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On the convergence of multistep methods for nonlinear
two-point boundary value problems

by TADEUSZ JaNkowskl (Gdansk)

Abstract. A wide class of multistep methods for nonlinear two-point boundary-value
problems is considered. Suflicient conditions for convergence and error estimates are given. The
convergence theorems are stated under the assumptions that partial derivatives of the increment
function F and g satisfy the Lipschitz or Perron conditions.

1. Introduction. We study the application of numerical methods to very
general nonlinear two-point boundary value problems of the form

(1) y@y=f(t, y@®), tel=[a,bl,a<b,

() g(y(a), y(b)) = 0,

where f: I xR?—RP? is continuous and g: R? xRP—R?. We also associate
with the equation (1) the initial condition

(3) y(a) = seR?.

Under the assumption that f satisfies the Lipschitz condition with respect
to the second variable, the initial value problem (1-3) has a solution ye C*(I)
(C1(I) is the space of all functions of class C* from I into R?). Now, if s is a root
of the equation '

C) ®(s) = g(s, y(b; 5)) = 0,

then y is also a solution of the boundary value problem (1-2). It is well known
that if in addition the function f(¢, ) is of class C! for fixed ¢, then Z—Js)(t; 5)
exists and is the fundamental solution of the problem

{Y'(t; ) =f,(t, y(t; 9)Y(t; 5), tel,

G) Y@ ) =1,

so Y(t; s) = %(t; s). To find a solution s of (4), iterative methods can be used.

We apply here the Newton method. For this we have to assume that g is of
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class C! to get

(6) @'(s) = B,(y)+B,(») Y (b; s),

where

o B,0) = s2~(4(a), ¥b),  By0) = == (y(a), y(b).
’ dy(a) oy(b)

Now the Newton iterates are defined by

(8) Sie1 = 8§—(P(s))7 D), j=0,1,..

Our task here is to find a numerical solution y, of BVP (1-2). The basic
idea is to replace the solutions y and Y by the approximations y, and Y,. We
consider a partition of I:

a=ty<t <..<ty=b, wheret,, =t,+h,n=01,...,N—1,

and h = max_h,. Our analysis usually refers to a family of such nets in which
N — oo while h—0. At each point t, we seek vectors yi = y,(t,; s) and matrices
Y] = Y,(t,; s') which are to approximate y(t,; s;) and Y(t,; s;), respectively.
They may be defined by the quasilinear nonstationary multistep (k-step)
method of the form

(9) Z ai(tn’ hn)y'ril+l = hnF(tm ey tn+ln hna y{l’ seny yir+k)
= hn'ﬁ(tn’ hn’ y{l)i ak = 1:

k
(10) Z ai(tm hn) y_;lj'l"l' = hn z Fi(tm ey tn+k’ hm }’{n very y;lx+k) Klj+i

i=0
k
=h Z (l)Yn-H,
i=0
for n=0,1,...,N—k, j=0,1,..., where y/ and Y/ are given for
i=0,...,k— 1 ] =0, 1, ... Here F; denotes the partial derivative of F with

respect to the (k+3+z)th variable. The Newton iterates {s/} are now defined
for any s° by

(1) S = I (BI+B{Y) g(s vk, =0,1,...,

where Bi=g,(s', k), B} =g,(s', ), and g, and g, denote the partial
derivatives of g with respect to the first and second varables, respectively.
Actually ¢’ is a function of h because yj; and Y§ are computed as functions of h,,.

Almost all results known to me concern the convergence of onestep
methods to the solution of (1-2) under the assumption that the corresponding
increment function satisfies the Lipschitz condition. The centered Euler method
is efficient and frequently used.
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Numerical methods for BVPs were considered by many authors (see for
example [2, 5-9]). Keller in [6—7] obtained his results for isolated solutions of
(1-2) (“locally unique”).

Let g(u, v) = Byu+B,v+ B;, B,eR? where B, and B, are p x p matrices.
One-step methods for linear BVPs discussed in [5] are special cases of (9-11).
Sufficient conditions for convergence were obtained under the Lipschitz
condition on the partial derivatives of the corresponding increment function.

