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Kato-Protter type inequalities, bounded vectors
and the exponential function

by F. H. SzarraNIEC (Krakow)

Zdzislaw Opial in memoriam

Abstract. We show how a densely defined operator in a Hilbert space can generate an
exponential function whose values are unbounded operators.

Introduction. The differentiation operator. Let / be an entire function of the
exponential order w such that

1) F@) =@ | fei=dy

for f € #%(R). Denote by %", the Paley-Wiener space of restrictions of { to
the real axis considered as a linear subspace of #%(R). The Plancherel theorem
gives us that each ¥, is a closed subspace of #?(R) and that the set

PYW = U PYW,
w>0
is a dense linear subspace of #?(R).
Consider the differentiation operator

A = id/dx,

with domain 2(A) = 2% . Then A is essentially selfadjoint. Moreover,
A generates a group U(t) = ¢4, teR, of unitary operators in #2(R), which is
nothing but the group of translation operators in .#?(R). It is an everlasting
temptation to extend this group, or rather this exponential function, from R to
all the complex plane C. Though this is not possible within the class of
bounded operators, the Paley-Wiener theorem makes it possible within the
class of unbounded operators in #?*(R). More precisely, due to formula (1),
translations of functions in 2%  can be considered in the complex domain.
This is the simplest example of the notion of the exponential function of
unbounded operators, one of the topics of this paper.
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The Schwarz inequality yields, for f e 2%,
1Af 12 < P42 1)

which is nothing but the simplest version of the classical Hardy-Littlewood
inequality ([1], see also {2]) which may be viewed as prototype of the
Kato—Protter inequality.

Finally, the Plancherel Theorem implies

L d
1A | = lkwf

where f e ##% , for some w. Since %, is invariant for the differentiation
operator A, this inequality implies that A4, when restricted to 2%, is
a bounded operator. This justifies the fact that we can think of elements of
PW as bounded vectors of the operator A.

These are the other two of our topics. The aim of this paper is to discuss
the interplay between these topics.

= | |- ool < (@F I fli-wmill = @V ISl

Inequalities of Kato-Protter type. Suppose S is a complex Hilbert space.
Let 4 be a densely defined operator in # and 2(A) its domain. The inequality
in question asserts, in its simplest form, that for f e 2(A4)*

(2) HAf 112 < WSINAS
The repeated use of (2) leads us to
PROPOSITION 1. Suppose A satisfies (2) for any fe D(A?). If fe 2™ (A)
= ﬁ 2(A"), then
n=0

(3) LA < IFIes DAt e n=1,2, ...
Proof. First we prove that

4) JAPS L < IFIH AT et D <2,

(

If n=1 this is precisely (2). Assume (4) for n—1. Then, by (2),
JA7S 17 = 144" 112 < 1AW FIARAP A L < LI Anf e D An 2 f ).

Dividing both sides by [|A"f """ we get (4) for n.
Now pass to the proof of (3). If n = 1 this is again (2). Assume (3) for n—1.
Then, by (4),

TASI < ALU=mpAn R <Dt o An s i s Dy tin
— Ilf”n/(n+ I)IIAn+ lf" 1/(n+ 1)_ -
More general form of the inequality in question is

(5) IAf ] < c, If I DA 1D =1, 2, ...
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We are interested in the case where

(6) lime, =c < + 0.

n—ao

This happens in the following situation:
ProrosITION 2 (Protter [5]). Suppose fe 2(A"*"') and
(—=1)/Re(Af,f>=0, j=1,2,...,n
Then (5) holds true with
=n+Yn ™YV 51 as n— + 0.

The case n =1 has been proved by Kato [4].

We wish to present one more example of a class of operators for which
inequality (2) holds. A densely defined operator 4 in a Hilbert space is said to
be hyponormal if

2(A) = 2(4*) and |A*f| < [Af| for [feD(4).
Notice that hyponormality is equivalent to the inequality

(AL, ALY 20, fo,f, in D(A).

(Indeed, if A is hyponormal, then the left-hand side of the inequality above

dominates | f,+ A*f, |2. Conversely, the quadratic form argument applied to
the above inequality leads to

[{fo A* 12 = KASo, S I < 1 So 171141, 117

and this implies hyponormality.)
The class of hyponormal operators contains symmetric, formally normal
and subnormal ones.

PROPOSITION 3. A hyponormal operator A satisfies inequality (2) for
fe€2(A%). Consequently, for fe€D*(A) it satisfies inequality (3).

Proof. Since fe2(A?), Af € 2(A*) (and, of course, f € Z(A4)). Thus we
have

AFI1? = CA*AS £ < 1A*AF NS < M4SN -

Notice that if A satisfies (2) for some f, then so does a4 for any complex a.

