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1. Let F be the set of mappings f: ¢ — C (0 is the complex field
such that the image under f of an element seC is

f(s) = D a,et™n

neN
with

: 1
lim sup e

n—»+oo n

=D < +o0,

and of = + oo (o} i3 the abscissa of convergence of the Dirichlet series
defining f); N is the set of natural numbers 0,1,2,...,{4,: neN) is
a strictly increasing unbounded sequence of non-negative reals, s = o+
+4-4t, o, teR (R is the field of reals), and <{a,: neN) is a sequence in C.
Since the Dirichlet series defining f converges for all values of s, f is an
entire function. Also, since D < + oo, we have ([4], p. 168) o, = + =
(of is the abscissa of absolute convergence of the Dirichlet series defining f),
and that f is bounded on each vertical line ¢ = g,.

For any reR, the generalized quadratic mean functions W, and
W, . of an entire function feF and that of its m-th derivative f™, meZ
(%, is the set of positive integers), arc defined, respectively, as

1 o T
(LD Wio,f) = lim oo f \f(@+it)2edzdt, Vo< d,
T—>+oo € v -7
and

o

1
(1.2) Wonlo,f™) = lim —z [
’ T—400 2Te Y

T
f|f("‘)(m+it)l=e""dwdt, Vo < df.
_r :

The object of this paper is to study a few properties of the derivatives
of the functions W, and W, ,, with respect to 0. At the outset we give
an alternative and shortest possible proof of a result already proved
in ([2], Theorem 5).
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THEOREM 1. If feE is an entire function of Ritt order o and lower -
order A, and W, is the derivative of W, with respect to o, then

(1.3) lim sup IOE(W;(Uaf)/Wr(O"f)) _e

a'—»-[-m inf U A :
Proof. By definition

i

1, of
W,(0,f) = lim —— f f \f (@ + it)|2€™® dadt

L/
', 2Te
T>+00 H T

1 [
- ?!lz(m,f)e”dw,

where I, is the quadratic mean function of f ([1], p. 520). Therefore
W:-(O"f) = I,(0,f)—rW,(0,f).

Wi(o,f) _ Lo, - )
Voo, ) ~ Weo,A\ " Lo, NIW(o, )

Hence

or

(14)  log(W,(o,f)/W,(a,f)
Iz(v,f)) ( r )
=log|{———}+log|1— .
°® (Wr(c,f) Hl S ACN AT
But ([3], Theorem 2),

lim sup Iog(Iz(C",f)/Wr(G;f)) e

. T a2
o400 INT o A

and ([3], Lemma 3), I,(c,f)/W,(o,f) increases with o, Hence, from
(1.4), we get

lim S0 108 (Welos N Wola ) _ 0 ® ’
o400 iNE c o—too INf o A

sup log(Iy(a, f)/W.(0,f) @

which proves the theorem.

THEOREM 2. If feE is an entire function of lower order A such that
Az 6>0, and W, is the derivative of W, , with respect to o, then, for
all o> oy, '
(1.5) W,(0,f) < Wi(0,f) < 4Wp, (o, fO) < ... <4"W, (0, f) < ...

In order to prove this theorem we need the following:

LEMMA. If feE is an entire function of Ritl order o and lower order A,
and A= 4> 0, then, for all o> o,,

(1.6) We(o,f) < Wi(a, ).
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Proof. From (1.3), we have

i SO Jog(Wo(a, NIW, (0, ) _ e

o—>t+oo IDF G A’
Hence, for any se B, (R, is the set of positive reals) and for all ¢ > ay(e, f),
(1.7) W, (o, f) e0-2) W:.(O',f) < W.(,f) e°le—9)

Since 1> é > 0, (1.6) follows from (1.7).
Proof of Theorem 2. We have, from (1.2),

Wy —
g lim
r l( f ) T—»+400 2T d

1 T
= lim —— f f (
P->+o00 2T¢ v -7 s—0

1 f fT (M |f(w+it)l—If(w(l—e)”‘”)”ewamaz.

f f IfO (3 + it)| 26 dusdt
-T

fl@+it) —f(o(1—e) 4 4t)
&

) e dxdt

Since, by Minkowski’s inequality ([6], p. 384),
4
7
T
(. f e+ t)lz‘“)m ( [ Iflo—e)+iPar)™),
=T

it follows that

Wyalo, ) > lim 13_,3211 = (f(( flf(m+u)1zdz)”2_ |
® 0

-

|f(w(1—s -Ht)lzdt) )2 j:: d:v)

égﬁh}

-4

T
f((f]f(m+it)|zemdt)1/z_
o |

|f (#(1—e) +at)e "”dt) )24.»»).