In the present paper we discuss the quasilinear multistep method (9-11)
and formulate some sufficient conditions for its convergence. This convergence
is obtained under the assumptions that F, and g, satisfy the Lipschitz or Perron
conditions. Estimates of errors are also given.

2. Convergence and consistency. We need some definitions,

DEerINITION 1. We say that the method (9-11) is convergent to the solution
o of BVP (1-2) if
lim max [y—o(z)l =0.

DEerFINITION 2. We say that the method (9-11) is consistent with the
problem (1-2) on the solution ¢ if there exist functions y,, y,: IXH—-R,
= [0, o), H = [0, h*], h* > 0, such that

k
[BuF (Ens -5 Enties s @(E0)s s @(tasi)) = Z aj(t,s B) @ (tasd)|| <120, 1),

k
(11) ”hn Z: F:‘(tu’ ey tn+k’ hm (P(tn), veey (p(tn+k))Y(tn+i)

k
- Z a; (tm n)Y n+i)“ hn)s
i=0
for n=0,1,..., N—k and
N-k
(iii) limy,(h) =0, 7¥,(h)= Z y.(t;, h), r=1,2, h=maxh,
h=0 i=0 i

where Y is the bounded solution of (5) with y = (,0
We say the method (9-11) is H-consistent with the problem (1-2) on the
solution ¢ if only conditions (i) and (iii) (for r = 1) are satisfied.

Remark 1. Because ¢ and Y are solutions of (1-2) and (5), conditions (i),
(ii) can also be written in the following form:

k
QA [|aF(tys - tarrs By @(En)s -y @(tasr))— 'Z t, h)olt,

fn+i

() J [z, o) d] < 7, B,

[\/]7:-

Tl.
-
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k
QY B X Filta -oos tnris Pus @5 -.es @) Y(2)
i=0

k thti
by Y Filty oos tatio By @), -0y @(tasn)) | Si(7, 0(0) Y (2)dr
i=1 tn
k k th+i
— ¥ at, )Y ()= X ay(t,,, hy) I 5@ @) Y (@ d|| < v,(2,, hy).
i=0 i=1

The next theorem deals with the consistency of the method (9-11). Some
modification of Theorem 1 of [4] yields the following.

THEOREM 1. If

1° F: I*' x Hx (RP)**! - RP is continuous and has continuous first order
partial derivatives F, F , ..., F, with respect to the last k+1 variables, i.e.

oF
Fi(.) = E(')s i = 03 1, cery ka
2° f: [IxRP»RP is continuous and bounded and f(t, ") is of class C* for
fixed t,
3° there exists a bounded solution ¢ # 0 of (1-2), where 8 is the zero vector
in R?,
4 a;: IxH-R,i=0,1,...,k a,=1 and all a; are bounded,
then the method (9-11) is consistent with the problem (1-2) on ¢ if

(i) lim }: |zaj o 1) =0,

N-'mi =0 j=

(ii) hnl Z || Z aj(ti’ hl) Z hl+r 1f( 1] ( ))
—hF(t, ..otk by, 0(1), -, ¢(ti+k))” =0,

N—-k &k j
(i)  lim Z ” Z aj(tis h) Z hi+r—1j;(ti’ qa(ti))Y(ti)
N=w =p j=1 r=1

k
—h; Y Filts ooy tivis By 0(8), ., @(ti)) Yt )| = 0

j=0
3. Assumptions. We introduce

AssUMPTION H,. Suppose that

1°F: I**1 x H x (RP**! 5 R” is continuous and has continuous first order
partial derivatives F,, F,, ..., F, with respect to the last k+1 variables,

2° g: R"xR?>R? is of class C’, and g, is bounded by K, where
dg

_(YIs J’z)a = 1’ 2)

g:(y1, y2) = 2y,
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3° there exist constants M,, L, >0, i,r=0,1,...,k and functions
€05 Eys -es G IXH R,  such that for (g, h, x;, X)eIx HxR?xR?,
i=0,..., k we have

