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Riemann domains over Stein spaces

by NGuyeN Van KHUE (Warszawa)

Abstract. It is proved that a complex manifold X having an envelope of holomorphy is
Stein if and only if dim H'(X, 0,) < o0 for g =1, ..., dimc X —1.

Let X and X be analytic spaces. We say that X is a Riemann domain
over X if there exists a local isomorphism n: X — X. In this note the two
following theorems are proved.

THEOREM A. Ler X be Riemann domain over a Stein space X Let

HY(X,00) =0 forq=1,...,dim;X~1.

Then

(i) O(X) separates points,

(ii) for every continuous character ¢ on ¢(X) there exists a ze X such
that (o) = a(2) for all ce O(X).

THeEOREM B. Let X be a Riemann domain over a Stein manifold X. Then
the following conditions are equivalent:

(i) X is Stein,

(ii) for every discrete sequence {z,} in X there exists a holomorphic
‘function f on X such that f(z,) # 0 and f(z,) =0 for n> 2,

(iii) for every coherent analytic sheaf & over X and for every Stein open
subset G of X the canonical map

H(X, $)®ux 0(G) ~ H°(G, ¥)

has dense image.

1. The tensor product of Fréchet modules. In this section we recall the
definition and some properties of the tensor product of Fréchet modules. The
details about this one can find in [4]. All algebras are assumed to be
commutative with unit element. Let B be a Fréchet algebra. By %(B) we
denote the category of Fréchet algebras and continuous B-linear maps. A
complex
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in € (B) is called direct if for each n there exists a continuous C-linear map
h, M,—» M, ., such that
dys i hy+h,_,d,=id.

A Fréchet B-module P is said to be free if it is isomorphic to B®, A where A
is a Fréchet space and B®, A denotes the projective tensor product of B and
A. We say that P is a D-projective Fréchet B-module if for every direct
sequence M 5 M” -0 in %(B) the map §: HOM,(P, M) -~ HOM,(P, M")
induced by g is surjective, where HOMy(P, M) denotes the B-module of
continuous B-linear maps from P into M. Note that every free Fréchet B-
module is D-projective.

Let Ec 4(B). A complex
P(E): ...-» P, . PP, >0
in ¥ (B) is called a D-projective resolution of E if
(i) P; is D-projective for j > 1,
(i) there exists a continuous B-linear map &: P, — E such that the

complex P(E)ﬂE — 0 is exact. Moreover, if P(E)fvE — 0 is direct, then
P(E) is called a direct D-projective resolution of E. Setting

P,=B®,...®,B®,E,
n+1

d,(a,® ... ®a,®u)

n—-1
=Y (-1Y 1a,®...®4;-,4;® ... ®a,®u(—1)"a,® ... @a,u,
J=1
h,u) =1®u, 6E(a®u)=au

we get a direct free resolution of E
F(E): ...~ B®,B®,E>B®,E—-E -0,
F(E) is said to be the canonical free resolution of E. Hence for the covariant
functor
E®y: %(B)— .#(B): M—»E®;M = EQ M/Im d
where
d: E®,B®M—~EQ .M, du®a®m)=au@m—u®am,
and .#(B) is the category of B-modules we can construct the left derived
functors

Tor (E, ): %(B)— .#(B)
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of EQ, putting
Tor2(E, M) = H,(F (E)®;,M).
It is known [4] that
1.1. PROPOSITION.
(i) Tor5(E, ) = E®p,
(iiy TorZ(E, F) =Tor}(F, E) for ¢ =0 and E, Fe%(B),

(iii) for every direct sequence
(1.1) 0O-M->-M-M'->0
in €(B) there exists an exact homology sequence
(1.2) ..o Tor2(E, M") > EQzM’' > EQzM - EQyM" - 0,

(v) if P(E) is a nuclear D-projective resolution of E, i.e, P; are nuclear,
then
Tor}(E, M) = H, (P(E)®M).

2. Sheaves F®gqyx, Ox. Let X be an analytic space having a countable
topology and let °y (shortly () denote the structure sheaf of X. Let F be a
Fréchet B-module. By F®gx, O we denote the sheaf over X given by the
formula

U F®gx, O(U).

