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On piecewise flat surfaces in the sense of Toralballa

by WEADYSEAW WILCZYNSKI (LodZ)

In this work we shall be concerned with the continous non-parametric
surface S:z — f(z, y), (¢, y)eE, where F is a closed region on the Oy
plane bounded by a simple closed polygon. Toralballa in [2] introduced
the notion of piecewise flatness and gave a geometric definition of the
surface area A (S) for a piecewise flat surface S. He proved also, that for
such a surface partial derivatives f; and f, exist almost everywhere (in the

sense of the Lebesgue plane nleasure) and A(8) = £ I Vi+fot+f, 1. ¢ dxdy.

From this equality we infer ‘that the function f from the repre-
sentation of a piecewise flat surface is absolutely continuous in the
sense of Tonelli (Rado [1], p. 519).

In this work we shall give a necessary and sufficient condition for
a surface S to be piecewise flat. Throughout the work we shall use the
following notions: proj(A) means the projection of the set A on the Oxy
plane, the polyhedron I7 inscribed on 8 means a polyhedron such that
each face T eIT is a triangle, IT has a finite number of faces, each vertex
of IT lies on 8, proj (|U T) = E, intproj(T,) N intproj(T,) =@, when

Tell

T,,T,ell, T, + T,; 0(0z, T) means the acute (or right) angle between
the 0z-axis and the normal line to a triangle T, int, B means the interior
of the set B relative to the set 4, namely int,B = A—A—B.

The following definitions are due to Toralballa [2]:

DEFINITION 1. A triangle T inscribed on S is called a-admissible
{0 < a < n) when one angle of T lies between a and =—a.

DEFINITION 2. A polyhedron I7 inscribed on 8 is called (a, M)-
admissible if for each Tell secH(0z, T)< M and T is a-admissible.

DEFINITION 3. Let T,, T, be a-admissible triangles inscribed on 8.
Let &(T,, T,) be the acute (or right) angle between the normal lines to 7',
and T,. The angle &,(T,) = sup®(T,, T,), where proj(T,) < proj(T,) is
called the a-deviation of T,. If IT is an (a, M)-admissible polyhedron
inseribed on 8, then the angle @,(I7) = max®,(T) is termed the a-devia-
tion norm of I7. Tert
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DEerFINITION 4. A surface § is called (a, M)-regular if thére exists
a sequence {/1,} of (a, M)-admissible polyhedra such that lim &, (I7,) = 0.
A surface § is termed piecewise flat if there exist a a,ndnif such that §
is (@, M)-regular.

LemMma 1. If T\, T, are a-admissible triangles inscribed on S and
proj(T,) = proj(T,), then D.(T,) < 29,(T,).

Proof. For each a-admissible triangle T inscribed on S for which
proj(T) = proj(T,), we have
(T, 1)) < O(T, T,)+D(T,, T)) < D (T,)+ D, (T,) = 29,(T,).
Hence &,(T)) < 29,(T,).

LeMMA 2. If 8 is an (a, M)-regular surface, then there exists an
(a, M)-admissible polyhedron II inscribed on S such that arccos M4 @, (IT)
< $m.

Proof. Let {II,} be a sequence of (a, M)-admissible polyhedra such
that

1) lim @,(I1,) = 0.

Of course, we have also
(2) sec0(0z, T,,) < M
for n =1,2,...,¢=1,2,...,k, where T,,, ..., T,, are all faces of
the polyhedron I7,. From (2) we have
(3) 6(0z2, T, ;) <arccos M ' =0, < 4=n for each n, 1,

and the proof of Lemma 2 follows immediately form (1) and (3).

COROLLARY. If § is (a, M)-reqular, then f fulfils locally the Lipschitz
condition.

Proof. Let us observe that if T is an_a-admissible triangle inscribed
on 8 such that proj(T) < proj(T, ;) for some =, 4, then we have

(4) 6(0z, T) < 00+ Pu(T,4) < O+ PollL,).