(i) "Fr(QO’ ql’-": Qka h: XO, xl)-":xk)llsMn r=0: 13--~,k,
(11) "Fr(qo’ vy qk’ h: xos LR ] xk)'—Fr(th reey qln h: i'o’ ey -ik)”

k
< Z Lir"xi_fi'“'*'ar(QOsh), r=0> 1’-~':ka
i=0
and

N-k
limé,(h) =0, &,(h)= > helt,h), r=0,1,...,k h=maxh,
i=0 !

h=0

4° there exist constants K;, K;,, K5;, K3, 20 such that for x,,
X5, X;, X, €R? we have

”gi(xl’ xz)_gi(il’ JE2)” < Kli”x1"f1” +KZi ”xz_iz ", = ls 2:

5°a;: IxH—R,i=0,1,...,k—1, g, =1 and there exists a nonnegative
constant M such that

I4,l € 1+Mh,, n=0,1,..., N—k (maximum norm),

where
[0 1 0 0 |
0 0 1 0
A= ...
0 0 O 1
| Gon G1n Q2s G- 1,n |

with a;, = —ayt,, h), i=0,1,...,k=1, n=0,1,..., N—k,

i

6° there exist a constant §>0 and functions n,,7,: H-R_,
limj,,o7n;(h) =0, i =1, 2, such that

for j=0,1,...
Remark 2. Putting
vo=¢, Y=I,., Jj=01,..,
we see that

=il = Is—o@l, ||¥(E—e@)—(vi—et) =0.
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The values of y{ and ¥/ fori=1,2,...,k—1,j=0, 1, ..., may be obtained by
applying any one-step method.

AssUMPTION H,. Suppose that

1° conditions 1°, 2°, 5° and 6° of Assumption H, are satisfied,

2° there exist constants M, > 0 and bounded functions ©,: H x (R )}**!
—R,, ¢: IxH-R,, r=0,1,...,k, such that for (g, &, x;, X)eIxH
xR?*xRP, i=0,1,..., k, we have

(i) IF Qo> D1s v G By Xos Xgs oes X < M,
(il) "Fr(q0> tre Qka ha xO: AR xk)_'.Fr(qu SR | qk’ h’l -’EOa ) gk)“

< Q. (hy lxg—%ols -y %= Xill) +€,(q05 h),
and

N-k

imd,(h)=0, 6,h)= ) helt;,h), r=0,1,...,k, h=maxh,
K0 o i

i= i
3° there exist two bounded [unctions w;; R, xR, -R,, i=1, 2, such
that for x, x,, X, X,eR? we have
Hgi(xn xz)_gi(fp X < a),-(Ile _-’E1||s ||x2—f2“)> i=1,2,

4° the functions 2, and w, are continuous with respect to all variables and
satisfy the following conditions:
(i} £2, are nondecreasing with respect to each of the last k+ 1 variables,
(1) w; are nondecreasing with respect to the first and second variables,
(iii} in the interval [0, max{h: hM, < 1}] there exists a continuous and
nonnegative solution Z of the inequality

"dh(z) g Za
where
A, (Zy=D {wl(Z, S, 2)Z+w,(Z, S,Z)S,Z
K k
+K0cl[r;2(h)+€(b—a) Z Qih, $,2Z, ..., $,2)S,Z+¢y,(h)+ES,Z Z 5i(h)]},
i= i=0

i=0
and

SvZ =c,(@Z+n(h), D,c,,é>0,

(iv) in the interval [0, max{Z(h): M,h < 1}], Z =0 is the unique sol-
ution of the equation

D{w(Z, ¢,§Z)Z+w,(Z, c,qZ)c,qZ

k
+Kyc é(b—a) Z Q0,¢,4Z, ..., c,§2)c,dZ} = Z.

i=0
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4. The convergence theorem — Lipschitz condition. The following result is
known:
Lemma 1. If
0< k4 <a,k,+b,, a,b,20,n=0,1,..., N—k,

then
n—1 n—1 n-—1
k< (T] a)ko+ Y. ( T] @)bs n=0,1,..., N—k+1
i=0 =0 r=i+1
where Y 5'...=0, [[o"...=1

Let
0<z,4, <D[Az2+Bz,+C], A,B,C,D>0,n=0,1,..
We will need the following lemma.
LEMMA 2. Assume that there exists d such that
DB<d<1, 4p*AC<1, where p=D/(d—DB).
If zo <& =DC/(1—d) < 1/(pA) then
(12) z, <de+DC(1-d"/(1—-d), n=0,1,...
Proof. We can write
Q(z) = D[Az>+ Bz+C] = Dq(2)+dz, where q(z) = Az*>—z/p+C.