2.1. ProposiTiON. Let & be an analytic Fréchet sheaf over X. Let &
satisfy the following condition:

For every relatively compact Stein open set U — X there exists a Fréchet
O(U)-module F(U) such that

(2.1) AU =FU)Q@eu, @ and TordV(F(U), O(V)) =0

for all Stein open sets V< U.
Then for every Stein open set G in X there exists a Fréchet O(G)-module
F(G) such that

(2.2) S|G = F(G)®ec @ and Tord®(F(G), O(V)) =0

Jor all relatively compact Stein open set V< G.
We need the following
22. Lemma [4] (Mittag—Leffler). Ler 0 — {E}} - {E;} —» {E]} -0 be an
exact sequence of projective systems of Fréchet spaces such that for all
i,j, i<j, the map E;— E| has dense image. Then the sequence
0— lim E; - lim E; - lim Ef —» 0
is exact. " " "
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From the definition of the projective tensor product we get the following
23. LeMMA. Let |E;} and |F;} be projective systems of Fréchet spaces
such that for all i <j the maps E; - E; and F; - F; have dense images. Then

lim (E; ®, F)) = (lim E)®,(lim F)).

Proof of Proposition 2.1. (a) First we show that for every relatively
compact Stein open set U < X and for every Stein open set V< U we have

(23) HO(V, %) = HY(U, $)®e, O(V).

Obviously (2.3) holds in the case where F(U) is free. In general, consider the
direct sequences.

(24) 0-F;—>P_,—-F_, -0,

i=1,2, where Fo = F(U); Py, and P, are free Fréchet ©(U)-modules. By
(2.1) and by the exactness of sequences (1.2) associated with the direct
sequences (2.4) we get the exact sequences

(2.5) 0—’F.'®0w)0"’Pi—1®ow)(9"Fi—1 ®0w)0_’0-

Since H! (U, F; ®gw, 0) = 0 (Proposition 3.1) we get the commutative and
exact diagram
F, ®aw)(9(V) — P, ®ow)@(V) — F_y ®0(U)(9(V)—’0
! I 1
HO(Va F; Pauv) 0) - HO(V, | Raw) 0) - HO(V, Fiy Qow) )~ 0

Therefore it follows that H°(V, &) = Fo ®eu) O(V).
(b) We write G= (J G, where V=G, and {G,} is an increasing
n=1

sequence of relatively compact holomorphically convex domains in G. For
each n consider the canonical free resolutions of the Fréchet ©(G,)
and O(G)-modules O(V)

L 06)R, 0(V) - O(V) >0

. i(9((?..)@),. oy)—-0(V)—0

By (a), Tér; ”(H°(G,, #)O(V)) =0 and the restriction maps H%(G,,,, %)
— H°(G,, &) have dense images. Hence, using Lemmas 2.2 and 2.3 to the
exact sequence of projective systems

{0(G)®* ®, £ (G} = {0(G)®?* ®, ¥(G.)}
4 = 10(G)®, #(Gp)} = {F(V)} -0,
where 0(G,)® = 0(G)®,... ®, O(G,), we get (2.2).

i



Riemann domains over Stein spaces 15

The proposition is proved.

2.4. ProPOSITION. For every coherent analytic sheaf " over a Stein space
X there exists an exact sequence

(2.6) 00 >S90
of analytic Fréchet sheaves over X such that &', & and &" satisfy condition
(22) and & = O€l,.

Proof. (a) First observe that for every coherent analytic sheaf & over X
and for every Fréchet space F the analytic Fréchet sheaf ¥ e F over X given
by the formula

U HO(U, )&, F

satisfies condition (2.1) and hence by Proposition 2.1 we infer that ¥eF
satisfies (2.2).

(b) We write X = {J G;,, where {G;} is an increasing sequence of
i=1

relatively compact open sets in X. By the Cartan Theorem A it follows that

there exists a sequence {o;} = H°(X, &”) such that {o,,} generates &, for

ze X. Hence the formula

[o o]

gv({ﬂj})= 2 ajajIU/I—’”O'j”Gj

Jj=1

defines a morphism g from & = @el; onto &”. It is easy to see that for
every relatively compact Stein open set U < X the sequence

(2.7) 0-H°(U, ¥)—>H°(U, ¥)-»H*’(U, ") -0

ist exact. Hence by the exactness of the sequence (1.2) associated with the
exact sequence (2.7) and by (a) we get

LU =H(U, Qe ® and Tor{V(H'(U, &), O(V)) =0

for every Stein open set V< U. Hence, by Proposition 2.1 it follows that &’
satisfies condition (2.2).
The proposition is proved.