From (1) and (3) for arbitrary 6': 0, < 6’ < }= there exists an N
such that for each n > N

(5) O+ P (T,,) < 0.

If the Lipschitz condition is not fulfilled locally, then there exists
a point p, = (2, y,) such that for each >0 there exists a point p,
= (#,, 4;) # po such that

(6) e(po, P1) < 9,
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and
(5, 41) — f (25, Yo)|
(7)
¢(Po, pl_)
Let us consider the polyhedron I7,,» > N. If 'poeintproj(Tn,,;l) for-
some T, ; II,; then we can choose p,eintproj(T, ;) and (7) is fulfilled..
If

= K > sec@’,

k
Do Lj FrpI‘Oj (Tn,i)7 where U ni Hn!
i=1

then we can choose p, such that p, and p, belong to the projection of one-
of these triangles, say T, ;, but p, is not a vertex of proj(7,;). In both
cases we can choose without dlﬂlculty a third point p, = (2,, ¥,) eproj(T, ;,):
such that the triangle T with vertices (y, %o, f(%, o))y (%15 Y1, f(@1, 1)},
(%95 5, f(2,, ¥o)) has a right angle in the vertex (z,y,,f(z,,%)). Then,
of course, T' is a-admissible (for each a) and proj(T) < proj(T, ; i) From (4)
and (5) we have 0(0z,T)< 6'. But T has one side Wlth vertices
(@) Yo, f (25, yo)) (€1, 41, f(=1, 4,)), so the normal line to this triangle-
lies on the plane perpendicular to the vector [z,— gy, ¥;— ¥, f(2,,
Y1) —f{xy, ¥o)]. It is not difficult to see that

(8) 6(0z,T) > arctan K .

Consequently,

(9) sec8(0z, T) > tan6(0z, T) > K > secl'.

This contradicts (4) and (5).

LemMa 3. If 8: 2 = f(z, y), (v, y) T, is a continuous surface, where T,
is a triangle on an Oxy plane, then there ewists a polyhedron II, inscribed
on S such that every triangle Tell, is }w-admissible.

Proof. Let p, = (2,, 1), P2 = (%3, ¥3), Py = (@3, ¥3) be vertices of T,.
Let us consider the triangle T with vertices (v, ¥y, f(z;, %)), (22, .,
Iz, yz)), (a;s, Y3y (25, ya)). If T is }=-admissible, then we may assume:
that I7; is a polyhedron consisting of one triangle T. If T is not }n-admis-
sible, then T has an angle ¢ > = in one vertex, say in (z;, ¥,, f(2,, 1))
Let P denote the bisector plane of ¢. This plane, of course, has a non-
empty intersection with the image of the segmentpzm Let (g, Yo, f (e, yo))
belong to this intersection, let T, be the triangle with vertices {mo, Yoy
J(,, yo)) (wn Yoy (@1 f‘/l)) (-’!72;’!/2, f(weyyz)) and T, — the triangle with

vertices (2o, ¥, f(a,, Y0)); (ml » Y1y (2, ?/1))’ (%35 w3, f(@s, ?/3))- If ¢, @, are
angles in T, and T, respectively with the vertex (w,¥,, f(z,, v,)), then

(10) 1 = @3,
(11) te =@ > 4w,
(12) e+ <2n
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From (10), (11), (12) it follows immediately that jn <o, < $m, ix
< @, < §~w; so T, and T, are }n-admissible and /7, consisting of 7, and 7,
fulfils the required condition.

Let us introduce the following definitions:

DEFINITION 4. If p = (#,y)eA, where A < E is a closed region
bounded by a simple closed polygon, then by a deviation of a surface S
at the point p with regard to 4 we shall mean @,(p|A) = inf® (T),
-where 7 is an a-admissible triangle inscribed on § such that p eint , proj (7).

As an immediate corollary to this definition and Lemma 1 we have

LevMA 4. If peA, c A,, then @, (pl|A,) <2d,(p|A,) for each a.