The quadratic function ¢ has distinct positive zeros z_ and z,_, where
z, > z_ > 0. The function Q is increasing for z > 0 so if z, < e then g(z) < C
for 0 <z < e and by induction z,<¢ for n=0,1,... Now

,,+1\DC+dZ n=0, 1,...,

and hence we have (12).

Put
k—1k—-1 ~ k-1
= Z Z Lir/2 L= Z (Lkr+er)/2’
r=0i= r=0
k-1
max(l—h M) '<é M=M+)> M,
=0

¢, = exp((b—a)(M +M,3), n(h) = n,(N)+7,(h),
¢, = éc,(b—a)(E+ L+ Liy/2),
Ay = cz(ﬁq_)z, Ago = (K11 +K21¢,9)/2, Ay =(Ki2+K30,9)¢,4/2,

Bo(h) = 2c3gean(h) +24c1 3. &
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Boo(h) = Kz1¢yn(h)/2,  Boi(h) = (Ky2+2K;;5¢,9)cyn(h)/2,

8,(h)+¢7,(h)],

i

Colh) = Cz(C17’7(h))2 +¢y [71 () +écin(h)

r

Cor(h) = Kzz(cﬂl(h))z/z-
We consider a family of recurrent equations of order k

k
Y aftn h)zei=ciy n=0,1,..,N—k j=0,1, ..,

i=0
where g, IxH—R,i=0,1,..., k, a,(t, h) = 1. This system may be written as
Ul =AUI+WI, n=01,...N=k, j=0,1,...,
where
=z}, ..., Zhs-a), WI=16,...,0, 7"

Here 6 is the zero vector in RP.
Now we can formulate the following theorem.

THEOREM 2. If Assumption H, is satisfied and

1° there exists a unique solution ¢ of BVP (1-2),

2° the method (9-11) is H-consistent with BVP (1-2) on the solution o,

3° the matrices Bi+BjY{, j=0, 1, ..., are nonsingular and there exists
a constant D > 0 such that

IB+B{¥)" 'l <D, j=0,1,..,

then for sufficiently small h, max,h, = h* < h and M h < 1 there exists a con-
stant d such that

DB(h)<d <1,
(13) 4p*(WAC(h) <1, p(h) = D/({d—DB(h)),
DC(h)A,(h)+d < 1

for h < h and the method (9-11) is convergent to the solution ¢ of BVP (1-2)
provided that

Is°— @@ < uy(h) = Jnax DC(h/(1—d), h<Hh.
Moreover, the estimates
(14) I~ @@l < uyh),
(15) max V=)l < ¢ (qu;(h)+n(h),
hold for h< h and j=1, 2, ..., with
u(h) = dug(N+DC)(1 —d)/(1—d), j=1,2,..
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Here
A= Ago+KoAg+Aor, B(h)= Boolh)+KoBo(h)+Boy(h),
C(h) = Ky Co(h)+ Coy (h).
Proof We first consider the equation

x = A(x),
where

A(x Z m n)y},1+i+h' F( -‘atn+ka hna y{n---n .Vf;+k—1,x),

for fixed n and j. In view of Assumption H,(3°(i)) and the mean value theorem
we have for x,, x,eR?,

[ A(xy)— A(x)l < han lxs—x,1l,

so A is a contraction mapping for h, so small that h, M, < 1. This means that
(9) has a unique solution with respect to yi,,. Actually, (10) also has a unique
solution with respect to Yi.,.