3. Cohomology groups of sheaves F ®¢,(x, 0.

3.1. ProrosITION. Let X be an analytic space having a countable topology
and let F be a Fréchet O(X)-module such that Tor{™ (F, O(V)) = 0 for every
sufficiently small Stein open set V.= X. Let X be Riemann domain over X such
that HY(X, O3) =0 for = 1. Then

HY(X, F®qx O2) =0 for g=>1.
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Proof. (a) First we assume that F = O(X)®, A where A is a Fréchet
space. Then F®gqy, Og = Oze A. Let % be a Stein open covering of X. Then
% is a Leray covering for Oy and hence by hypothesis the sequence

0-0(X)->Co(U, Oz) - ...
is exact. Hence the sequence
0 0(X)®,A4-C°(U, Oge A)—
is also exact. Since # is a Leray covering for Oge A, [1], it follows that
HY(X, F®qx, Oz) =0 for g > 1.

(b) In general, consider the direct sequences (2.1) where i =1, 2, ... By
hypothesis the sequences (2.5) are exact. Hence by (a) we have

‘ Hq(xs F®0(X)(0f)g"'§Hq+p(‘f, Fp®0(X)0f)=0
for sufficiently large p where g > 1. The proposition is proved.

4. Proof of Theorem A. By a theorem of Siu we have H?(X, 0z) = O for
g > dimc X, [7].

(i) We prove (i) by induction on dim X. The case dim X =0 is trivial.
Assume that (i) has been established for all X with dimX <n and let
(X, n, X) be a Riemann domain as in Theorem A with dimX <n

(a) First we show that if Z be a Riemann domain over a Stein space Z
and if HY(Z, 0O3) =0 for q =1, then HY(Z_, O0z.)=0 for g=>1. Let N
(resp. N) denotes the nilradical of (7 (resp. that of @z) By Proposition 2.1 we
have N = H%(Z, N)®qz O, and hence N = H°(Z, N)®gz 3. Thus by
Propositions 2.1 and 3.1 we get H%Z, N)=0 for g=>1. Then by the
exactness of the cohomology sequence associated with the exact sequence

041‘\7402*@2“%0

it follows that H"(Z,,d, 0z.)=0 for ¢>1 and the restriction map 0(2)
- 0(Z.,) is surjective. Thus we can assume that X is reduced.

(b) Choose a holomorphic function g on X which is not constant on
every irreducible component of X. Since X is reduced the sequence

0> 0g5 0g— Og/509 — 0

is exact, where § = gn, and ¢ is defined by multiplication by §. By hypoth-
esis we infer that HY(V(§), g z,) =0 for g > 1, where V(§) =3~ '(0). By
(a) we get H1(V(@), Oyp) =0 for g > 1. Since (V(§), =, V(g)), is a Riemann
domain over the Stein space V(g) of dimension < n it follows that O(V(g))
separates points.

(c) We prove that the restriction map O(X)— O(V(g)) is surjective. Let
he O(V(g)). By the proof in (a) it follows that H'(V(§), Ker n) = 0, where 7
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denotes the canonical map from Ogz0, Onto Oy;. Hence h =y k for some

ke H°(V(d), Og/504)- Take a Stein open covering # = {U;}2, of X and
kje O(U) such that

Then
ki—k;=gg; on U;nU; forsome g;e0(U;nU)).

Since X is reduced and V(§) is nowhere dense it follows that
(g;)€Z' (%, Og). Hence (g;;) = d(g) for some (g;)e C*(%, Og). If we define

h=k—gg;, onU;

we get a holomorphic extension of h on X.

