1 = -}
(ii) f T F ()| dE and f t*72 11 (1)|dt are convergent,

25 (y +1)'(m +- k)
I'{(m+v 1) '
LEMMA 4. Let ¢(z) and y(x) be defined as in (3.5) and (3.6); then

(3.8)  w(=)

_2'im+v+1)'(m +k+v) msm_l(v—l—k—}—l, »+1, 22/u?) o
L+ D)RC(m) T (m + k) [f wEmtet ) d{u " (u)}+

(iii) ] " w(t)|dt is convergent, where Al =

T
I'(v +1)I'(m) f Hy(v+E+1,v+1, 2?/u?) om ]
Tot2m+k 1)l (1—k—m), W) d{wre(u)} ],
provided
(i) »> -1, 0<k <1 and m is a positive integer,

+

1 oo
(ii) f t'+2m+k+1]f(t)|dt and [ ©*%f(t)|dt are convergent,
1

(iii) f groeamek dt (™ t)}ldt 8 convergent,

(iv) 7 {t p(t)} 18 continuous.

The proofs of these lemmas are similar to the proofs of the Lem-
mas 1 and 2. Thus our theorems are proved.
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