DEFINITION 5. By a regular point we shall mean a point pe<E for
‘which there exists an a such that &,(p|E) = 0.

DEFINITION 6. By an a,-irregular point we shall mean a point peE
-such that, for each a, @,(p|E) >0 and for each ¢ > 0 there exist d>0

-and a;,-admissible triangles T',, ..., T, 1nscr1bed on 8 such thatp e ﬂ proj(T,)
intproj(T;) N intproj(T;) = A for i # j, U'pI'O](T) > K(p, d) n E where

K (p,d) means a circular nelghbourhood of p with radius 6 and
max @, (T;) <e.

1<ig<n

DEFINITION 7. By an drregular point we shall mean a point peF
such that, for each a, @,(p|H) >0 and p is not a-irregular.

THEOREM. A surface S is piecewise flat if and only if there exist a,
and M, such that

1° there exists at least ome (ay, M,)-admissible polyhedron II inscribed
on 8 for which arccos My ‘—l—d)ao(ﬂ ) < ¥,

2° e¢ach point peE is either regular or asirregular,

3° for each ¢ >0 there exists a finile set of straight lines L,, ..., L,

such that C, = {p: ¢ao(p|E) >ec|JL and if E,, ..., E, are closed
i=1

regions with digjoint imteriors for whgch straight lines L, ..., L, divide
the whole region E, then D, = {p: max P, (p|E;) >¢} is a f':,mte set

I<i<k
(if p4E;, then we put @, (p|E;) =0).

Proof. N ea‘essity. Let S be piecewise flat. Then there exist ¢ and M
such that 8§ is (a, M)-regular. We shall prove that conditions 1°-3° are
fulfilled for a = ¢, and* ¥ = M,.

1. Condition 1° results at once form Lemma 2.

2. Let. pyeF be an irregular point. We shall consider two cases.
Let II be an arbitrary (a, M)-admissible polyhedron inscribed on S:
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1° there exists a T eII such that p,eintproj(T). Then &,(I1) > &, (T)
= D,(p,| E) > 0.

2° there exists a TelT such that p,eFrproj(T). Then from the defi-
nition of an irregular point for a there exists an &, > 0 such that, for
some T,eII for which p,eFrproj(T,), we have &,(T,) > ¢,. Hence for
an arbitrary (a, M)-admissible polyhedron I7 inscribed on 8 we have
D, (IT) > min (P, (p, | E), ¢,); and so § is not piecewise flat.

3. If the first part of this condition is not fulfilled, then there exists
an g, > 0 with the property that for each finite set L,, ..., L, of straight

lines there exists a PoGCe,,o—ULi- Consequently, for each (a,, M,)-ad-
i=1

missible polyhedron /7 inscribed on § there exist T e/l and p,eintproj(T)
such that ¢a0(P|E) > &g, Hence ¢a0(ﬂ) =0, (T)> ¢ao(PlE) > &, SO
that S is not (a,, M,)-regular.

Now let us suppose that for some ¢, the set D, is not finite. Then
for each (a,, M,)-admissible polyhedron /7 inscribed on S there exists
a triangle T <17 such that the set D,0 2 proj(T) is not finite. From Lemma 4

m
and the first part of this condition we conclude that D, < Cep © .UIL“

im
where L,, ..., L,, are straight lines corresponding to ¢,/2. Let us observe
that the set of point belonging to Deo N proj(T) which do not belong to
intEjproj(T) for any j =1,...,%k (where E,..., B, are closed regions
generated by L,, ..., L,) is finite. In fact, this set consists of one-point
intersections of lines L;,¢ =1, ..., m and sides of proj(7) and (possibly)
of some vertices of proj(7T) if one or more sides of proj(7) lie on some
lines from the set L,,..., L,. Henee there exist p,eD, n proj(T) and
E‘*’o 1 <4<k, such that poeintEioproj(T); then &, (T)>¢ and so
D, (IF) > & and 8§ is not (a,, M,)-regular.