Bounded vectors. Let 4 be a densely defined operator in #. For a > 0
define

B (A) = {fe2*(4) for some b>0, |A"f|| <ba", n=1,2,..}.
The family of linear subspaces {#,(4)}.>0 is increasing in a. Put
A(A)= ) B,(4)

a>0

20 — Annales Polonici Mathematici LI
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and call members of #(A) bounded vectors of A. The linear subspaces
A,(A), a >0 as well as #(A) are invariant for A. Also #,(axA) = %, (A) for
complex a.

The following observation is crucial in our considerations.

PROPOSITION 4. Let S be a Hilbert space and A a densely defined operator
in it. Suppose f € %#,(A) and satisfies (5) and (6). Then

lAf N < call flI-

Proof. Since f e 2®(A), we can use (5). Due to (6), after passing to infinity
with n, we get the conclusion. =

Proposition 4 says in other words that if the vectors of %,(A4) satisfy (5)
and (6), then the restriction of 4 to #,(A) becomes a bounded operator.

The typical example of an operator having a rich enough collection of
bounded vectors is a normal one. Indeed,

if N is an unbounded normal operator in a Hilbert space # and E its
spectral measure, then vectors of the form E(o)f, f € 2(N) and ¢ is a bounded
Borel subset of C, belong to #(N) and #(N) is dense in #. These vectors
form a core for N.

The exponential function of bounded type and its generator. Let # be, as
considered so far, a Hilbert space and B(5) the algebra of all bounded linear
operators acting on it. Let {T(f)},>, be a semigroup of class C,. Then the
following facts concerning the semigroup {7T(t)},», are known, cf. for instance
[6], Theorem 13.36, to be equivalent:

(a) the domain of its generator A is equal to #,
(b) the semigroup is continuous in the operator norm topology,
(c) AeB(#) and T(t) = .
As a consequence (of (c)), the exponential function
zA z?A?

ZA __ o
z—oe —l+1!+ X + ...,

zeC,

which uniquely extends the semigroup {T'(f)},> o to the whole complex plane C,
can be defined and their values belong to B(s#). We call this function the
exponential function of bounded operators.

As an immediate consequence of the definition we have

(7) 4] < el#l 4l and ||e(z+h)A_ezA” < el IIAII(eIhI lFAll —1), z heC.

The Paley-Wiener pattern suggests to define the exponential function,
whose values are unbounded operators in J#, as follows. Suppose we are given
linear operators e(z): 2 —» #, zeC, where & is a Hilbert space and £ 1s its
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dense linear subspace. Then {e(z)}..c is said to be an exponential function of
bounded type on @ if there is a nested family {o#,}, >, of closed subspaces of
H such that

A) 2= #..
w>0
(A,) for each weQ and each zeC, e(2)# , < K,
(A;) the family {e(z)| Jgow},ec, for each w > 0, is the exponential function of
bounded operators on A .

[n other words, an exponential function of bounded type is an operator
valued function defined on the complex plane, which can be filled up by
a nested family of exponential functions of bounded operators. This justifies the
name we have chosen for it. (The filling-up procedure has been exploited in [7]
under somewhat different circumstances of a single subnormal operator.)

We can think of a generator of an exponential function of bounded type.
Define it as usual by

DAY= {fen: 3 ge#, |((e(z)/—f)/z)—g|| =0 as z >0},
Af = lim (e(2) f—f)/z.

z-0

Call A the generator of the exponential function {e(z)},.c. Some classical
features of such a generator can be obtained from [3]. Since for each
® >0, {e(2)l¢,}-cc: Wwhen restricted to zeR, is a C, semigroup, we can define
the generator A, of {e(z)|,¢}-er in the classical way. Because of analyticity of
{e(z)f, [ in z and due to (b)<>(c), 4,,f = lim (e(z)f—f)/z for f € # . Since the

z—=0
family {e(z)| ., }zcc, @ > 0, is nested, so is the family {4,},>0 and, consequent-
ly, the operator A defined on | ) #, by Af=A,f, if fe #, is the desired

. ®>0
generator of {e(z)},.c (in particular U A, = D(A)).

w>0

Characterization of the exponential function of bounded type. Suppose now
we are given a function z — e(z), zeC; e(z) being an unbounded closable
operator in # and %(e(z)) its domain. Define

2 = () 2(e(z)e(w)

z,ueC

and assume
(M) 2 is dense in #, e0)f =fand e(z2)e(u)f =e(z+u)f, z,ueC, feD.
The second of inequalities (7) suggests to consider, for fe2 and w > 0,

M, (f) = sup{e™ e — 1) le(z+ h)f—e(2)f |I; z, heC, h # 0};
define

2, ={fiM,(f) < oo}
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It is easy to check that 2 is a linear space, 2, < 2, if o < ®' and
M (e(wf) < e“™M (f), ueC.

