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In the theory of real functions there is a well-known theorem of
Banach-Mazurkiewicz (see [1] and [3]), which deals with the metric
space C of all real continuous functions on the interval <0, 1) with the
metric

o(f, 9) = max{|f(z) —g(=)|}, f,geO',

xe(0,1)

and explains the structure of the set of all functions fe C such that for
every xe (0,1) there is

limsup (f (2 + 1) — f(@)) /b = + oo

n—0
and

liminf(f(z+h) —f(2))/h = —oo.

h—0

In the present paper we shall prove an analogue of this theorem for
the symmetric derivative.

THEOREM. Let M be the set of all functions fe C with the following
properties: for each xe (0,1) there is

limsup(f(z+h) —f(x —h))/2h = + o0,

h—>0

liminf(f(z + h) —f(@— h))/2h = —oco.
h—0

Then the set N = C—M 1is of the first category in C.
Let .
®,(w, k) = (f(a-+h)—f(@—h))/2h.

In the proof of the theorem we shall use the following lemmas:
LEMMA. There is a function e C such that

limsup @, (x, h) = + o0
h—>0 .

holds for each xe (0, 1).
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Function ¢ with the required property is constructed in [2].
Proof of the theorem. Let N = N,UN,, where

N, = {fe C: there exists e (0,1) such that limsup D,(z, h) < 4 oo},
h—0

N, = {fe C: there exists xe(0,1) such that liminf®;(x, h) > — oo}.
h—0

It is sufficient to prove that the two sets N, and N, are both of the
first category in C. We shall do it first for the set N,. Namely, we shall
prove that the complement of N, is dense in C and the set N, is of the
type F, (see [4], p. 88).

Let ¢ >0 and let K(p,¢) = {feC: o(f, p) < ¢}, where p is a poly-
nomial. We show that K(p, &) N(C—N,) #9. Every function of the
form p + e, 5 > 0, where ¢ is a function the existence of which is guar-
anteed by the lemma, belongs to C—N,. In fact, if the polynomial p
satisfies the Lipschitz’s condition with a constant L (i.e., |p(x)—p(2)|
< L|lrx—x'|, z, 2" {0,1>), then for each xe (0,1) there is

¢p+w(m’ h) = ¢p(w’ h)+’7¢¢($’ h) > —L+ﬂ¢¢(x7 h),
whence

limsup D, (%, h) = + oo.
h—0

If we put
n =¢/2lgll (gl = max{lp(2)]}),

: r€{0,1)
then, obviously, p 4+ npe K(p, €).
Let F, = {feC: there exists xe (1/n,1—1/n) such that if 0 < |h|

< 1/n, then ®,(x, h) < n} for n = 2,3, ... Since N, = J F,, it is suffi-
n=2
cient to prove that each of the sets F, is closed in C. Let » > 1 be a natural
number and let ¥, be the closure of the set F,. Let fe F,. Then there
is a sequence {fy}x—,,.. of functions f,e F, such that o(fy,f) —0. It is
easy to verify that
ggcbfk(w, h) = ®s(x, h)

for each ze (1/n,1—1/n)> and each h such that 0 < |h| < 1/n. The set
{f1s f2, ...} i8 a compact set in C, whence, according to the Arzeli-Ascoli’s
theorem (see [4], p. 167), for every ¢ > 0 there is § > 0 such that |xr —x'| < é
implies |f,(x)—fr(z')] < e for each k =1,2,... Let x;¢1/n,1—1/n)
be a point with the following property: if 0 < |h| < 1/n, then @y (zy, h) < n.
We may assume that

lim 2, = zge L n,1—1/n).

k00

Let |xy—a,] < 6 for k> ko Then
[Py, (%05 b) — Py, (x5 b)| < &]|h]
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holds for k¥ >k, and 0 < |k| < 1/n, whence

B, (T, h) < By, (@ey h) + ¢ /[h] < -+ e|h]
and
Py (®gy h) = im Py, (g, h) < n+¢/[h].
k—00

Since the last inequality holds for every ¢ >0, @(x,, h) < n. Hence
feF,.

Hence the set N, is of the first category in C. And since N, is the iso-
metric image of N, in the isometry T'(f) = —f of the space C onto itself,
also N, is of the first category in C.

COROLLARY 1. The set D, of all fe C for which there exists a symmetric
derivative in at least one point xe (0,1) is a set of the first category in C,

Proof follows from the inclusion D, = N.

COROLLARY 2. The set D of all fe C for which there exists a derivative
(in the usual sense) in at least one point xe (0, 1) is a set of the first category
m C.

Proof follows from the inclusion D < D, and corollary 1.
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