(d) (i) follows from (b) and (c).
_ (ii) Let ¢ be a continuous character of 0(X). By (a), it is known [3] that
X is separated by a finite subset of Ker ¢. Then, by the above hypothesis
and by considering the Koszul complexes of finite subsets of Ker ¢ separat-

ing points of X Nagel proved [5] that (ii) holds for some z,e X.
The theorem is then proved.

5. Proof of Theorem B. (i) =(ii) by Theorem B.

(ii) = (i). Since X has an envelope of holomorphy we can assume that X
is an open set in a closed submanifold Z of C¥ for some N. Let y: G - Z be
a holomorphic retraction of an open neighbourhood G of Z in C" onto Z
and let Q = y~ ' (X). It suffices to show that € is Stein. Assume the contrary,
that there exist pe Q and a polydisc 4 around p with 4 ¢ Q such that every
f€e0(Q) has a Taylor series on 4 which converges to Fe()(4). Let W be a
component of 4 N Q containing p. Let ge 4\ Q2. Consider the complex line E
through p and q. On the real segment pq from p to g there exists a first point
zeW. Then zed(WNE)nd. Let [z, c WAnEndA, z,—z. Since yzeX
there exists fe O(£2) such that f(z}) # 0 and f(z)) =0, n>2 for a subse-
quence {z,} = {z,}. Let Fe O(4) such that F|W=f|W. Then FIEAWn 4
=0 and hence f(z}) = 0. This contradics the choice of f.

(i) = (iii). Consider the exact sequence (2.6) on X for . By Propositions
24 and 3.1 it follows that the restriction map H°(X, 9’)@0@, o(G)
- H°(G, &) has dense image for every Stein open set G < X.

(iii) = (ii). Let {z;} be a discrete sequence in X. Let {G,} be disjoint Stein
open neighbourhoods of z; and let G = U G;. Then G is Stein. Applying (ii1)

to G and to the coherent analytic sheaf 7 assocnated with {z;}, j > 2, we have

g =1tim ) fg7, f.-"eﬂiﬁ »J), g7 0(G)

2 — Annales Polonici Mathematici XLV.1
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where ge H°(G, J), g(z,) # 0. It follows that ﬁ;°(z,) # 0 for some (ng, i) and
hence (i) holds.
The theorem is proved.

6. An application of Theorem A. Let X be a reduced analytic space and
X a reduced Stein space of dimension dim X. We say that X be an envelope
of holomorphy of X if there exists a holomorphic map 6: X - X with
discrete fibre such that the map : 0(X) — 0(X) induced by @ is surjective. It
is known [6] that every Riemann domain over a Stein manifold has an
envelope of holomorphy.

Consider the submanifold X of C>\0, [6], given by

X =1z, 23, 23): 23 =2, 2,} \0.

Then X = V(z22—2,z,) is an envelope of holomorphy of X and, moreover,
the restriction map O(X)— O(X) is an isomorphism. This implies that X
does not admit an envelope of holomorphy which is a manifold.

In this section we prove the following

6.1. THEOREM. Let X be a complex manifold having an envelope of
holomorphy W. Then X is Stein if and only if dim HY(X, Ox) < oo for
q= 1, cery dich—l.

Proof. Let n: W— W be the normalization of W, Then W is Stein [2].
Since 0: X — W has discrete fibre, it follows that 6~ (N (W)) is rare in X [2]
(Remark 0.43), where N (W) denotes the non-normal locus of W. Hence there
exists a holomorphic map §: X — W such that zf = 0 [2] (Proposition 2.28).
Since 8 has discrete fibre, by the normality of Wit follows that f is open. By
Theorem A, Theorem 6.1 is an immedidte consequence of the following

6.2. ProrosiTION. Let Z be a complex K-separable manifold, i.e., there
exists a holomorphic map © = (n,, ..., ®,) with discrete fibre from Z into C",
and dim H*(Z, ;) < «© for g > 1. Then

HYZ,0;) =0 for q=1 and O(Z) separates points.

Proof. Let g =(g4, ..., g, be a holomorphic map from C" into C" with
discrete fibre. Then

(6.1) dim. ¥(g,, ..., §) =n—k forall zeZ.