Sufficiency. Let 1°-3° be fulfilled. Let ¢ >0 be a given number.
We shail construct an (ay, M)-admissible polyhedron /7, inscribed on §
such that dieo (I1,) < ¢ and M does not depend on :. From condition 1°
we Have an (a,, M,)-admissible polyhedron 7 inscribed on S such that
arccos My'+@, (II) < in. If @, (II)<e, then we put II =1II,. If
D,,(II) > ¢ then for Sp:2 = f(@,y), (x,y)eproj(T), where Tell, we
shall construct a polyhedron I/, fulfilling all the requirements and at
last we shall put 77, = U 1.

Tell

If Tell, then proj(T) c E and conditions 2° and 3° are fulfilled
for proj(T) instead of E. So there exist straight lines L,, ..., L, such

m
that C,, = {p: @, (pIproj(T)) > e} = U L;. Let H,,..., B, be closed
i=1
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regions generated by these lines and let E; be one of ‘them. We shall
construct a polyhedron II; inscribed on §;:z = f(x,y), (v,y)eE;, and
k

next we shall put I, = \J II;. Let p,, ..., p,<E; be all points such that
1=1

peE; nD,,, 1 =1,...,s From the second condition each of these points
is a,-irregular. For arbitrary ! we can choose «j -admissible triangles
Tyyy -++s Ty, inscribed on 8 such that all the conditions of Definition 6
are fulfilled for ¢/4. For each [, 4, proj(T;;) N E; is a closed region bounded
by a closed polygon. From Lemma 3 dividing, if necessary, proj(T;;) N E;
into triangles, we can construct e¢,-admissible triangles T;,,,f =1, 2, ...,
such that

U U U proj(Ty,) = U U proj(T,,;) N E;

=1 i=1 =1 i1

and proj(T;;,) have disjoint interiors. From Lemma 1 we have D, (Th i)
< }e < ¢ for each I,i,?. Now let us consider the set

’ 8 m .
E; = E;— U U proj(T,,),
=1 i’=l
E; is a closed region bounded by a closed polygon or a finite sum of such
regions. For each peE';- we have @, (p|E;) < ¢/2, so for each peE]— there
exists a triangle T(p) inscribed on S,. such that peint proj(T (p)) and

(T(p)) < ¢/2. The class of open (relatively in E;) sets {mt prOJ(T () :

peE;} covers the compact set E;. In virtue of the Heme—Borel theorem.
there exists a finite covering of E;, say

k k
< U int_ proj{T(p))= U proj(T(py))-
i=1 i t=1
From Lemma 3 we can again construct a,-admissible triangles T,
k
inseribed on §; such that () | proj(T;,) = E;and proj(T,,) have disjoint
=1 ¢
interiors. From Lemma 1, &, (T;,) <e for each 1, 1.
Let II; be a polyhedron consisting of all triangles T,, and*T,,.
It is clear that 7I; is inscribed on § and @, (II;) < e At the same time

for each Te<ll; we have 6(0z, T) < arccos M,'+®, (II). Hence II; is an
(ay, M)-admissible polyhedron, where

M = sec(arccos My ' 40, (I)).

Then /1, = (J U II; is an (a,, M)-admissible polyhedron inscribed

o r=m;
on 8 such that (D,o(II,) < e, From the arbitrariness of ¢ S is (ay, M)-

regular.
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ExAMPLE. Let F be asquare —1<z<1, -1<y<1p, =(27"27"),
K, = K(p,,2 "*). Of course, K, N K,, =@ for n # m. Let

P b @,9)eB—U) K,,

n=1

2-n-3 —l/({b'—2_n)2+ (y—27"), (v, y)eK,,n =1,2,...

The surface S:z = f(z,¥), (z,y)el is not piecewise flat for two -
reasons: the point (0, 0) is irregular and condition 3° is not fulfilled.
By a slight modification of this example (the rounding of each cone at
the top and bottom) we can obtain a surface which is not piecewise flat
but for which f, and f, exist everywhere.
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