This means that the linear space &, is invariant for e(u). Moreover, it is plain
that

(8) lef=f1 < (™= DM, (f).

Assume

(B,) for any w >0 there is a linear subspace 2, of 9, such that

M, N <IfI,  fe2,,

which is invariant for e(z), zeC.

Then, by (8), the operator e(u)|p, is bounded and

le()lz,, | < el

Finally, putting all these spaces together we have to know that

B) 2= 2,.

w>0
Besides this consider another set of conditions. Define for fe 2 and v > 0

N,(f) =sup{e " |e(2)f|; zeC}
and

8, ={f: N,(f) < oo}.
It is easy to check that &, is a linear space, §, < &, if w < w' and
N (ewf) < e*™N_(f), ueC.
This means that the linear space &, is invariant for e(u). Moreover,
9) le@)f 1| < e®¥IN,(f).
Assume
(C,) for any w > O there is a linear subspace &, of &, such that
N <Ifl, fe&.,
which is invariant for e(z), zeC.
Then, by (9), the operator e(z)|7, is bounded and
le@2lg, Il < e,

So e(z);, extends uniquely to a bounded operator on A » = €., which,
because e(z) is closable, is nothing else than e(z) |z, . Thus assuming

C) 2= ¢,
w>0

we also suppose that
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(C,) for any o and any feX, there is geH# such that
(e —f)/z)=gll -0 as z—0 and |jgl < w|f].

The following statement (as well as Example below and Corollary 2) sheds
some light on assumption (C,).

PrOPOSITION 5. Suppose we are given, in a Hilbert space #, a family

e ={e(2)}.cc of linear closable operators satisfying (M). If each operator
e(z), zeC, satisfies (3) for fe2(}), that is if

(10) le@f Il < ISR lley /1", n=2,3,...,.z€C,
then N, (f) = |f| for feé&, and for any ® > 0.

Proof. The only thing which requires some proof is the last part of the
conclusion. Suppose for f€ 2 (10) holds true. Since e(z)"f = e(n2)f, fixing f in
some &,, and using inequality (9), we get, for n=2,3,..., ze(C,

e~ e f | < e I T M e(nz) 11 = | fIT TN ().

The limit passage, because z is arbitrary, gives us N (f) < [ f|. Thus E. =&,
Since always || f| < N, (f), the equality N _(f) = || f|| follows immediately
for feé&,.

The characterization (a)-(c) leads us directly, after little technical work, to
the following

PROPOSITION 6. Suppose we are given, in a Hilbert space #, a family
e = {e(2)}.ec of linear closable operators satisfying (M). Then e satisfies (B,HB,)
if and only if it does (C,HC,). If the above happens, then one can choose
P,=€,, w>0.

w?

The equivalence (b)<(c) relates the aforesaid to exponential functions of
bounded type as follows.

PROPOSITION 7. Suppose we are given, in a Hilbert space #, a family
e = {e(z)}.ec of linear closable operators satisfying (M)._If e satisfies either
(B,)«B,) or, equwalently, (C\HC,) with some @ =&, w>0 and both

w?

families {9} ., {€.}., being nested, then e™ = {e( z) Ig }zec IS an exponential
function of bounded type on 9_= |) 9, = | &,.
w>0 w>0

Conversely, suppose {e(z)}..c is an exponential function of bounded type.
Then it satisfies (B)HB,) or, equivalently, (C,}HC,) with a suitably chosen
9,=6&,, o>0 and both families {F,},, {&,}. being nested.

Proof. Suppose {e(z)}..c satisfies (B,}{B,) and the operators e(z), zeC,
are closable. Take #,=9,. We show that # < %_. Suppose
fi =1 f,€2,. Since e(h) is a bounded operator on 2, for any heC,

(") CI. Corollary 2 at the end of the paper.
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each of the sequences {e(u)f,} and {e(z+u)f,} is a Cauchy one. Moreover,
since e(z)e(u)f, = e(z+u)f, and the operators e(h), heC, are closable, we get
that f belongs to 2_ < () Z(e(z) e(u)”) and e(z)"e(u)” f = e(z+u)” f. More-

z,ueC
over, e(z)"#,c #,, VzeC .

On the other hand, the equivalence (b)<>(c) leads us immediately to the
conclusion that the nested family {#},-o as well as {e(z) |, }.ec is What is
required for e to be an exponential function of bounded type.