Put
vi=y—o,), Vi= max |v.l, Z=I-0@, Z'=|7|,
r=0,..., k-1
. k
C}ll = hng(tn’ hn' tp(tn))_ z ai(tm hn)qo(tn+i)a

1
A'l,l(i) = I-Fi(tn: cos bt h;n qo(tn)-'_‘tv{n LEEE) go(tn+k)+tv{1+k)d‘r
0

We note that for n=0,1,...,N—k j=0,1,..., we have

k
(16) Z 1 n! n)v-rll+i
where
= h,F(t,, h,, i) —h,ZF (t,, h,, o(t,)+ C}.
By the mean value theorem we get
k
(17) @ = h, Y. AY()visi+Ch
i=0
Now the relations
U.I,l'i'l_A UJ+I/V);’: Van=[9a---,9=aﬂT=
(17) and Assumptlon H,(3°(), 5% yield
Viei<(1+h, M)Vj+h, MkVnJ+1+y1(tn’ h,),
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forn=0,1,...,N—k, j=0,1,... By Lemma 1 for M, max,h, < 1 we have

~! [+hM "‘1(" 1 1+hM)y1(t,, h,)
Vi
(1] k)‘j’ 2 rli_Ll hM)1—hM,
<c1(Vg+5zyl(ti,h,))gcl(Vg+c~y'l(h)), n=0,.., N—k+1.

i=0
Let

Bl = [g,(p(a)+12, p(b)+10))dr

Il

O ey 1t O ey e

Bf = {g,(p(a)+12’, o(b)+1vh)dr

By (11) and the mean value theorem we get
(19)  Z*' = (Bi+B{Y) [g(~, i) —4(e(a), o ()]
= (Bi+B{Y{)~? B’+B£ Yi)z! — Bizl — Bjv{]
= (Bi+ B{ Y{)~ ' [(Bi— B})2’ + B{(Y§z' — v}y) + (Bl — Bl)v]
for j=0,1,.
Put
T.=Y/zZ—-vi, n=0,1,..,N, j=0,1,...
In view of (10) we see that

k k k

a; (tn’ hn)nj'ﬁ = hn Z P-rll(l I'I+IZJ Z a; (tm n)v{;+i'

=0 i=0 i=0
Accordlng to (16) and (17) the last equality yields
k

k k
(200 Y alt,, hR)Ti=h, ), PA)Tsi+h, 3 [PAG)— AL vh+i—Cl,
i=0 i=0

i=0
and now by Assumption H,(3° 5° and 2° we infer that

Ti., = gna:: 1T rs1ll < (1+hnM)ﬁj+hanT;-j+1

.....

k k
g:[g L/ 0%t il + 8,8y B 08400l 491 (2,5 By).
Hence o

Ty < a,TI+bi/(1-h,M,),
with '

a, = (1+h,M)/(1 —h,M,),
= h [E(Vf)=+(Lu/2)(V,,f+1)2+EVJVJ+1

+ Z DV + e (e, BV ] +y. (L0 1y,



Nonlinear two-point boundary value problems 195

for n=0,1,...,N—k, j=0,1,... By Lemma | we now have
~ . L N—k s
TA’—k+1<C1{T0’+EZ b',l}, j=0,1,

According to (18) and Assumption H,(6°) the last relation gives

(21) TR < T-ks1 < Ag(Z)?+By(WZI+Cylh), j=0,1,...
In view of Assumption H,(4°, 6°) and (18) we get

(22)  1BI—BlIZI < 5(Ky1 Z/+ Ky [0k]) Z7 < Aoo(Z)* + Boo(h) Z/,

(23) B =Bl hodll < .5(K 122+ Ky ok 10k
< Ao (ZD)? +Boy (W Z + Coy (),
for j=0,1, ..
Now combining (19), (21-23) and 3° we obtain
(24) ZI*L < D[A(Z7?+BMWZi+C(h)], j=0,1,...

The estimates (14) and (15) follow directly from Lemma 2 and (18). The proof is
complete.

LEMMA 3. Assume that

1° Assumption H, and condition 1° of Theorem 2 are satisfied,

2° the method (9—11) is consistent with BVP (1-2) on the solution ¢,

3° the matrix Q =g,(¢(a), (b)+g,(e(a), ¢(b))Y(b) is nonsingular and
9= <8,

40 max;=o,...,
limy.on3(h) =0
Then condition 3° of Theorem 2 holds if s® is sufficiently close to ¢(a).