1
= lim lim— ——
= I'—>4 00 s—>0 2T6 8202

-

!



282 J. 8. Gupta and M. Singh

Again, using Minkowski’s incquality, we get

a

Wr,l(o'if(l)) >lim lim —oo ey g2 g3 ((f

>0 T—h-l-oo 2T ’

B (f f |fl@(1—e)-+it)[fe"da dt)1/2)2

im ((“’r( g, f))l"z — (W,.(o‘(l —&) ,f))llz)z

&0

3 12
f |f(w+it)|2emdwdt) -
-T

=
—0

d 2
= (— ( W,(a,f))"z)
1 (W (U’f ))2
4 W, (s, f)
Using the lemma, we get
Wo(o,f) < 4W, (0, f) for allo > ¢'.
Again using the lemma, we get
(1.8) Wi(o,f) < 4W. (o, fV) for all ¢> o,.
Inequalities similar to (1.8) can be deduced for the higher derivatives

of f; after combining them all and (1.6) the theorem follows for all ¢ > g,
where

0o = SUP{0y, Oay ervy Oy enste
THEOREM 3. If feE is an entire function, and o, > o, then

W03, f) _ logW,(3,,)—logW, (1, 1) _ Wilow, )
W, (01, 1) h 0y — 0, h W, (02 f) .

Proof. We know from ([2], Theorem 1), that log W, is an increasing
convex function of ¢. Hence log W, is differentiable almost everywhere
with an increasing derivative; the set of points where the right derivative
is greater than the left derivative is of Lebesgue measure zero. This fact
enables us to write log W, in the following form:

Wiz, f)
W, (z, f)

(1.9)

(1.10) log W, (a,f) = log W, (o0, )+ f

for an arbitrary ¢,. From (1.10) we get

02 WI ,
log W,(0,f) = log W,(ey,f)+ f Wr%
01 r
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Hence
W, (o,
Q1) log W(on,) < log Wlo N)+ 37 (0=
and
W,(o,
(112)  Tog W,(ay, ) 1og Wlow, )+ ") (03— ).

From (1.11) and (1.12) follows (1.9).

THEOREM 4. If feE is an entire function of Ritt order o and lower
order 2, and Ay, 8 the exponent corresponding to the maximum term
u(a,f), for Re(s) = o, in the Dirichlet series defining f, then for any seR,
such that ¢ = e(o, f) tends to zero as o tends to plus infinity, and for almost
all o> oy(e,f), )

(1.13) Wi(o,f) > W.(o,f)log W,(a,])

14¢)o !
(1.14) W;.(O',f) > Wf(a,f)lgg W.(a,f) :
(1-—-+s)o'
e
and
(1.15) W,'.(O',f) > T,(a,f)log W.(o,f) '
(7 % + 8)10g AN(o.1)

Proof. We have, for the left derivative of log W.(g, f),

W,’,(O',f) o d log W, (o, f)—log Wr(o'lyf)r
1—1’,(_&75 = %(log W,(a,f))? p—
log W, (o, )

(1+¢)a
where ¢, < 0. ¢ = ¢(o, f) is positive and tends to zero as o tends to
plus infinity, proving (1.13). _

In order to establish (1.14) we shall apply the following result of ([2],
p. 308):

1 A
(1.16) lim sup 28 =91 f) o (1 ~ —).

a->+00 OAN(o.f) e

From (1.16) we get, for any eeR,_ and o> o4(e, f),
_ A

(1.17) log W,.(O',f) < 2(1—54—5) O'Zl\r(u’f)

A #' (o, f)
=2|1——+ s)o

( 4 ula, f) ’
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for almost all o > o(e, f), in view of ([6], Lemma 1). Also, since ([1],
p. 621)

I(o,f) = Zmﬂlze?fﬂ-n’

neN
we have
1
(1.18) W.(o,f) = e"' yfle*dx
1
- 2 p2%Ay, | T
po f(Zla,,l e ")e dx
0 neN

1
> (M(G;f))z‘;(l—@_”)-

Taking logarithm of both sides in (1.18) and differentiating with respect
to o, we get

W;(°'7f) r F"(""f)
> 2 .
Woio,f) = @ —1) T2 5o, )