By (6.1) and by a lemma of Siu [8] it follows that the sequence

®
0= Ozy..ii- 1) = Oziayoeiiv— v = Oziay,niio = 0

is exact, where ¢ is defined by multiplication by §,. Thus, by hypothesis and
by induction on k we get

(6.2) dim HY(Z, Oz,4,...5)) <© for g>1 and k=0,..., n.
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We prove by the decreasing induction on k the following formulae:

H"(Z, 01/(]['_"']'.)) = 0 fOl’ q 2 1,

H°(Z, Oyt,...7,) scparates points of V(fy, ..., /i)

for all holomorphic maps f =(f}, ..., f,): C" — C" with discrete fibre, (6.3), is
trivial. Assume that (6.3),, has been established for k < m < n. Fix ¢ > 1. By

(6.2) and since the subspace of ((C") spanned by (f;,fZ,...) is infinite
dimensional we find f=a,f,+ ... +a,/[ € 0(C")\0 such that

qu(Z, @z/(fl....,]'k_ 1)) =0.

Since f, is not constant on every irreducible component of V(f}, ..., fi-1)

it follows that the map (f;, ..., fi—1» /s fi+1> ---»fa): C"— C" has discrete
fibres. Hence the sequence

(6.3),

is exact where ¢ is defined by mutiplication by . By (6.3), it follows that the
map

@q: H‘I(Z’ 02,(]1,....]&_1))_’ Hq(z’ COZ/(fl ..... fk_l))

induced by ¢ is surjective. Combining this with the relation Im ¢,

also that the restriction map

HO(Z: @ZI(JI.‘--.]k— l)) - HO(Z’ (Oz/(flo----fk— l'f))

is surjective. Then by induction hypothesis it is easy to see that
H%(Z, Oyq,....1,_ ) separates points of V(] ..., f— ). Hence (6.3),_, holds.

The proposition is proved.

63. Remark. The proof of Proposition 6.2 is similar to that of the first
part of Theorem B in [8].

Since every Riemann domain over a Stein manifold has an envelope of

holomorphy the following is an immediate consequence of Theorem 6.1 and
Proposition 6.2,

6.4. CoroLLARY [8] (Theorem B). Let X be a Riemann domain over
a Stein manifold. Then X is Stein if and only if dim HY(X, Ox) < c© for
g=1,...,dim¢X—1.

6.5. ProposiTiON. Let X be a normal analytic space of dimension <5
having an envelope of holomorphy. Then X is Stein if and only if
dim HY(X, Oy) < oo for 1 £ q <dimcX.

Proof. By the proof of Theorem 6.1 there exists an open embedding
6 of X into a normal Stein space W such that the map §: O(W) - 0(X)
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is surjective. Hence by Theorem A it suffices to check that HY(X, 0g) = O for
g > 1 and for every Riemann domain X over a Stein space X of dimension
< § satisfying the condition dim H?(X, (g) < o for 1 < g <dim¢X. Take
a holomorphic function f on X such that f is not constant on every
irreducible component of X and S(X) where S(X) denotes the singular locus
of X. Since the subspace of O(X) spanned by (f,f2,...) is infinite dimen-

sional, by hypothesis and by the theorem of Siu [7] there exists g
p
=) a a;f/ # 0 such that GHY (X, 0Og) =0 for q > 1. Consider the exact
j=1

sequence

0> g0z~ Og— Ogjz0q >0

where ¢ is denoted by multiplication by g. Since § is not constant on every
irreducible component of X and S(X) it follows that supp Ker ¢ is an
analytic subset of V() » S(X) of dimension < 3. Hence, by a theorem of Siu
[7] we have HY(X, Ker ¢) =0 for g > 3. Then, by the exactness of the
cohomology sequence it follows that for every q > 2 the map ¢,: H? (X, Og)
— H%(X, g0z) induced by ¢ is surjective. By hypothesis, considering the
€xact sequence

0—-g0g— Og - U504 0

we infer that dim HY(X, Ogjzog) < © for g > 1. Applying the induction
hypothesis to the Riemann domain (V(g), Ogze,) OVer the Stein space
V(g), (Ox,w ) it follows that every map 7' Hi(X, §Og) - H (X, 0y) induced

by i is surjective where g > 1. Then, by the inclusion Im : c GHY(X, 03) we
infer that HY(X, Og) =0 for g > 1.
The proposition is proved.
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