Proof. Put
Q' =BI+BlY, Q@)=g,(s, o(b; 5)+gals, @(b; 9)Y(b; 3).
It is easy to see that
(25) Q'—0(e(a) = g:(s’, yh)—g.(¢(a), @(b)
+[g2(5%, YR —9a(0(@), 9B)] Y(B)+g,(s', YWY — Y (B)],

and by Assumption H,(4°) we have

”QJ—Q(QQ(G))” < (K11 +K1:By) s — (@)l

+(Ka1+ K2z By) vk — o (B)ll + Ko llghll,

k-1 1Y =Y (&)l < n3(h), for sufficiently small h, M,h < 1 and

where Y is bounded by By and
-Y@¢), n=0,1,...,N.
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We note that

k
( n> n)qil‘l'l h z PJ(I)Qn-H'I'hn Z [P',’,(l)—ﬁ"(l)] Y(tn+i)

-

k

+hn E Fn(l) Y(ttl+i Z n+i)

forn=0,1,..., N—k and j=0,1, ..., where
(1)_ (": ---stn+k!hm (p(tn)i'“s (p(tn+k))'

Moreover, by Assumption H,(3°) we have
"P;’l(l)_ﬁn(l)" = ”Fi(tns ey tn+k, hn’ y3,1’ (RN y{1+k)
—Fi(t", ey tn+ks hns Go(t.,), veey q)(tn+k))“

k
s Z Lri'ly'r,l+r—(P(tn+r)" +é& (tm n) h= 09 1’ sevy N—k,
r=0

SO
~ . k_l .
t?.’.ﬂ = max “q')i!+p+1" <(I+h,M)3+h, z M,-fii+h,.Mkfif.+1
p=0,.. k-1 i=0

k k
+hy Y LY Lallyier—0tas )l + ety B)] By +72(t0, h).
i=0 r=0

Hence we get
Fii<a@+bij1—h M), n=0,1,...,N—k,

with a, defined in the proof of Theorem 2 and

k

k k
b{l = 'yl(tn’ hn)+hnBY Z €; (tn’ n +h Z Z Lrl “1)',’;+,".
i=0r=0

i=0
By Lemma 1 we have for j=0, 1, ...,
. N-k
Gh-kr1 S [gh+E Y bi]
i=0

k N-k

{q{) Z })Z(In’ n)+CBY Z Z hnsi(tn’ hn)

i=0n=0

- k k-1
+C~By goh ; [; Lri"vii|+rn+th”v{1+k”]}

< Cq [4'6+F(h)+ EBy(b_ a)LCI qZJ]’
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where

k
I'(h) = ¢j,(h)-+¢EBy Y, 8,(h)+E&By(b—a)Lc,n(h).

i=0
Now using condition 4° we obtain
q{V“k'i-l KZJ+€(h)1 j= 0’ 1’ seey
where
K =c,éBy(b—a)Lc,q, E(h) = c, [n3(h)+T(H)].

Combining the previous estimates we have

loi-0(e@)|| < £Z/+v(m), j=0,1,...,

where
L=K +Ksc,g+(K;2+Kac,9)By+ KoK,
v(h) = (K21 + K32 By)e n(h) + Ko E(h).
Hence
26) P =2 (@) [Q'—Q2(e)]|| < BILZ'+v(W)], j=0,1,...
Let

Z°<p and PBlp<l.
Because v(h)—»0 as h—0 there exists « such that
Blle+vil < <1,

for sufficiently small h. Now by Lemma 4.4.14 of [9], p. 180, we conclude that
the matrix

I+070(a)[2°~Q(¢(a))]
is nonsingular. Hence the matrix
Q° = Q(¢(@) {I+0™*(e(@)[2° - 2(e(@)]}
is also nonsingular and
27 (@9~ < B/(1—a).
Put
ug(h) = minfg, max DC(h)/(1—d)), D =p/(1-o),

where h is defined in Theorem 2.
Now we need to prove that @’ is nonsingular and

(28) Q)™ 1 < B/t —a).
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Assume that this is true for j =m > 0. By (14) and (26) we have
p"* < BLLtp s 1 (W) +v(W)] < BLLUs(H)+Vv(W] < a < 1.
Hence by Lemma 4.4.14 of [9] the matrix
I+Q Y (e@)[@"" ' —Q(e(@)],
is nonsingular and (28) holds for j = m+1. Now (28) follows by induction.