Hence
. W:‘(G7f) p (o, f)
1.19) > 2
( W, (o, f) uloy f) ’
sinee e,," 7y > 0. From (117) and (119) we get, for any ¢cE, and for

almost all o > oy(e, f),
A W,(o,f)
log W, (o <(1——+e)a—'——
g f( ’f) e W,-(O’,f),
which is nothing else than (1.14).
The proof of (1.15) is similar to that of (1.14) except that instead
of (1.16) we have to start with the following result of ({2], p. 311):

log W,(a, f) <2(1 1)

lim su
p 2 "

N
o—>400 )'N(o,f) log Ao, 9

COROLLARY 1. If feE 18 an entire function of Ritt order o and lower
order A, then, for any eeR,_ and for almost all o> o,(e,f),

W, (o, f)log W,(s, f)

(1.20) W.(o,f) >
(— - —+8)(e+s)a
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This follows from (1.15) and the following result of ([5], p. 240):

logi
lim sup—(ﬁ:(ﬂ = p.

0—>»+ 00

COROLLARY 2. If feE is an entire function of regular growth and
Ritt order o, then, for any e¢eR, and for almost all ¢ > ag,(z, f),

W.(o,f)log W.(a,f)
&C

W;-(O'if) >

and _
W, (o, f) log W,(o, f)
(e+e)es |
.These follow immediately from (1.14) and (1.20), respectively, on
putting o = A.
THEOREM b. If feH s an entire funclion of Rill order o and lower
order A, such that A > 8 > 0, then for any ce R and for almost all o > a,(e, f),

W,'.(o',f) >

’ 4 l W:' ’ ™
(1.21) Wem(3,1) > Wito, )2,
12 WS> Wl(a,f)( g Welo, ) |
4 (1 —_—+ s)a
e
and

(1.23) W;,m<o,f‘"'))>w;(a,f)( log Wr(o,) -)’".

1
Proof. Writing (1.13) for f), we get, for any eeR, and for almost
all 0> a; = ay(e, fY),

, W,1(0, fP)log W, (s, f7)
) rl ? s

or, since, by (1.5), W,,(a,fV) > W, (s, f),
Wealo, f) - log W, (o, f)
Welo, f) 4(1+e)o
Now, writing (1.24) for f®, we get
Wa",p(o'!f(p)) > log W;.p-l(avf(phn)
Wip-1(o, fE71) 4(1+e¢)o

for any eeR, and for almost all o> g, = a,(a, f®).

(1.24)
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Pufting p =1, 2, ..., m, and multiplying the m inequalities thus
obtained, we get
Wi(o,f) K]L log W;-,p—l(0'7 o)
1.25 W, ™) > £
( ) r,m(o'yf( ) (4(1—}—8)0’)"‘ _ ’

for any ceR, and for almost all ¢ > o,, where

0o = SUP{01, Gzy +vy O}

But for 2> 3 > 0 and for sufficiently large o, it follows, from Theorem 2

and the fact ([2], Theorem 1) that W, is an increasing function of o,
that

(126) log W, (o, f™) > log W,(a,f), VmeZ,.
Making use of (1.26) in (1.25) we get (1.21).

To prove (1.22) and (1.23), we start with (1.14) and (1.15), respectively,
and proceed as above.

2. TEEOREM 6. If feE is an entire function of Ritt order o,

sup log W,(o,f) T

2.1) Jim e , LIeR,,
and

W’
2.2) | H(920) _ g,

W,.(a,f)

for large values of o, where a is a positive constant, then
(i) f 48 of regular growth,
(ii) oT = gt = a,
and
. W;'(oi i)
e Woto, Tog Wo(a, 1) ©
Proof. (i) From (2.2) we have

log(We(a, f)/W,(a,f)) ~ eo+loga.

Therefore
im 108(Wr(0, N W,(0,f)) _

o—++00 o

’

and hence f is of regular growth, in view of (1.3).
(ii) From (1.10) and (2.2) we get,

log W,(3,f)—log W,(05,f) ~a [eds = = (e~ o).

9 e
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Dividing throughout by ¢*° and proceeding to limit, we get

(2.3) ' lim log W.(s,f) ~ 2

o
a—>+ 00 et

e

(ii) now follows from (2.1) and (2.3).

(iii) From (2.3) we also get

ae®’

im —— =
o>+ 108 W, (o, f) e

which, on using (2.2), gives (iii).
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