Now suppose {e(z)},.c is an exponential function of bounded type on
2 being dense in 5. Take f € 2. Since f € # , for some w > 0 again invoking
the equivalence (b) <>(c), we get, via inequalities (7), M ..., (f) < |If || as well as
Nyaan N < IS, where A, is the (only) operator such that e(z)|,,, = e*4.

Now we want to define both &, and &, First suppose sup{|A4,]:
>0} < +00. Then set 9, =&, = {0} for 0 < a < sup{|4,]: ® >0} and
Z,=€ =2 for a>sup{|A,l: w>0}. Now suppose sup{|A,l:
w > 0} = 4 c0. Then we can find a sequence {w,}, increasing to + oo such that
|A, || < lid,.. I Vn.Set G, =&, = {0} for 0 <a < |4,,ll and &, = &, = #,,
for A, | << l4,,,,I.

Then we conclude that 2 = () 9, = () &,. This means that {e(2)}..c

®w>0 >0

satisfies (B,)}{B,) or, equivalently, (C)HC,). =

EXAMPLE. Let 4 be an operator such that 2 = 2(4) = 2(4?), A>f =0
for f € 2 and there is a net of closed subspaces #,, w > 0, of # and bounded
operators A, in #_,, @ > 0, such that Af = A, fif fe #, (such an operator
can be realized, for instance as the direct sum of bounded nilpotents of norms
tending to infinity). Then e*4 is an exponential function of bounded type,
P, = &, = 2 for any w, however, there is no &, such that ¥ = 2_ whatever
 is.

An exponential function of bounded type, when restricted to nonnegative
z’s becomes a semigroup of unbounded operators as considered in [3]. So the
theory developed in [3] is applicable here. On the other hand, one may want to
know when such a semigroup, and —in particular —a classical C, semigroup, is
extendible to an exponential function of bounded type. The following state-
ment, which is a semigroup version of the preceding one, gives the answer.

PROPOSITION 8. Suppose {T(t)},>o is a family of unbounded closable
operators in . Define

2= () 2(TE)T().

s.t>0

Suppose 2 is dense in #, TO)f =fand T(s)T@)f =T(s+1t)f, s,t>0,feD.
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Then {T(t)},>0 extends to an exponential function of bounded type on
9_=\) %5 =\ &, if either (B)H(B,) hold true with

0>0 >0
M, () =sup{e™ (e =) Tt+s)f =T®)f|; s, 1> 0},
or (C)HC,) hold true with

N (f) = sup{e”“|T(®)f; t > 0},
for some 9, =&,, © >0 and both families {2 },, {,}., being nested.

Generating exponential functions of bounded type. Here we wish to focus
our interest on the question of when an unbounded operator A generates an
exponential function of bounded type.

THEOREM. Let A be a closed densely defined operator in a Hilbert space # .
Suppose that for any feP*(A) conditions (5) and (6) hold true. Suppose,
moreover, that %(A) is dense in H#. Then for any fe B(A)

2
(11 7 Af =f+%Af+%A2f+ ..., zeC,

defines an exponential function of bounded type on 2 = | | %,(A).
>0

Proof. Take fe #(A). Since fe#,(A) for some a >0, Proposition
4 gives us |Af| < cal f|l. This means, since £,(A) is invariant for A, that the
operator A restricted to 4,(A4) is bounded (with the bound ca). To fit it in with
our previous notation set 5, = #,(A)” where a = ca. Since A is closed and the
restriction of A to #4,(A) is bounded, #, = Z(A) and the closure of the
restriction of 4 to %,(A) is equal to the restriction of A to 5 ,. Thus, the series
in (11) converges for fe#, to, say, e,(z)fes#, and the operator e(z):
f —e(z)f, fe #, is bounded (with norm < e“?l) in A#,. Letting a vary over
(0, + 0) we get the required exponential function of bounded type on
B(A). =

Theorem and Propositions 2 and 3 give us at once

COROLLARY 1. Suppose A is an unbounded closed operator with %(A) being
dense. If A is either hyponormal or satisfies

(—1)/ReCAif, f5>20, j=1,2,..., feB(A),

then {€*4},.c defined by (11) for f € B(A) is an exponential function of bounded
type on D = | ) B,(A)".
w>0
Because any power of a subnormal operator is again subnormal, so is the
exponential function it generates. Thus we get, via Proposition 3, immediately
the following (cf. Proposition 5)
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COROLLARY 2. Suppose A is an unbounded closed subnormal operator with
B(A) being dense. Then each operator e*4, zeC, satisfies (10) for f in
2= ) 2,4). '

>0

The basic ideas of this paper were presented at the 10th Operator Theory
Conference in Bucarest, June 1985. The author would like to acknowledge his
thanks to Dr. Jan Stochel for his patient assistance during preparation of the
final version of this paper.
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