5. The convergence theorem—Perron condition. The basic result of this
part is

THEOREM 3. If Assumption H, and conditions 1°-3° of Theorem 2 are
satisfied then for sufficiently small h, max;h; = h* < h such that kM, <1 the
method (9-11) is convergent to the solution ¢ of BVP (1-2) provided that

Is®—p(@l < Z(h), h<h

Moreover,

IS @@ < (s’ —ola)l), j=0,1,...,

max lly,. el <cldls'—p@i+nm], j=0,1,...

n=0,...,

Proof. From Theorem 2 and condition 6° of Assumption H, we have
Vi < e [dZ +n(h)].

Now by Assumption H; and (20) we get

k—1
n+1 < (1+h, M)TJ"'h Mﬂ;ﬁl"‘)’i(tm h)+h, Z g(t,, h)Vi
i=

k=1

+hn£k(tn$ n)VnJ+l+h Z Q; (h'n VnJa rey VriI> I/”]+1)I/"j

+h, @b, Vi, VL VIOV,
or
Tiy <a,Ti+bif1—-h,M), n=0,1,...,N—k, j=0,1,...,
with

h[ZQ S Vi VRV Qb Vi, o Vi, Vi Vi ]

k—-1

+71(n’ n+hnz n’ n)V+h Ck( h)V;lj-}-l'
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Using Lemma 2 we hence obtain

k
29 T <e {T+elb-a)e,@Z+n®) 3, A, c(@Z +nih), ...,

i=0

k
ey (§ZI+n)+7, (W) +c (@Z7+n(h) T 8,(m)]},

i=0

n=0,1,...N—k+1, j=0,1,.

Moreover,
(30) IBi—Bi|l < o, (Z7, ¢,(GZ7 +n(h)),
(31) IB{— Bl < w,(Z*, ¢,(aZ +n(h))).

Combining (19), (29-31) we infer that Z/*! < #,(Z9), j=0, 1, ...
Let

-~

Z°=2Z, Zit'=w(Z), j=0,1,..
We have

P

ZitlgZig...«Z° and Z'<Z), j=0,1,...
This means that the sequence {Z/} has a limit and if also h—0 then

lim Z/ = 0.
h—0
j=eo

Hence our method is convergent to ¢. The proof is complete.

LEMMA 4. Let Assumption H, be satisfied with w,(0,0)=0,i=1, 2, and
Q,0,0,...,00=0,r=0, 1,..., k. Let condition 1° of Theorem 2 and conditions
2°—4° of Lemma 3 be satisfied. Then condition 3° of Theorem 2 holds if s is
sufficiently close to ¢(a).

Proof. We will skip some details because the proof is similar to the proof
of Lemma 3. By Assumption H,(3°) and (25) we have

10— Q)| € 4(Z, V) +w,(Z’, V))By+ Ko llgh|.
Moreover,
1PiG)— P, ()| < @ik, Vi, ... Vi, Vi ) +elt,, b,
and hence
k
<LY Qh, S,2,..., S, Z)+7(h),
with 10

k
L=c,eBy(b—a), ¥(h) =c,[ns(N)+&,(W)+EBy ¥ 6,(h)].
i=0
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Now we have

P < Bl (2, 5,2+ w,(ZY, $,Z7) By
k
+K LY Qh, S,2Z, ..., $,Z))+Kyv(h)].
i=0

Let Z° <o and

k
{l@= ﬁ[wx(Q: Sy0)+w, (e, ShQ)BY'FKoEi_ZO Q(h, Sye, ..., ShQ)] <1

Hence also {(g)+BK,v(h) < o <1 for sufficiently small h, and by Lemma
4.4.14 of [9] the condition (27) is satisfied.

[1]
(2]
(3]
4]
(5]
[6]
(7
(8]
9]

The reest of the proof is obvious.
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